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We consider quantum mechanically galvanomagnetic phenomena in strong magnetic fields at
very low temperatures in the limit where the lifetime of an electron is much larger than the
period of its revolution in the magnetic field. We investigate metals with a quadratic disper-
sion law. We obtain formulae for the scattering of an electron by an impurity when a magnetic

field is present.

I. M. Lifshitz and co-workers!s2 have recently
constructed in a number of papers a semi-
classical theory of galvanomagnetic phenomena in
metals in strong magnetic fields, taking the com-
plicated character of the dispersion law for the
elementary excitations into account. Also, a num-
ber of authors®=® obtained the quantum corrections
to the resistivity tensor (the Shubnikov—de Haas
effect). The results of different papers are, how-
ever, not in agreement with one another. A clari-
fication of this problem is essentially connected
with the paper by Adams and Holstein,® in which
the transverse part of the conductivity tensor
ogala =x, y; H is parallel to the z axis) was
evaluated for a dispersion law € = p?/2m and in
which the calculations of other authors were
analyzed.

We obtain in the present paper expressions for
oik for metals with a small number of carriers,
the dispersion law of which we know with assurance
to be very close to quadratic. The energy surface
can then be split up into several mutually noninter-
secting ellipsoids. Bismuth is a typical example of
such a metal.

One of the basic problems which arise also in
the quantum case is that of taking into account the
specific character of the scattering of an electron
by impurities when a strong magnetic field is
present. It will be shown in the following that in
several cases an account of this fact determines
in an essential way how the different quantities
depend on the magnetic field.

1. FREE ELECTRON IN A MAGNETIC FIELD

We consider the motion of an electron with an
arbitrary quadratic dispersion law

(1)

in a strong magnetic field. We find the wave func-
tions and energy eigenvalues from the Schrodinger
equation (here and henceforth h=c=1)

& =5 Ly PP,

Av, = Ly, (0, —eA) (D, — eA)on = Entpny  (2)

where pj is the symmetrical inverse mass
tensor and Aj the components of the vector
potential of the magnetic field.

It is well known that the state of an electron in
a magnetic field is characterized by the following
quantities: the momentum py along the z axis,
the momentum py which is connected with the x
component x, of the center of the orbit along the
x axis by the relation

x,=p,leH

and the magnetic quantum number M. In the fol-
lowing the index n denotes the set of all these
quantities.

The energy eigenvalue of the n-th state is

Ep=o0(M+ 1)+ Pz/szz,

where w =eHVmgy /l m], mjk are the components
of the mass tensor (mjk = piil) and |m]| is the
determinant of the mass tensor.

We need in this paper the quantity

§(x— 202 9, (x) [P x.

If we use the well-known solutions of Eq. (2) we
get easily

§ e — 502 [ ou(0) [P = (M - 21) 22 ®)
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2. SCATTERING OF AN ELECTRON IN A
MAGNETIC FIELD BY AN IMPURITY

Yu.

We need to know in the following the scattering
amplitude for the scattering of an electron in a
strong magnetic field by an impurity. Finding this
amplitude is made much easier by the fact that for
the metals with a small number of carriers, which
we are considering, the electron wavelength is
large compared with the range of the potential. It
is well known that in that case we can use a 6-
function potential to evaluate the transition ampli-
tude

U (r) = fd(r), 4)

where f is the scattering amplitude for a zero-
energy electron, when there is no magnetic field
and where we have assumed for the sake of sim-
plicity that the impurity is at the origin. We have
then for the amplitude for the transition from the
state n to the state m:

Fon =\ ¥, (DU (1) 9, (r)dr = f¥,, (0) ¥, (0).  (5)

Using this expression for the transition ampli-
tude we can obtain the total probability for a tran-
sition from the state n to any state m (Em = Ep):

Wa = 212 21| 9 (0) | % (0) 28 (En — Enm)
=V 22 (9, (0) P |m [ D [En— o (M + Y5)] . (6)
M

The summation is over those values of M for
which the expression under the radical sign is
positive. It is clear from the expression given
here for Wy, that one can ct oose a value of the
magnetic field in such a way that Epn = w (N
+Y¥)+ A, |A]l « w. If A> 0 and sufficiently
small,

Vo= e L2 ™

i.e., when A — 0 the total transition probability
tends to infinity. The result obtained indicates
that if one takes the influence of the magnetic
field on the scattering into account only through
Eq. (5), this will, as is well known, be insufficient
in the neighborhood of some values of the magnetic
field.

