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Formulas of the cross sections for the processes u +e* — y +e* and e* + e~ — u* +u~ are

deduced with an accuracy to e®,
INTRODUCTION

THE expected possibility of producing opposing
beams of electrons and positrons in the near future,
raises the question of an experimental investigation
of the processes

e +et—p 4t e et —n at.

The cross section of the first process, without
radiative corrections, was first obtained by Bere-
stetskil and Pomeranchuk.! The second process
was considered by Aleksin ( see the book by Akhie-
zer and Berestetskii)? and by Afrikyan and Gari-
byan.® In the present article we give formulas for
the radiative corrections to scattering and trans-
formation processes, accurate to e®. We show
also that the exchange between two photons does
not contribute to the total cross section (i.e., the
cross section integrated over the angle) of the
transformation e* + e~ — X + X, where X and X
denote any particle and antiparticle.

1. ELASTIC SCATTERING OF NEGATIVE MUONS
BY ELECTRONS

We shall calculate the scattering of a muon by
an electron by a Feynman technique* similar to
that used for the scattering of an electron by an
electron.’™® We shall use a notation close to that
of Redhead.®

Let p; and pypp be the four-momenta of the
colliding particles, and let p, and py\ be the four
momenta of the scattered particles with masses
m =1 and M respectively. We put:

g = p2— P t = ¢*> = 4 sinh*w = 4M?sinh?wy,,
n=(pm—p)’, L=(pm —p1)’=M—8
(ab = ab - aobo).

The square of the matrix element for the proc-
ess under consideration, averaged over the initial
spin states and summed over the final ones, is

' 1 a . ;
\WIZ=WR3{Q+E[2Q(ATAM+W)

+ BW 4 B®  ZE (§ — 2M?) + ZuME (§ — 2)1},
where

Q= L2n? + E* — 20 + 4n (M? 4 1)
—AE(MP 1) 2 (M2 1)

(1)

(2)

M
Ay = (1n . — 1) (I — 2wpcoth 2wy)
wM

_‘f”_é‘i' tanh wy—2coth 2wy S Btanh3dg;
0

A =(In3 —1)(1 — 2wcoth 2u)

— 2 tanh w — 2 coth 2w & Btanhpdg;

0

(3)

Zm = wy/4 sinh 2wy, Z = w/4sinh 2w; (4)
1— 2sinh 2w 1

As usual, we have introduced the fictitious photon
mass A.

The terms B{!) and B are due to the contri-
bution from the exchange by two photons (interfer-
ence of the main term with the terms from dia-
grams 1 and 2 of Fig. 1):

BO = L& {—8(n-+ M+ 1) QbW
+ (H® — - £6") ¢ + Goi + Gos”

o Ing w, ImE/ME) w1 @ (01 pmeld
'2(§+4)(P4 T2(§14M2)(P5 +2—N Pg +2 KICPZG})y

B® =L1E{—8(5+ M+ 1)Qb@

+(HO — -8V o + Gor” + Go?

In § (2) In (§/M?) (2
tTiEr o™ Tz ®

+ENDGD + LKD) (7)
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Here
Q1 = 20 — mE -+ 6n (M 1) — & (M2 4 1) +- 4 (M* + 1),
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of) = — 207 - mE 4 28 (M2 4 1) — 20 (2M? + 3) — 2 (M2 + 1) (M* + 2) —E[E2 + 25 + 4n + 4 (M + 1)]/2 € + 4),
987 = — 20° -+ ME 4 26 (M2 + 1) — 2 (BM? + 2) — 2 (M2 + 1) (2M? 4 1) — E[E2 + 2M?E + 4M2,

M (M2 1)]/2 (5 + 4M2),
O =g — g anM— g (M

@) =M% —En + 2M — £ (M? + 3) + M*— 1,

1) +4M?> (M + 1),

¢ =22 — L En + 282 + 20 (2M2 - 1) — LE (OM2+ 5) + 20 (M? +
FEGM A 9) +2(M>4 1) + E2(n 4 3M2 +

g7 =20 —LEn + L8+ 2 (M2 4+ 2) —
= — En— & (M2 4+5) | 4n + 42 + 1),
W = 4 e E(BME 4 1) — 20 (20 4 1) —

