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An infinite chain of equations relating the matrices of different transitions is constructed.
After mass renormalization the equations are applied to multiple boson production in two-

fermion collisions.

].. The transition from an initial state | ink >
with i bosons, n fermions and k antifermions to
a final state | jm7 > may be represented by the
matrix v {j, nm, kI) [0, 091, which is related to
the general transition matrix V[o, gy] (the S
matrix for finite time intervals) by

Gml | Vermm kD 16 501 inky = (jml |V is, 6,]|inky. (1)

The general transition matrix V[o, oy] satis-
fies the Tomonaga-Schwinger equation with an
interaction Hamiltonian H (x) which in theories
of the ‘“‘electrodynamical /type”‘ is bilinear with
respect to fermion (and antifermion) operators
and linear with respect to boson operators.

In order to arrive at a system of equations link-
ing.the matrices of different transitions v (£) we
proceed as follows:

a) We take the matrix element of the left-hand
and right-hand sides of the equation for V[o, o],
for the initial state | ink > and the final state
| im?> * In accordance with (1), V (§) with dif-
ferent sets of indices £ is obtained from different
terms of the equation for Vo, gy].

b) For equality of the matrix elements obtained
through a) it is sufficient to have equality of the
operators whose matrix elements have been taken.
This condjtion furnishes a system of linked equa-
tions relating different v(&),

c) The entire system must now be put into a
form convenient for applications, wherein
A% (ij, nm, is given in terms of normal prod-
ucts of j boson-creation operators and i boson-
destruction operators and, correspondingly, m and
l creation operators together with n and k destruc-
tion operators for fermions and antifermions. For
" *We may speak of operators on both mathematical and
physical particles. These differ in their numerical factors,

which are combinations of contractions and which will sub-
sequently be canceled.

this purpose, from the equation obtained through
b) for a given set of indices (ij, nm, kl) we sub-
tract the equation for (i - 1,j-1;n -1, m - 1;
k-1,7-1).

The foregoing procedure results in the system
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Here H (@Bv) is the term of the interaction Hamil-
(abc)

tonian containing «, B, vy creation operators for
bosons, fermions and antifermions, respectively,
and a, b, ¢ corresponding destruction operators.
The indices p, q, r indicate that of the creation
(£)
(pqr)
q fermion and r antifermion operators contract
with the corresponding destruction operators in the
interaction Hamiltonian.*

The system of equations (2) requires consider-
able modification since it represents a system of
‘““mathematical®’ particles. We shall perform a
mass renormalization. When the masses of par-
ticles in the equations for field operators, in the
Heisenberg representation, are taken to be the ob-
served experimental masses, terms with pure
electromagnetic (field) additions to the masses
appear. When these terms are included in the in-
teraction Hamiltonian, after passing to the inter-
action representation we obtain the familiar equa-
tion that includes counterterms. All field operators
will now obey the equations for free physical par-
ticles with the experimentally observed masses.
Performing operations a), b) and c¢) as above, we
obtain (2) with its right-hand side increased by

operators in V by definition p boson,

*We here sum over all possible combinations of contrac-
tions which are permissible for given values of @, 8, and y.
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where the summations over v, 8, b, ¢, g and r are
taken from 0 to 1, and over «, a and p from 0 to 2.

In (3) the quantity AM((Bb)ég denotes the term of

the operator for the electromagnetic mass of a

fermion (or antifermion) which contains 8 ferm-
ion-emission operators and b fermion-absorption
operators as well as y and c¢ corresponding anti-

« (@)

fermion operators. Am (a) is the boson counter-

term with o boson-creation operators and a bosoun-
destruction operators.

Prior to the renormalization we must introduce
additional conditions determining the constants in
the counterterms, which we denote by the same
symbols AM and Am as the operators. We take
these conditions to be*

V(ll, 00, 00) [5, 50] — O, V(OO. 11, 00)[6, co] =0

)

The conditions (4) are favored by the following
considerations:

1) If all terms contributing to the self-energy
are excluded from the renormalized equations (2),
then (4) follows directly from (2).

2) The usual result is obtained by means of (4)
through the use of perturbation theory.

3) If only one particle, such as one boson, ex-
ists in the initial state, then from the condition
that this is a physical particle it follows that the
only operator which describes the temporal de-
velopment of this system is V(00005 5],
which is the amplitude of the probability that no
particle creation or destruction occurs.

4) The conditions (4) lead to the cancellation
of counterterms in the equations for any (£). This
corresponds to the usual requirement of the renor-
malization method that neither the electromagnetic
nor the bare mass should appear separately in
transition amplitudes.