We try to find those corrections to Fyp in the
higher approximations in U which are due only to
the presence of the magnetic field. Generally
speaking, one can only use the potential in the
form (4) when looking for the transition amplitude
in the first Born approximeation. We retain (4),
however, also when looking for the next approxi-
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mations in the scattering amplitude, but keep in
the different terms only expressions which are
essentially connected with the magnetic field.

The exact transition amplitude is in the form of
a series

q Uthhn Um Uh U
Frnn=Unn “%J E,—E—id +k21 (Ek—E—-i’(;) (éll—nE—ié) :
' (8)

We consider the second term in that series in

more detail

— S = — PO %0 3

[y (0) 2
E,—E—5

= — P O, O S (S E — o (4
+ 3 [0 (M+Y2)—ET"}. ©)
M

Here and henceforth the summation over M is
only over those values of M for which the respec-
tive expressions under the square root sign are
positive. The second sum within the curly
brackets diverges. This divergence is caused by
the fact that we have used a 6 -function potential.
If we take f to mean the total amplitude for
E = 0 when there is no magnetic field, we must
simply drop the divergent terms. The correction
to the scattering amplitude in the second Born ap-
proximation will be small except when the energy
is very near a odd-half-integral multiple of w,
i.e., A— 0. If the absolute magnitude of A is
sufficiently small the expression within the braces
is equal to

B

[—— ,A>0

__:{VA g
A 1

,A<O

VVTA] <

and we get for (9) as A— 0

— P}, (0) %, (0 35 ”;}K

We note easily that if we retain only the terms
that tend to infinity in the series (8) near A =0,
we get the simple geometric series

Fon = 7, (0) %, (0) {1 — fG; + F2G} —.. .}
= g7, (0) 9, (0) (1 + fGy)%,

__olm |2
4= Favs

From the relation just obtained it is clear that as
A— 0

(10)

| Frn [ = [ 9m (0) [*] n (0) [2 8% | A |2 | m .
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In some cases the amplitude has still another
singularity. Let A < 0. Then

fo|m "/z —1

Frn =¥, (0) %, <0>{ ! +z’/=n—vr7r.}

If f< 0 then for some value of |Ay| such that
Aot = —fo|m [/ 2t a< o,

Fmn will tend formally to infinity. It is clear that
when A = —|A)| and A = 0 Eq. (10) for the transi-
tion amplitude becomes incorrect, for in fact the
amplitude will tend neither to zero nor to infinity.
It is easiest to correct Eq. (10) near A
=—|A, |. Near this point it is no longer pcssible
to discard the finite imaginary part in Eq. (9).
Taking this fact into account, we get the following
expression for the amplitude near the resonance*

fo|m|’

Foun = 1, 0) 9, (0) {1+ 320

| fo|m|T

+ iy (11)

SE—oM+y
M

We note here that the resonance width (AE )res
is much smaller than the width of the interval AE
in which the amplitude is less than its classical
value, namely

(AE)res ~AEV 5 /A,

where o is the scattering cross section for H = 0,
and 1/A ~ VmE. The presence of such a resonance
is connected with the existence of a bound state of
the electron in the attractive potential when a mag-
netic field is present. To find the energy and the
wave function of this bound state we turn to the
integral equation for the wave function

v =—{6r i HUE A, (12)
where
Yn (1) ¥, ()
G(r,r';E)=25nT:_—ri,5 (-0),  (13)

n

is the electron Green function. It is necessary for
us to find the wave function in the region where the
attractive force is acting, i.e., for very small
values of r and r’. In that region, however,

G(r,r'; E) = Gy(r, r') + G, (E),

where Gy (r, r' ) is the electron Green function for
E = 0 when there is no magnetic field. To obtain
G, (E) we take it into account that when there is

*Skobov obtained this result independently of the disper-
sion law € = p?/2m. I use this opportunity to thank Skobov for
sending me his manuscript prior to its publication.

485

no impurity the electron is in the ground state
with M = 0. The attraction of the impurity causes
the energy to become equal to

E=0/2—8, 0<8<o.

There is then in the sum (13) a large term corre-
sponding to M = 0, which is equal to

o ‘ m ll/z

G (E) = 2haY w2 —E

so that
(1) =— | (G, 1)+ G (BNU (1) % () dr’

= Gi(E)a—{ Go(r, ") U (r) 9 () dr,

a=— SU(r’) P (r)dr'.