=8 —En+4An—E(M+ 1)+ 4(M*+ 1),

o =n? —En+ 20 —EGBM 4 1)+ 1 — M,
@ = — 27— B 4 3en — I (M4 1) F E(M 1),

D+8Mm+M+3)/2(8+4),
)/2(8 + 4Mm?),

= —En—E(BM® + 1)+ 4M + M2 (M2 + 1),

(M2 + 1) (3M? 4 1),

¢ = — P En-HE (M2 5) — 20 (M2 2) — (M?+1)(M24-3);

b2 =

— (2p/8) In (§/A%),

We denote for brevity

oy = (M2 —1)/(m + 2M? + 2), oy = (M*—1)[t,
Bu= [0+ m/(n + 202 4 2%,
Be = la3 + (5 + 2M2 + 2)/L)%,
Xy =ady + B, Y1 = —dg + Bg,
Xp=01—B1, Ys=—0— B, (9)
Then
N —1 1—x 14 %7 .
W = oo (B e+ 20}
@—_1 p[n=t—yp—1].
s QZlen[y1+1—y2+1J’ (10)
1
K"’_(1+n+2m+2>“ taraErz it M
(2) — ().___
Ko =(1— >p2 7 ln M; (11)
M2 —1 1
No=(1- n—L2M2+2)"m_mMT-21nM’
@ — - 1
N (1+ )p<2>+€1nM. (12)
The function I{!) is of the form
1(1)=_p<1)]nL"22“
1 { n+2M +2 n+2M? +2
tarmEroE (el + s In =7

Ug

—2 S 3cothgda_2§ Beoth BdB -+ 2 In 28, + =}

14+x
1+ x "

1 '1—)(2
g = 2—1111__)(1

(13)

y u; = i‘]ll

1) has different forms for ¢ > 0 and ¢ < 0.
When ¢ >0

H(1.2)_;_§b(1,2)=[(1,2)+H(1,2) Int. (8)
(O lni——}-c— { @l é —qilnty
2S BtanthB—l—QS B tanh pdg},
[ (1]
1 1— 1 1
q)2=511'1:1—_’-—y2!h, ¢, = 2—11’1%, (14)
and when ¢ < 0
@) — — 11(2) g1 |€| 181
I p@ In-—>- +l§lB — Q,In —}—Qllnlm2
Qs Q
2 { 8 cothpap —2{ g cothpap}
Y 5
1 —1 1
Q=gh=g1%,  Q=zhith (15)

At the point ¢ = 0, the function I®) is continuous:

I® (¢) = M2 1n?M as £ — + 0.
Finally
~__ 1 1——6—. a_1_ _B—_
AT [t P — e 20 (57)
+20 (7%) + =), (16)
=FE+2+VEGHAL - B=5E+2—VEE+H);

. 1 21 B
O= vEierom (10225

+20(5%) + =],
'=';—[2+M2+1/ +4>J

B'=§‘[2+ 7 /SZ(MV“})]
where x
O @) =—\|1—ylydy

0

-l 2aa_1”2®(5 ==

17)
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is the Spence function, tabulated in the paper by
Mitchell.?

2. INELASTIC-SCATTERING CROSS SECTION

We now add to the elastic-scattering cross sec-
tion the cross section of the scattering that is ac-
companied by the emission of soft quanta (with
total energy Ae€). Here, as is well known, the
photon mass A, which we have introduced, drops
out. The inelastic scattering cross section is

2A
45 ine1 = dS et ;‘ [L — Loln _)hi]

ML Ae < Ey, Es Eym, Eam), (18)
where
Ly =44 2Kq(p1, p2) + 2Ko (P1m, Pam)
— 4K, (p1, P1im) 44K, (p1) P2m), (19)

