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We discuss the effect of phonon interactions between electrons on the decay of a plasmon in a

solid (in the isotropic model).

].- Although plasmon oscillations in a solid have
been considered in a number of papers (for exam-
ple, references1-3), processes involving phonons
have not been discussed up to the present. In this
paper it will be shown that the phonon interaction
between electrons changes the frequency and relax-
ation time of a plasmon. The methods of quantum
field theory3~5 provide tools for examining this
question. As is shown in references 3 — 5, the poles
of the single particle Green’s function give the en-
ergy and relaxation time of the quasi-particles.
The Green’s function of interest is that for the
photon, and is given by

Dy (x — %) = i T (A (1) Ay (£'))> (1)

where the indices y and v run from 1 to 4 and the
A, (x) are the electromagnetic field operators in
the Heisenberg representation. The average is
taken over the ground state of the system. This
function describes the interaction between the pho-
ton and the surrounding medium, and satisfies the
equation

@+ P)D(x) = —8(x) (2)

(see reference 5, for example). Here P is the po-

larization operator, which is related to the com-

pact photon self-energy part II through P =ill.
The homogeneous equation

(O+P)CO[Au[r> =0 (3)

is satisfied by the wave function corresponding to
the given excitation (or, more precisely, by the
matrix element <0 | Ay | > for the transition
from the ground state to a single-particle excited
state).

Since we are interested only in longitudinal
waves, we neglect retardation effects and write

these equations as
(A+P)D (x) = — 6 (%), 2')

(A+P)<01Ao|r) =0, (3"

or, in the momentum representation,
[k*— P (k, ®)] D (k, ®) = 1. 2'")

The dispersion relation in which we are interested
takes on the form

k2 — P (k, ) = 0. (4)

2. Feynman’s well known rules can be used to
write the polarization operator as

Pk 0) = 12550 (G (0 5) L0 ) G (p—5)d'p. (5)

Here, T (p, k) is the vertex part, while G(p) is
the electron Green’s function; in the absence of
interactions?, it is given by
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i (6)

Carrying out the calculation to first order in

2, we obtain for vk < wy:

e
Py(k, @) = 757 S | Go (p+ 5) Go(p— 5) dip

o 4e? (88+k - Eg) d3p - f’)g 2 vk \2
T @np <S (83+k—83)2—w2—i0~ o [I+<wn> J
P<Po ( 7)
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where w, is the plasma frequency, v§ =

=h=1,
Substitution of (7) into (4) leads to the well
known dispersion relation

(8)

The frequency w is real, with the consequence
that for small k the plasmon does not decay, which
is a well known result (see, for example, refer-
ences 3 and 6). In this approximation, the plasmon
decays for k = kyy, as determined by the poles of
the expression under the integral sign in (7),

0 (km) = L k2 + Empo- ©)

If higher order diagrams were to be taken into ac-

0% = o2+ vik2.
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count, the qualitative picture would not be changed.

3. Phonon interactions between electrons can
lead to decay of the plasmon. This interaction
would be described by the Hamiltonian

Hint = Z 0451 qap (bq -+ 01y),
9<9m
where the ap( ap) and ba( bq) are creation ( anni-
hilation) operators for electrons and phonons;
af = MWl /pg; W§ = € A = 1; qpy is the maxi-
mal phonon momentum and c, is the speed of
sound.
The Green’s function for a free phonon is (see,
for example, reference 7),
1
Ko (@) = a{ o

coq—m—zO

(10)

(1D

1

mg +o— iO} )

1t is not difficult to find the effect of phonons on
the dispersion relation for the plasmon. We cal-
culate the polarization operator only to first order
in e Then the function G(p) in (5) should be
taken as the propagation function for an electron
interacting with phonons; the difference between
I'(p, k) and 1 will also be due to phonon interac-
tions.

Migdal has shown’ that when phonon interactions
are included, G(p) differs from Gy(p) only for
| e-€y | ~ coam and | p-pg | < pg. On the other
hand, it is easy to see that G (p) contributes to
the polarization operator of the plasmon only for
| p-pg | ~k < py and | €-¢y | ~ wy > cyqy. Hence
in calculating P (k, w) we can use perturbation
theory, i.e., we can expand in powers of the photon
interaction constant and keep only the first order
terms, which are those corresponding to the dia-
grams shown in Fig. 1.

R i o D

The first two terms give small contributions to
the imaginary part and affect only the frequency of
the plasmon; the principal contribution comes from
the third diagram. The imaginary part can be
written

Im P, (k, ®)
= e ReSp { Go(p+ 5T (9. ) Go (p— 5) d'p, (12)

where the vertex part T’y (p, k) is given by Fig. 2.

R
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Assuming that T'y(p, k) has no poles, we find
that
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where k = min {qm, 2po}.
Upon substituting the polarization operator P
= Py + Py in (4), we find that the decay constant

18
Ay [/ Rk \2
D070 (Zo—) , k < 2co
PO A (13)
(D”To<—2?n—> To’ 2cy <L k<< po,

which is fairly large. From the third diagram in
Fig. 1, it is clear that this decay constant may be
considered to be due to the decay of a plasmon

into an electron and a hole, with the emission of a
phonon. This differs from the decay described by
Landau and which may be considered as the inverse
of the Vavilov-Cerenkov effect.

In conclusion, I should like to express my deep
gratitude to D. S. Chernavskii for suggesting this
problem and to E. S. Fradkin for valuable discus-
sions and for communicating his own results to me.
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