One obtains easily from this equation the fact
that P (r) = Gy (E) oy (r), where P, (r) is the
electron wave function for E = 0 in the field of the
impurity when there is no magnetic field. It is
clear that

F={Umwemar,

from which one obtains easily a condition for
finding the energy

1 =—fGy(E) = —fo |m[#/2:n} w2 — E,

E = 0/2 — [?0* | m |/8n2. (14)

This is indeed the energy of the bound state.
Using (12) one obtains easily an expression for
the wave function of the bound state far from the
impurity (for the sake of simplicity we have
written down here the expression for the cose

€ =p’/2m)
$() = Aexp{—|2|V2m @2 —E) — (* -+ yP)eH},
(15)
where A is a normalizing factor. It is clear that
there can only be a bound state if the magnitude of
the reciprocal volume occupied by the electron is
much larger than the impurity concentration, i.e.,
the condition

Nimp < (eH)? mf

must be satisfied.

It is clear that the resonance found in the fore-
going for the scattering of electrons when M > 0
is caused by the virtual transition to the bound
state. In the following we discuss the problem of
the possibility to observe this resonance by inves-
tigating the behavior of the resistivity in a magnetic
field.

We now turn to an investigation of the behavior
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of Fmn near A =0, i.e., near the point where it
tends to zero, according to (10). To do this we
turn to the integral equation for the wave function

P(r)

n

Pn (1) = P (1) — B G(r,t; E)U(r') ha (r')dr’. (16)
When A = 0 Eq. (13) for G(r, '; E) can be
written as the sum of two terms

G(r,t';E)=G'(r,t'; E) + A7 gy (p, p"), A—0.

In the expression for G’'(r, r'; E) the summation
is over all magnetic quantum numbers M =N
(E=w(N+ 1/2)) and we can thus put A =0 in
G(r,r; E) and gN(p, p'). It is clear that
gN (p, p’) is independent of z and 2z, i.e., the z
component of the vector p is equal to zero.

The function ¥p (r) satisfies in the point A =0
two equations

Ve (e o) U@ ¥alr)ar =0, (17)
B (1) = ¥ao (1) + A (p) — | G (1, 75 E) U () ()

a7)
where A (p) is some function which is independent
of z and which is determined by (17). Because (17)
must be satisfied for any p, Eq. (17') is equivalent
to the condition

U @ 2 4n(p.2)dz =0, ()

If the potential U (r) is sufficiently weak it is
clear from (17) that

4 ) , o, 0%
= = PV g = g = —(P2) Yo

pz ==0.

We put ¢n,(r) = exp (ip§z)¢n(p). We have then
from (17")

¥a (e 00U b, 2) dz + ip? s (p) \2U (5. 2) d2

(pr)?
— p; Pn (p)gzzU (p,2)dz =0,
_ - SzU (p, 2) dz
¥ (p, V) = — ip; 9n(p) [Uead
(07 )? [2U (o, 2) dz
+3 q’”(P)S Ulp 2 dz

We now get easily the amplitude for the transi-
tion from the state n to the state m

Frn = (o ©) U (1) $u (r)dr = pf 7' doain (p) 2 (p)
X {S 22U (p, 2)dz — [SU (p» 2) 2dz]® /SU ) dz},

P20, "0, (18)
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i.e., we get for A = 0 a transition amplitude which
though very small is different from zero.

We considered the case where there was one
group of electrons. In practice, however, the
energy surface in metals splits up into several
ellipsoids and to each of these there corresponds
a well defined group of electrons. In the scatter-
ing field of the impurity there are now possible
not only transitions within a given group, but also
a transition from one group into another one. In
the following we shall give a qualitative analysis
of this case.

We can now write the wave function in the fol-
lowing form

P (r) = Py (r) ™",

where zpfl (r) is the solution of Eq. (2) with the
inverse mass tensor pj, corresponding to the
ellipsoid with index 1, while the phase factor
elPIT js due to the fact that the center of the
ellipsoid in quasi-momentum space is not the
same as the origin.