L =K (pw, p1)+ K(pz2 pa)+ K(pisy pim) + K (P2, Pam)
- 2K (ph Pz) - 2K (P1M1 PzM) - 2K (Ph pZM)
— 2K (p2, pim) + 2K (p1, pimy) + 2K (p2, P2m);

1
Ko(Py, Ps) = — L (P,Py) S PYdz,

—1
1

E E P
K(Pry Py =1 (P,Py) | P7* 221 7210

AR A

—1
Po=3Pi(1+2)+ 5 Pa(l —2);
Ko (p1, p2) = — 2w coth 2w,

Ko (P1M, ng) = — 2wMCOth2U)M, (21)

Ko(p1, pim) = — (M + M? + 1) Rep®,

Ko(p1, pem) = (§+ M* + 1) p@.
(P stands for py, Py - - - )-

After adding the elastic and inelastic scattering
cross sections, the term L — LjIn (2A€/A) in the
inelastic-scattering cross section [see formula
(18)] is replaced by L — Lj In (2A¢€).

The overall cross section for elastic and in-
elastic scattering, is symmetrical in the variables
M? and m?, as it should be. When M = 1, it is
identical with the corresponding expression for the
case of equal masses [see the first curly bracket
of Eq. (2.16) in the paper by Redhead®]. As M — «
we obtain Schwinger’s formula with Z = — 1 (the
charge of the scattering center coincides with the
charge of the incoming particle ).%?

3. SCATTERING OF POSITIVE MUONS BY
ELECTRONS

Let us consider now the scattering of particles
of different sign

531

wr e —pt e, w4 et —>uT 46t
The matrix element of this process is obtained
from the initial element (1) by making the substi-
tution
P1—> — P2, P2—> — P14,

g-_)gi 7]—>—§—2M2—-2.
The new £, 7, and ¢ are defined as
§E = (P2, — p1, )? =4 sinh?w = 4 M2 sinh%wy,

7]=(P1M—P1+ )27 §=(P2M—P1+)2="]—§o

Under the aforementioned substitution, B{!) and
B?), are transformed into one another with signs
reversed, as they should:

(PEI)Z—(P?), Q"’Q’

HY > H® etc.

(1) «—

p S,

The reason for this is that the main term in the
matrix element is proportional to eepp, and the
corrections due to diagrams 1 and 2 of Fig. 1 are

2 — —),
Poy E '; e Pon \\", P
] 1 s N

! H - 2 N e
b 7 ~5 B 7 B
FIG. 1

proportional to ezefw Their interference with the
main term is proportional to eaei’v[, i.e., it re-
verses sign when one of the particles is replaced
by an antiparticle. This property of the contribu-
tion from the two-photon exchange isalso conserved
when one of the particles is nuclear-active. For
example, the total cross section of the processes
w~ +p—pu +p and p* +p— u* + p does not con-
tain a contribution from the exchange of two pho-
tons (for more details see Appendix 1).

4. CONVERSION OF AN ELECTRON PAIR INTO
A MESON PAIR

For the process e* + e~ — u* + 4~ we must
make the following substitution in the initial matrix
element [formula (1) ]

Pr—p_,

p2__)_p+;

Py Pusr Pom =Py

or, what is the same,
§-—>—(ﬂ+4)»
N—>E—M+4)=—0—-2M*—2, [,

where &, 1, and ¢ are defined as
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E=(pu——p-):, M= (p+ — p_)? = 4sinh®,

Ny = (pM+ — pM_‘__) = 4 M2 sinhZuM,
L= (py, — PV =n—E—2M> 12,
N+ 4 =mnum-+ 4M>2
For the real part of the function Ap; we obtain

instead of (3) (for more details see the paper by
Redhead®)

Re Ay = (Ing —1) (1 — 2uy coth 2u) — 5¥ cothun
uM

+ T coth 2uy — 2 coth 2uy S B coth 3dp.

0
The functions with index 1, which depend on 7,_
become functions with index 2, which depend on ¢:

w® M) —p®C),  HO M)~ H®(),...
Analogously
WO @Q)—n®E),  HDC)—H E),...