Our conditions (4) for mass renormalization
differ in form from the usual conditions at least
in so far as they do not require (although they do
not exclude) the use of propagation functions other
than those which correspond to the first perturba-
tion approximation (but with the experimental
masses).

T *The vanishing of a number of other matrices such as
V(©0,00,11) follows from (4) and cross symmetry; this cannot
be regarded as an independent auxiliary condition.
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2. We shall now apply the foregoing method to
the creation of N scalar (or pseudoscalar) bosons
in two-fermion collisions. Several quantized field-
theoretical studies of this problem have appeared
(references 1—4 and others), but none of these
can be regarded as sufficiently complete since they
all remained within the bounds of perturbation
theory.

The calculation that we present below does not
of course solve (2) and (3) exactly, which we could
hardly expect to do in general form. However, our
simplifying assumptions do not represent the re-
jection of diagrams of sufficiently high orders, but
rather the summation of an infinite number (not
all) of the diagrams. We can regard this as a way
of proceeding beyond the perturbation theory.

The simplifying assumptions may be formulated
as follows:

a) The creation of fermion-antifermion pairs is
excluded from consideration both in the final state
and in intermediate states.* The indices k and !
are always zero and need never be written.

b) Only central collisions of nucleons are as-
sumed to occur.

¢) The region of very high energies is consid-
ered, where many bosons are created.

d) It is assumed that the great majority of bo-
sons have approximately the same energy (depend-
ing on the initial nucleon energy, of course). This
approximates experimental results. T

On the basis of the foregoing assumptions we
shall now write a system of linked equations for
the matrix V (0N, 22) representing the production
of N bosons in a two-fermion collision. We begin
with the usual interaction Hamiltonian for scalar
bosons in the case of scalar coupling: i

H; = gypo (x), (5)

where, as usual,
Y=u+o, Y=u-+o, @ =) 4 @
In virtue of a), (5) is replaced by

*This assumption formally destroys the unitarity of the
theory since the probability |V®|2 of the initial state is con-
stant and equal to unity (see also reference 5). However, this
can have only a small effect on the cross section since the
exponentially diminishing factor that appears in V© in the
exact treatment cancels the corresponding factor in V&,
This comment does not, of course, apply to processes whose
very occurrence depends upon taking antifermions into account.

1The actual energy distribution is far from being &-like.
However, since we must sum over finite states, the integral
over all finite energies is important rather than the detailed
shape of the distribution.

iIn the case of pseudoscalar coupling for pseudoscalar
mesons the same results are obtained for the multiplicity.



556
H; = guu{g + ¢). (6)

Then, in accordance with (2), the equations for
v (0N, 22) are

BV ON. 285 = guupt (x) Vo™ + guue) (x) VLT
+ guaue) (x) VAT — AMuu (x)V Gy ™, (7
VN ss = guu ot (x) VYT guue (x) ViRt
— AMuu (x) VR ™. (8)

Since we are considering central collisions (s
states) it may be assumed that the existence of
fermion spin cannot strongly affect the cross sec-
tion. In our opinion, the matrix-type fermion
propagation function can now be replaced with a
numerical function which will correctly represent
only the energy dependence of the exact propa-
gation function. A similar procedure has been
followed in the so-called Bloch-Nordsieck model.®
A possible form of the approximate propagation
function is*

Se(p) = i (2)™Y/Ep-

The employment of c-number propagation func-
tions simplifies (7) and (8), which in virtue of (4)
now appear as
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The solutions of (9) and (10) will be sought in the
forms

(10)

a

YN 2 [6, Go]= S dix Z E(pl);(Pz)u(ql) u (qe)

Oo

N
X H oD (k) Qn (P1> P2y G1r G2y Ki---ky)

i=1

N
X eXP{ (Pt p—qi—Ga + 2 ka)},

a=1

(11)

*QOther possible forms of this function,
iUt pli(pr—m?), i@uyt|pl iQ@u)YE,—Ip)),
yield identical results for the multiplicity. We shall every-

where neglect the rest masses of nucleons compared with
their initial and final kinetic energies.
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V(ONy 11) [G, 60] = S d4x Z i‘_(p) u (q)

o
N

x I1 ¢ (k) By (p, @ ky- .. k)

i=1
X exp {ix(p—q+ % ka>},
a=1

where qq (Q;, qu), 9z (4, qu) are the 4-momenta
of fermions in the initial state, while p; (py, E ),
P2 (P, E_ ) and ky(k, wg ) are the 4-momenta
of fermions and of the «-th boson in the final state
(in the laboratory system).