It is now no longer possible to assume the
potential to have a 6 -function shape, since when
an electron goes from one group to another there
occurs an appreciable transfer of quasi-momentum.
At the same time, we shall assume that when H
=0 the potential is a Born potential. We have then
in first approximation

Frn={e7" 4 (1) U (1) €™ i () dr

~ k' (0) ¥ (0) Se"‘i ®r=P) T 1] (1) dr

= frebm (0)¥a (0) = Unne

We assume now that in the group I, there is
for given H a state with vz ~ 0, i.e., A7y~ 0. It
is now no longer possible to restrict ourselves to
the first Born approximation, so that

TRy

Z Umk‘ Ukn

- ll_.hEh—E—iG L

141 14
an = Umn

It is clear that in the sum over intermediate
states we must retain only the term with Ij = .
The term in the second order in U is then of the
form

— fetfr om (0) %5 (0) Gi, (E), (19)
where
Gy, (E) = iwy, | mie[hj2%n VA, . (19)

When we consider the terms in the next approx-
imations in U we find easily that near A7, =0

I SN it 1 o fl'l. fl.l le
Finn = %m (0) ¥ (0) [fu H_—(;m]
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and that as
Alu L d 0, Gln —> OC
we have

Frun = P (0) 91 (0) [F1rs — Frray FratlFr)- (20)

From this formula it is clear that if either I or
is equal to I, the corresponding amplitude tends to
zero. When I =1, I' =1, it is always different
from zero.

It is easy to investigate the case when for two
or more electrons there occur states with vz = 0.
To do this we turn to the integral equation for

P(r)
Yn (1) = Pho (r) €17 — SG(r, s E)U (t') s (£) dr’. (21)

One can write the function G (r, r’; E) in the form

ip/ (r—r'

G5B = e 6 (E) + G, (r, 1),

i
where Gj is described by Eq. (19) and where
Gy (r, r) is the Green function when there is no
magnetic field.

As we assume the potential to be a Born one,
we can neglect on the right hand side of (21) the
term with G,. We have then

Vo (1) = ¥ho ()" — 2™ 61 (B) femir U (1) wn (r) '
7

(22)
Here zp%o (r) is the electron wave function when
there are no impurities. By definition the ampli-
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tude of the transition from a state ,described by the
wave function z,b,l,o (r) to a state zpfno(r) is

Frn =™ " ¥ (U (1) a (0 r,

where ¥n (r) is a solution of Eq. (22). It is thus
necessary to know ¥p (r) within the range of the
potential. Assuming as before that the potential
is a short-range one we can put in (22) zp£,0 (r)
constant within the range of the impurity field.

It is, however, not possible to replace the ex-
ponential by unity since when we go from a state
corresponding to the group I to a state correspond-
ing to the group 7, a large momentum transfer
takes place. If we take this fact into account we
can write the solution of (22) in the form

Pn (1) = Yo (0) {17 — ieip’ " G; (E) oy}

)
It is clear from Eq. (22) that the quantities o;
can be found from the equation

& =it — 2 Gr % fine (23)
k

The final expression for the amplitude F%},ln will

be of the form

oo = i (0) Who (0) [frr — ) G Furmoal (24)
Rk

We easily get from Egs. (23) and (24), for in-

stance, the expression for F%lln when Gg and
Gp — . In that case

10 G fay (1 + Gg fﬂﬂ) + frp Gg far (1 + Gg fae) = Frra e fap Gg far

P = o (0) Who(O)[ e — !

. firg Op fpa Ga far y
(1- + faa Ga.) (1 + fBB Gﬁ)'—Ga faa GB fpa

and as Gg = Gg =~ we get

(1 + faa Go) (1 + Fag Gp) — Gq [ap Gp oo

Finn = Pmo (0) ¥ro (0) [fw -

From this formula it is at once clear that if
either I or I’ is equal to o or B, the correspond-
ing amplitude tends to zero. If, however, I = o, 5
U # o, B the amplitude differs from zero. This
result has a general character and can be formu-
lated as follows: If IV, 1) ... are the numbers
of the groups of electrons which possess for a
given H a state with vz = 0, then F%{lﬁ =0 if
either 7 or ¥ is equal to IV, 19, ..., and Fhh

is different from zero if 1 = IV, 1D, ..., v = 1D,
1@, ..

fra far Tap + fip For faa — Frra fap Far— Frrp Foafar
Tox T'ob—Tas Tsa J @5)

3. GALVANOMAGNETIC PHENOMENA

We turn to a direct investigation of the depend-
ence of the electrical conductivity on the magnetic
field. We shall in the following be interested only
in the case where the period of revolution of the
electron in the magnetic field is appreciably less
than the time of mean free flight, i.e., where the
relation 1/wT « 1 is satisfied. Since the scatter-
ing is elastic the total current of the system of
electrons is simply the sum of the currents caused
by the different electrons. It is also necessary to
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take into account the fact that the scattering is by
a random distribution of impurities the average
distance between which is larger than the electron
wave length and the scattering amplitude. The
waves scattered by different impurities do there-
fore not interfere with one another.