L and L; of (18) now become
L=K(p_, p.)+ K(psr p,)+ K(Pm+, pus)
+ K(pu—» pmu)—2K(p_, p,)+ 2K (p_, py,)
—2K(p_» Pyy_) — 2K (Ps Pyy)
+2K(por Py ) —2K(Pp, s Pay)s
Ly=4+2K,(p_, p,) + 2K, (Ps—, Pm+)
+ 4K, (p_, pmu—) — 4K,y (p_s PM+)-

K (Py, P;) is defined in (20), and instead of (21)
we have
K, (p_, p,) = — 2ucoth 2u,

Ko (pm—s pu+) = — 2umcoth 2up,
Ko(p_s pu—) = (& + M2+ 1)p® (),

Ko (P pma) = (& + M2+ 1) p@ ().

If we consider the process in the c.m.s., then
the substitution 4 — 7 — ¢ will yield £ == ¢ and
B = - B(®) (4 is the angle between p_ and py;_).
Thus, the exchange of two photons not only does
not change the total cross section for the conver-
sion of the particles, but does not even change the
angular distribution of the reaction products, if we
disregard the sign of the particle charge. This
property of the two-photon contribution is con-
served also in a process with nuclear-active par-
ticles, for example, for p +p — u* + u~ (see
Appendix 1).

5. CASE OF HIGH ENERGIES. NUMERICAL

RESULTS

Let us consider now the most interesting partic-
ular case, when £ > 1 and 7, £ = — 0.8 M2, We
make the following remark concerning dojpe]. The
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main contribution to terms of the type K (P;, Py)
[formula (20)] is made by the integration region
near 1 and (or) — 1, because the poles of the func-
tion (P% — E%)! are close to each other. If P,
refers to a light particle and P, to a heavy one,
only the region near one is significant in (20). If,
however, the two momenta P; and P, refer to the
light particle, both regions (near 1 and — 1) be-
come significant. If both Py and P, refer to the
particle with mass M, then K (Py, Py) is small.
Naturally, when ¢ > m? both regions are signifi-
cant in any case, but we do not consider this cir-
cumstance since it will be apparently a long time
before experiments can be performed on it.

The fact that the poles are close together makes
it possible to obtain relatively simple approximate
expressions for K (Py, Py). By way of an example,
let us give the value of K (p, pM) in the c.m.s.:

E (1 —Bycosd
K(p, pm) =3 [EMM— EF¥ 2A1‘Esin2 (39/2)]
Here By is the velocity of the particle M and A
is the angle between p and py;.

The most cumbersome expressions in the for-
mula for the radiative corrections are due to the
contribution of the irreducible diagrams [see Fig. 1
and formulas (6) and (7) for BY) and B®)]. Allow-
ance for the irreducible diagrams, and also for the
emission of the soft quanta, does not entail much
difficulty.

Let us pay principal attention now to B 4+ B(®)
and write out for the given particular case the ex-
pression for this sum without terms that depend
on A, assuming that the latter are included in
dojpel. This inclusion [together with the corre-
sponding terms from A and Ayp; as given by (3)]
eliminates the dependence on A. The latter re-
duces to the substitution A — 1 in (18). Denoting
by B the quantity

In*4E2.

a BD + B®
xQ

in which the terms proportional to In A are left
out, and retaining only the double-logarithmic
terms, which make the principal contribution, we
obtain for the scattering of a negative muon by an
electron

n+ M

B=22Ingin TG+ Re o & (1 + u® Ing) g

+ P+ p? I8 ol + G (9 + ") + G (5" + )
Qo @n 18— 2 1AM —arM P opgy, D)
Q) = — &N — EM? -+ 2(n? + 3nM® + 29,
PP = —E 4 E(3n + M?) — 2n(n + M?),
W g =T =R+ M), g 4 g =

— 5 E (et M?) —dnM? — 4M*

+ =8+ EE —4M?) (n+ M)/ 2 (§ + 4M°),
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1 N+ M2
11+M2{1n M

. 1 M
p'(l)= —_ lﬂ}’ M(2)= m]ng_l_—[m .