Substituting

Qn = QN (91, 92, ki...ky)/|P2— D1 %
By = By (q, ki-..ky)/|p (13)

and transforming to the center-of-mass system,
where

(12)

G =—q=4q, pr=—pP:=D, E, =E,=E,
Ep, = Ep, = Ep, |Ka| = kE,
we obtain from (9) and (10):
N
~ 2 r 1 -1 ~
Qv (1 + 55 )=g|E;——= 2) 0| Qn—
N( 81’[2) [ q P Pt ] N—1
N i
N2 o
_ te (N—Q-I)H[Eq—iZmaJl. (14)
» =1 2 a=1

In arriving at (14) we have neglected | k,| com-
pared with |p |.
The solution of (14) is

~ 4 N
QN=—H—zg +e

N N
1 i1 /. 1
WZ MG+ DI T 19
j=1 i=1 9
where
A =1 g*8n2.

With the aid of (15), (13) and (11) the probability
amplitude of the transition in question is found to be

N
SN — K(16ﬂ)NgN+2x1/N2 }"f_l(j + I)N—3N/2EN/2, (16)

j=1

where K is a coefficient which is independent of
N. The mean number of created bosons is now
found to be

N = [16ng]"E"/2.7, (0%))

where E is the initial nucleon energy in the lab-
oratory system.

The multiplicity represented by (17) agrees
relatively well with some experimental high-energy
data, but agrees somewhat less well (although the
order of magnitude remains correct) at lower en-
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ergies. This quite naturally reflects the important
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11 ewis, Oppenheimer, and Wouthuysen, Phys.

role of noncentral collisions in the latter case. The Rev. 73, 127 (1948).

results interests us not so much from the standpoint

of a quantitative analysis of the processes at high
energies but because of its methodological signifi-

cance, since it shows that field theory does not pro-

duce absurd results.

Further study is required to determine how the
final results are affected by our hypotheses that
antifermions play an unimportant part and that ex-
act propagation functions may be replaced with c-
number functions. This type of analysis, like the
foregoing calculation, should not be based on per-
turbation theory and can in principle be conducted
along the lines of the method proposed here.
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sults as far as the calculation of @. If a correc-
tion is made for the counting of evaporated neu-
trons in the way which we have used for calcium,
then & from all these experiments has roughly
the same value, near to unity, with the same
(about 35%) statistical error. However, the lower
neutron counting threshold (3 —5 Mev) in these
experiments leads to appreciable corrections Pp
(0.5 —10.7), making the value of @ derived from
(41 and [57 less reliable.

The existence of asymmetry of neutron emis-
sion which we have observed confirms the parity
nonconservation in u~ capture.“’s]

On the basis of the theoretical!*! and measured
values of 52, the presence of a pseudoscalar com-
ponent of the interaction in process (1) can be de-
duced, with the sign of the ratio gp/ga of the
pseudoscalar and pseudovector constants positive.

We must point out that the value of & obtained
is appreciably greater than the most probable theo-
retical value & = 0.41, obtained for gA/8y = —1.25,
gp/ga =8, gr/gy = 3.7.11
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OUR earlier calculation!! of multiplicity re-
quires the following corrections.

1. Propagation functions in the Bloch-Nordsieck
model were replaced incorrectly by i (27)~4 Eﬁi.
This approximation was based on the fact that

ITs (pr + 2 ko) ~E"
=1 a=1

for |ky | — 0. Since this approximation is invalid
for large |kq | the initial system of equations was
solved anew for V22 [see Egs. (9) and (10) in
[11], using a procedure proposed previously. 2
In the center-of-mass system we then obtain, in-
stead of Eq. (15) of (1,

n -

n+2 .n E
On=g 'm"a, (g, )H 0)1/

2 — kZcos?0;), (1
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where Ep and wj are the energy of the nucleon
and of the i-th meson in the final state, k% = w%
-, and ap is a function slightly dependent on
n and E.

2. It is also necessary to perform a new inte-
gration over the final states. This had been done
inconsistently in {17 and ®!, When we drop the
hypothesis that the mesons are monoenergetic, [!J
we must calculate

By Bpy Phr

SR, o
WV, =S§)—3;25p2-‘—’—2w1‘ 20, sz'f"}(ql + Go—p1— D2 —‘él ki),
(2)

where Qp is given by (1); a factor ensuring correct
normalization of the final statef® is taken into ac-
count in Qp. Using a procedure similar to that pro-
posed in ™ and '), we can express W, in terms
of Hankel functions. However, multiplicity cannot
be calculated for the general case. It must be as-
sumed that the total momentum of the mesons is
zero and that the transverse momentum of each
meson is conserved (p; ~ u). We then obtain ap-
proximately

W, = (2ngmep-?)n E?nn~on,

(3)

whence for the most probable number of created
mesons in the c.m. system we have
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