It is well known that the conductivity o ina
magnetic field is a tensor quantity whose compo-
nents oik satisfy the symmetry relations® oy (H)
=0k (— H). It is convenient to write gjkx as a sum
of two terms

Oir = Sik + Qin s
Sik (H) = Sp; (H), a;p (H) = — Qp; (H)

When we change over from the components of
the conductivity tensor to the components of the
resistivity tensor, we must take it into account
that in pure metals with a quadratic dispersion
law the condition that there be as many electrons
as holes must be satisfied. Applied to a real
metal this means that ayy though different from
zero is appreciably less than sxy in spite of the
fact that the first one is proportional to H™! and
the second one to H2. Account of this leads to the
following equations expressing the resistivity
tensor in terms of the conductivity tensor

o = pin + bk, pir (H) = pp: (H),
bu (H) = — by (H).

If we now introduce a vector a which is the
dual of the tensor ajk and a vector b which is
dual to bjk we get for the most important compo-
nents of the tensor ojj®

pxx = |G|t (aﬁ + Syy Sz2), Py = |6 (aray — Suy S22 ),

Py =|6[™ (Uz + Sxx Szz ), Pzz = |6 [ (Sux Syy — Siy) (26)

for the symmetric part and

by = — |6 (A Sxx + QySxy)s by = —| 6| (Qx Sxy + Ay Syy),

b, = —|o|™(axSxz + ay Sy + az522) 27)

for the antisymmetric part of the resistivity tensor.
Here | o| is the determinant of the tensor ojk:

|61 = (Sx Syy — %) Sez = D) Ga@p Sap (a, B =x, y).

% B

We must find the tensor sjk and the vector a.
The simplest to find are the components ax and
ay, and we now proceed to evaluate these.

In the approximation considered (1/wT « 1)
these components are independent of 7 and can
thus be found using the classical equations of
motion for an electron when there are no impuri-
ties

%‘; = eE 4+ e[vxH].
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We take the magnetic field strength vector H in

the direction of the z axis and the electrical field

strength vector in the direction of the x axis.
Then

d, dp
—’1’5=eE—|—eUyH, - =

r4
dt dt @ =0

— ev,H, T

Using these equations for quantities averaged over
a period of the motion in the magnetic field, we get

v, =—E/H, v,=0,  p,=const. (28)

From the relation € = ¥ ikpipk we get Di
= mika.

It is clear that the average drift velocity along
the z axis is independent of pz when the disper-
sion law is quadratic. For pz = 0 we have thus

0= m,, Z; “+myy 6y + Mz, —62,
or, if we take (28) into account
v, = Em,, [ Hm,,.

For the components aj we get, however, at once

!
o= %Z:—?n,. (29)
l 22
The summation over I is here over all ellipsoids
and for the groups corresponding to electrons nj
> 0 and for holes nj < 0. In practice only the
components ax and ay are different from zero since

a,=(E/H)(ne—n,)=0

in the approximation considered.

We find now the symmetric part sjx (except
the component sz ). We use the Einstein relation
according to which the current along the x axis
(H is parallel to the z axis and E parallel to the
x axis) is connected with the mean square dis-
placement of the center of the electron orbit per
unit time due to collisions:

(Bx)7 = 2D, (30)
where D is the diffusion coefficient. Then
. 90 dn
,x=_ezE§deE;§.D,(a)d—;. (31)

Here f; is°the electron Fermi distribution function

fo — {l + exp (‘8 ;()}'1

(¢ has clearly different values for the electrons
and the holes) dnj/de is the density of states with
the given energy which is well known to be equal to

g _opmttg 1
& Vie SVi—a0iis

in a magnetic field.

(32)
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The problem of evaluating sxx = jx/E is re-
duced to calculating the average value (Ax ).
It is clear that

Ax)? =S (tm— %)? 25| Frnn |28 (Em — En)>.

U, m

The symbol <...> indicates averaging over all
initial states n with energy €; xn and xpy, are the
centers of the electron orbits in the initial and
final states.