1) are determined by (13), (14), and (15), where
we can now put

(n+2M* +2) 8, —n + M?,

1 M2)2 1 mz
“2;?]"?:21\4)2" w =5 I
in (13) and
[C]Be— T+ M2,
1 2)2 1
¢2=Q2=71ni§_|+§|ﬂ, q)1=——.§21=—2]n|[€12|

G = 2—15[1112&-{- g nz]
in (14) and (15); G is defined in (17).
All these formulas can be readily obtained from
the general equations if we write down (9) for this
case in the form

xn=1=2/+ M), x=—n/(n+ 2M?),
p=1+2/C+M), y=—C+2M)L for >0,
g1 = — €+ 2M3)[, Yo =14+2/C+ M?) for ¢ <O.

We note, to avoid errors, that the changeover to
other processes must be made in the complex
matrix element, without first leaving out the imag-
inary parts in the individual terms.

We give now the numerical results for the
c.m.s. The curves of Fig. 2 give the percentage
contributions from the irreducible diagrams to the
uncorrected cross section [i.e., the ordinates rep-
resent the quantity 100 B, see (22)]. For the scat-
tering of particles of different signs, the values of
B given on Fig. 2 must be taken with a minus sign.
The corresponding corrections for the case of the
conversion e* +e” < u* + u~ are given in Fig. 3.

500

3,5’/0

/84

00

Zi

30 &g @ w8

FIG. 2. Percentage of the contribution from the irreducible
diagrams to the uncorrected cross section, for the scattering
of particles of equal sign. ¢ —scattering angle in the c.m.s.
The numbers on the curves indicate the energy of the incoming
electron in the c.m.s. in mc®units.
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FIG. 3. Percentage contribution from irreducible diagrams
to the uncorrected cross section, for the case e* + e™— p* + ™.
¢ is the angle in the c.m.s. between the incoming electron
and the outgoing pu~ meson. The numbers on the curves
denote the energy of the incoming electron in mc? units.

Finally, Fig. 4 shows the total contribution, in per-
cent, to the uncorrected cross section for the case
when the c.m.s. electron energy is 300 mc? and
the total loss to emission of soft quanta is = 30 mc
= Ae€.

In conclusion, I am grateful to I. L. Rozental’
for interest in the work and to Z. S. Maksimova
for making the numerical calculations.

2

FIG. 4. Total percentage contribution to the uncorrected
cross section, for an electron energy E = 300 mc® and
A€ = 30 mc?. Solid curves — corrections for the process
e” +e* o pt + u”; dashed curve — corrections for the process
e” +pu* s e +pu*; dash-dot curve —corrections for
e +pu »e 4.



534 A. 1.

p”'py//lp P Pow

¢«
1)
'
A

7 IB//,AT"’"

S— n
s Y

'
—

b B

FIG. 5

APPENDIX 1

General Properties of Corrections Due to the
Two-Photon Exchange

We denote the contributions to the scattering
cross section from the irreducible diagrams 1 and
2 of Fig. 5 by B and B, These functions are
not independent. For example, the matrix element
for the process u~ +p— u~ +p can be written in
the form

[ [P = | M} + BV (E, m) + B® &, m),

where B! and B(? corresponds to contributions
from diagrams 1 and 2 of Fig. 5, and | m,|? is the
matrix element in the approximation of the one-
photon exchange (see reference 10). Analogously,
we have for u* +p — u* +p (see Fig. 6):

|y = [M[T— BY &, n) — B &, ).
On the other hand, |m |? i+ can be obtained from
| m |3 {i- by the substitution
t—E Mm—>—0—2M2—2.

