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Hydromagnetic waves excited by disintegration of the boundary between the plasma and
vacuum are investigated. The boundary velocity (escape velocity) is determined. The am-
plitude of the electromagnetic wave radiated into the vacuum during the disintegration of the

discontinuity is determined.

].. In the present article we investigate the flow of
plasma into vacuum in the presence of a magnetic
field. This problem has many applications in astro-
physics and plasma physics. The formulation of
the problem is as follows. A stationary plasma of
infinite conductivity fills the half-space x > 0 at
the initial instant of time t = 0. The state of the
plasma is characterized by a pressure p;, a den-
sity py, and magnetic-field components Hx and
Hiy (to be specific, we put Hx >0, Hyy >0, Hyy
= 0). A constant magnetic field with components
Hx and Hgpy and a constant electric field Egy < Hgy
are produced in the vacuum. The necessary bound-
ary conditions are not satisfied on such a discon-
tinuity (when Hyx # 0),* which therefore breaks
up into several shock waves and self-similar waves.
In the plasma there will propagate a rapid wave
(shock or self-similar), followed by an Alfvén dis-
continuity, and finally by a slow wave. An electro-
magnetic wave propagates in the vacuum.T' Some
of the aforementioned waves may be missing. The
problem is to determine the!character of these
waves, their amplitudes, and the velocity of the
plasma on the boundary with the vacuum.

This problem was solved by Golitsyn* for the
case when the normal magnetic-field component
Hy vanishes. In the solution, Golitsyn used the
fact that when Hy = 0 the equations of magnetohy-
drodynamics assume the same form as the equa-
tions or ordinary hydrodynamics,® ¢ provided the
pressure p and the energy per unit mass € are
replaced by the total pressure p* =p + HY8r and
the total energy €* = € + HY 8mp.

*If the vacuum is considered as a limiting case of a mag-
netohydrodynamic medium of zero density, the relativistic
equations must be used.'?

tThe emission of an electromagnetic wave from a discon-
tinuity with a conductivity jump was first noted by Kulikovskil
and Lyubimov.}

The presence of a longitudinal magnetic-field
component Hx leads to a qualitatively different
picture of the flow of plasma to the vacuum.

As already noted, three waves travel in the
plasma (instead of one in the case Hy = 0). After
the departure of these waves, the following condi-
tions should be satisfied on the boundary between
the plasma and the vacuum:

The first of these conditions means that the
pressure vanishes behind the waves that go into the
plasma, i.e., cavitation takes place. Since cavita-
tion is impossible on a fast rarefaction wave,’ the
cavitation takes place on the slow wave, which is
thus self-similar. The fast wave can be either
self-similar or a shock wave, depending on the
initial conditions.

The discontinuities of the electric and magnetic
field in the electromagnetic wave propagating in
the vacuum are connected by the relation AHy
= AE,. If the velocity of the flowing plasma be-
comes nonrelativistic, then the discontinuity of the
magnetic field in the electromagnetic wave will be
considerably smaller than the magnitude of the
magnetic field. Therefore, to solve the problem
of the flow of a plasma into a vacuum it is neces-
sary to satisfy only the first two boundary condi-
tions in (1). The concomitant discontinuity of the
electric field E; determines the amplitude of the
electromagnetic wave radiated into the vacuum.

Thus, the amplitudes of the fast and the slow
waves are obtained from the equation

p+Ap+Ap=0, (2)

Hy+ A Hy+ AsHy+ A _Hy= Hyy, (3)

where A,, A_, and Ap denote the jumps in the
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magnetohydrodynamic quantities on the fast wave,
the slow wave, and Alfvén discontinuity. Since the
fast and the slow waves are plane (the magnetic
field inside the wave and behind the wave are in the
same plane that passes through the x axis, in our
case the xy plane), the Alfvén discontinuity, if it
does exist at all, can rotate the magnetic field only
through 180°. Therefore the jump of the magnetic
field in the Alfvén discontinuity is equal to AAHy
= — 2Hy, where Hy is the transverse magnetic
field ahead of the discontinuity. The velocity jump
in the Alfvén discontinuity is

Apv,=2H,/}V 4np.

Since the transverse magnetic field does not re-
verse sign in shock and self-similar waves,® there
is no Alfvén discontinuity when Hgy >0, and a
180° Alfvén discontinuity occurs when Hgyy < 0.