If we now take it into account that according to
the results obtained in Sec. 2

[ Fanl? = |fa P19 (O 95 (O) P,
then

(A2 = 4n }.‘, X | i (0) 20 (Em — )1 fit * Nimp

m[ l/z l Z

M+ 1/

V Mtk o
VE— w M +19)

TN imp | fry 2

33)

We used Eq. (3) in deriving (33).
Substituting the expression obtained for <(Ax)?>
into (31) we get finally*

Sygx = —
* 7

V2 e Ni S RN NG dn

LT de e X ImE [ [P
vl

M 41y

(34)
e— o (M + 1)

x2)

Expressions for the other components of Sjk
(except Szz ) are obtained from Eq. (34) by sub-
stituting there pjk for uxx.

We consider now the component szz. To
evaluate this we can use a transport equation
which in this special case has a very simple form
(we write the distribution function f as f =fy + f!)

fn 6(Em—En)"

—¢E P; Ofo - 2 2| FLL 12 (fh—
Mz (35)

It is clear from (35) that fl~ pz so that the
term with f%n drops out as fi, is an odd function

of p, while [FLL I? is an even one. Taking this
into account we get

L Z R (O A (O) 12| 8 (Em— En)

_ Pz 0fo
——E'_IOE

Summing over all m and I’ and averaging over
the position of the center of the electron orbit in
the initial state we find

*A similar equation for syy was obtained by B. Davydov
and I.Pomeranchuk.*
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fll Nxmpvdn_ 2“”11]2 = — eE 2 p, (‘;fo R
mzz
9fy R , -
Sz = — VZ S de an{NimPZlfl’l lzmzzml’ Iml |/2
X ———————
Z Ve—ao. (M+ 12) } (36)

It is clear from the equations obtained for ojk
that a, a, ~ H'l;az~H"3; sik (1 =2z, k = 2z)
~ H"z; szz ~ 1. As far as o-{f< is concerned, the
components 0&13(04 B=x,y) and pzz are the
most important ones.

It follows from (25) and (26) that

pdﬁ~H2v b2~Hy

so that we shall only be interested in the following
in pyp and pgy.

We start our investigation of the conductivity
with the semi-classical region where the relation
w/t « 1 is satisfied. We can then represent the
sums over the magnetic quantum number occur-
ring within the braces in Eqgs. (34) and (36), with
sufficient accuracy, as follows

e 1

'——____;———7\‘52 —_,
%VS—(”(M'fl/z) o T3
N M+, 4 &h e
}"Vc—w(M+‘) 3°>’+wVK’ @7

where A is defined as before by the equation

e=o(N+Y)+4 A<o

In (37), A > 0.
For the range of values of the magnetic field
considered it is convenient to introduce quantities

sg% (cl) defined by means of the relations
sap (cl) = 2} Saf (cl)-
v

Then
vl 4e? oo g2
St (el) = Niomp 5o | | j—?gn | Fr [ (38)
If we use the results obtained we shall get for
Sqp and sgzy

Sap = Sag(CI)
9

— s (e { 0o __
(cl) de VA,

1 ) oe

[ 30, . So0p ]
— T
it yA, SLVAA,
en
2% N imp

afo ds}_m{Zlful Mz

Szz = —

(1+2;‘/=VA )}-1
(39)

It is necessary to emphasize here that the fyr; are
different from zero only when the indices 7" and 1
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refer either only to electron or only to hole states,
i.e., when the electrons do not go over into holes,
or vice versa, in the scattering by the impurity.

The terms containing A™Y? in the expressions
which we have written down describe the usual
semi-classical oscillations of the conductivity in a
magnetic field.

If we substitute the quantities sqB and szz
which we have found into (26) we obtain the final
equations for the pjk. These formulae are very
cumbersome, for when the magnetic field has an
arbitrary orientation with respect to the crystallo-
graphic directions, all the electron groups connect-
ed with the various ellipsoids will give contribu-
tions of the same order. We note that the formulae
for the conductivity for the case when the magnetic
field is perpendicular to the three-fold axis of bis-
muth were investigated in detail by I. Pomeranchuk
and B. Davydov.! We shall therefore in the follow-
ing investigate pgyp and pyy only in the region
where their behavior is anomalous.