The diagrams 1 and 2 of Fig. 5 go in this case into
the respective diagrams 2 and 1 of Fig. 6. Hence

BY(E, m) = — B, —{—2M?—2),
(M 2cat=| M scart B? (¢, n) — B? (§,—TL—2M>—2).,

For particle conversion we have
| }Zconv =|M ﬁconv"}‘ B? (—n—4, —C—2M2-2)
—B?P(—n—4, —E—2M2—2).
Thus, the contribution from the two-photon ex-
change is antisymmetrical in the variables ¢ and
¢. This means that the charge acquires a tendency

of retaining the direction of the initial motion after
the particle conversion.

APPENDIX 2

We give here the results of the calculations of
the principal integrals encountered in the matrix

ﬁiﬂ‘ I g ﬁ P rm P P %ﬁ”
o
1 ' \

&f ut I/”# >/ ﬂg ﬁ/l«r u+ >4

7 2
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element for the scattering of muons by electrons.
They can be used to calculate the polarization ef-
fects in pe interactions.

These integrals have the following form (for
notation see reference 6).

b — 1 4, Ka’ KuK‘t) a*K

Loo,ov ES O@Wwe

where we put for brevity
(0) = K*+ 2Kp,, (9) = (K—q)*+ A%,
(1) = K* — 2 Kpa, (2) = K* + A2,

We need also
(1, Ky)
W
i = =\ oo E

(1)_L (1, K,) _ 10 LKy
= m\man?t G =m\oaw
We have written out only the quantities with
index 1. All the quantities with index 2 [for ex-
ample, b1 )0 ot ] are obtained from the correspond-
ing quantities with index 1 by the substitution p;Mm

(1, Ky)

(1) _ 4
o= m\ oo mak

d*K.

— — Pa2M-
As a result of the calculation we obtain
H(l) F(l) H(l) 1(1) + l‘l'u) In 7‘12

where IV and p)
of the text.

are given by Egs. (13) and (10)
Furthermore
G"=G6P =G
[See Eq. (17)].
The quantity G is given in (16), and

H(l) K(l)p _ ‘N(l)p1 Mo F(l) K(l)p — NG )pzuM+q°Hu)

where K and N are given in (11) and (12).
Finally

G(l) Er 4M2 {EG_ 2In 3 ¢ } PioM -+ (QMQG + In Z%i) o

G =— m {EG —21n&} pis + (2G + InE) gs,
where b“) b is given by (8).

The expressions for b(l) and particularly for
b((,i.,) are quite cumbersome. We give therefore
only their ‘‘projections,’’ for they alone are used.

2p10b(1) =G — F(l) QquMbm H(l) Ebu)
2pibe? = G — FY, 2paomb! = HY — G. — Eb,
2p1omb’ = F — G., 2paabl?) = G, — H&" + &b,
2piomb” = F' — G, 2peebt? = G — HY + g6
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Errata

line Reads Should read
21 +0.3 cm +0.7 cm
1 h 1 h
Eq. (13 —_ = —_—
- (19) 42 Mc 4r? Mec
1 7Ya 1 A
4 ...+Z—+—2- ...+'Z-COS +2
Eq. (7) —Si—",;’:—“’iefk*dsk, ...%@efk* %,
Eq. (39) ... =4k .. .. =—dmhe. . .
Eqgs. (44) ...+ Siel yyps (). .. R AT T
and (39)
el iel "
Eq. (51), le?_g Vs (%) . .. ...%gvmtp4(x)...
line 2
—iky n—x’ (kK (Xx—x ek ik (x—x" d*k
Eq. (53) coee T bEmE Tk NE. Lt x)mf___—;ﬁ
Eq. (10 - @ _ 1 H—t —yp—1
e (10) M =08 ‘“[ynu —y2+1']
Fig. 4 The dashed curve of Fig. 4 has been incor-

rectly calculated (corrections to u* scatter-
ing on electrons). Its value ranges from —6
to —8.
Egs. (4a),
(4b), (11)
Eq. (6) s+ p—n+4 n®+ % 26 (0~ ~+ p— n - n® 4+ a0).

s(@t+p—>ntar+4at) 2 @t4p—n4 at-at)