1. By changing the magnitude of the magnetic
field we can get A « w¥¢! for one or several
electron groups. In practice this can apparently
only be obtained for electrons corresponding to
some given ellipsoids, which we denote by 1,.
When we change over to the resistivity tensor we
note that for sufficiently small A,

Pyy = Sxx (SxxSyy — Siy)‘lv
(40)
As far as szz is concerned in terms of which pzy
in (40) is expressed, if the group I, refers to
electrons, only the term corresponding to holes
remains in Eq. (39) for szz.

If Ay, is so small that we can retain in (39) just
the term with A, then

siy)_ly

2 \-1
Pxy = — Sxy (SxxSyy — Sxy) »

Pxx = Syy (SxxSyy —

—1
Pzz = Szz .

o f, [ 0f, d
Sap = — - SE(eD) —c’—ggs— f (41)
¢ ¢ 0fp de ]t
Py = _—pl"h(ch —[S_ée‘o E]
oy, of, de1?
= — echxmp’flol.,l mé‘; [‘ 0s A[.] . (42)

One obtains similar expressions for Pxy and pyy.

If T=0 we have fﬁ—d—e-——Al (lg) When
0 .

3€ A,
T « w?¢! (but T = 0) we must take into account
the behavior of IFgllnl2 as Aly— 0 when
integrating. This leads to the following integral

~l5w - CAI'(C)‘ nal

&af(, de
de A, +a

A. BYCHKOV

where

a = |fus, Pol, | m| [ 8.

It is clear from Eq. (42) that pyg ~ Al ie.,
that PaB is appreciably decreased when A, is
sufficiently small. The steep decrease of pgp
which we have obtained when Az — 9 can in
practice be observed only when the following con-
ditions are satisfied:

FT<<olt™, (0,0 <ot

and when the magnetic field is stabilized AH/H
< wrg 2. We note that this effect takes place not
only in the semi-classical region but everywhere,
solongas £ =w(N+ %)+ A and A— 0.

When the field is sufficiently strong ¢ is not
equal to its value when there is no field and must
be determined from two conditions: the fact that
the number of electrons must be equal to the
number of holes ne = np, and the condition that
g1+ &, =E) where &1 — Lo, Ly—&p and Ej isa
constant which is independent of H.

2. The expressions for pgg and pzz which we
wrote down in the foregoing are valid for suffi-
ciently small, but not too small values of Af,. If
Al, is very small it is essential to take into ac-
count the dependence of the scattering amplitude
FU'l on the magnetic field H. For the sake of sim-
plicity we restrict ourselves to the case T = 0.
We note now immediately that it is apparently
practically impossible to observe the anomaly in
the resistivity near the resonance for scattering
by impurities with an attractive potential because
of the too stringent limitations as to the purity of
the metal and the temperature. We shall therefore
not investigate pjx near this resonance.

When Az, — 0

S, = NN, Hm"“"'ﬂlfz.z.l ¢
x[An+ 5w

and we have, for instance, for pgxx

IACALN
I:Ala + 8n? :I.

2y, ol mil ] (43)

b = g,
Nl f1, 12 M3
It is clear from this formula that as Al — 0, poB
tends to some very small though finite limit.

We investigate now the behavior of pg, for very
small Az,. As before we have then pzz = sz If
we take the results of Sec. 2 into account we are
led to the conclusion that for Az = 0 all amplitudes
for which either I’ or I is equal to [; tend to zero
and that there remain only terms with 7 =7, and
U =1,. Atthe same time these amplitudes FI'l
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are changed according to the results of Sec. 2.
Finally, szz is given by Eq. (36) where I’ # [, and
I = Iy and where we have instead of |fyy|?

[ fore — FrafioafFra, |2

This result can be summarized as follows: for
some values of H the group I; does not make any
contribution to the conductivity szz. Up to now we
considered the case where A7, tended to zero
from the positive side. However, the opposite case
is, of course, also possible. The equation for sy
is then not changed. s, will be given by Eq. (34)
with 7 = [y and 7 = [, if in that equation we
replace '

fre by fro— frofre | Fi.-

The transition from the sjk to the pjjx is then
performed by means of Eqgs. (26).

The final results about the behavior of the
tensor pjx near Aj; =0 can be summarized as
follows: when A7y — 0, pgp ~ Al, and tends to a
finite though very small limit; in a narrow region
near A, =0 Pagp changes quickly and the limits of
Pgp when Agy— + O and when Afy— — 0 are
essentially different from one another.

In conclusion I express my gratitude to
Academician L. D. Landau and to I. M. Khalatnikov
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for valuable discussions when this research was
done.
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