In order to find the amplitudes of the fast and
slow waves, we must express A,Hy in terms of
A,p and A_Hy in terms A_p. Equations (2) and
(3) then determine the amplitudes A,p and A_p.

2. To obtain the dependence of A,,Hy on A,p
and of A_Hy on A_p, we use the fact that the solu-
tion of the equations of simple waves reduces to
the integration of the differential equation®

dq./dr = q% (g —1)/8(rg2—1), (4)

where
r = cUs=4nyp/H3, ¢ (r) = const . rtr—1/zv,
U=H/Vimp, 0=1/2—7), q:=UL/*,

Us= {U+ c® + [(U2+ )2 —AcU 1Y V2,

the upper sign pertains to the fast wave and the
lower one to the slow wave; vy is the Poisson-
adiabat exponent (c is the velocity of sound and r
is the dimensionless pressure).

The quantities qi, and ry; ahead of the fast
simple wave are specified. Consequently Eq. (4)
determines the function q, (r), and the jumps in
the velocity are then determined from the well-
known formulas!?®!!

Avi= —%S c(NVan & (5)

T2

Iy

e
A=) rq+<r)—1] ’ ©

The subscript 2 refers to the region behind the
fast wave and ahead of the slow wave.

The quantities ry=0 and qy = H%/H} are spec-
ified behind the slow wave. Therefore Eq. (4) de-
termines the function q. (r), after which the jump
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in the velocity is determined from the formulas

Av,= —~%§ c(r) Vmg, (7)

r

Avy=— %— SM [L‘.‘i‘ﬂ]’/’dr

- r 1—rq_(r) (®)

The magnetic field in the region contained be-
tween the two waves is defined by the relation

Hgy/Hz= Q. (ra) = Q_(ra),
Qi (r) =1[q=(r) — Dllrqs (r) — 11/ q= ().
The pressure jump in the fast shock wave is

connected with the jump in the magnetic field h
= (Hyy — Hyy)/H; by the equation'?

K (1h/2) sin 14+ ri— 1 + VR () ]
{“7‘”‘[ 2sinfi—(1—1) 4 }(10)

9)

rn—n _ T

n rn

where
R (K) = h*[% v*sin®8,— (v — 1) + (2 —1)(L 4 r1) hsinfy

+ [4rysin? 6+ (1 —ry)?],
Sin 91= Hl!//Hl'

The sign ahead of the root in formula (10) is
chosen to satisfy the condition ry > r;. The jumps
in the velocity in the fast shock wave are deter-
mined from the relations

A vy=Upn (1 —mALsin )", (11)
A,vy= Uy (1 —nh1sinb;)"%/cos 6;, (12)
where
- [ _—(th/2)sin 0+ ri— 1+ VR (A)
n —h[ 2rlsin01—1('y—1)h ] : (13)

The sign ahead of the root in (13) is chosen in
the same way as in (10).

If ny/H§( =Q, (ry) > Q. (ry), then the equa-
tion Q, (r) =Q_ (r) determines the root r, < ry,
after which the values of A v are determined. In
this case the fast wave will be self-similar.

If H%y /H% < Q_ (r;), then the fast wave will be
a shock wave, and the value of ry; > ry is deter-
mined from (13) and from Hjy /H} = Q_ (r3).

The escape velocities vx and vy in the absence
of an Alfvén discontinuity are given by

(14)

where the quantities A,vx and A,v_ are deter-
mined from (5) and (6) if the fast wave is self-
similar, and from (11) and (12) if the fast wave is
a shock wave. The quantities A_vyx and A_vy are
given by (7) and (8).

vy= A 0,4+ A v, v,=Av,+ Ay,
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The escape velocity in the presence of an Alfvén
discontinuity is given by

U= A+vx+ A_ v, Uy= A+Uy+ 2U2y— A_Uy, (15)

where A, v have the same meaning as in (14).
The electric field on the boundary between the
plasma and the vacuum is determined by

E.=v,H,—v.H, (16)

(the velocity of light is set equal to unity). The
amplitude of the electromagnetic wave AE, radi-
ated into the vacuum is AEyz = Ez — E(,, where
E, is given by (16).

3. The foregoing relations become much sim-
pler when the Alfvén velocity U; = H, /v 4mp, is
considerably smaller than the velocity of sound.

In this case the fast shock wave will be the same

as in the absence of the magnetic field, and the
jump in the magnetohydrodynamic quantities in the
self-similar waves can be obtained in explicit
form!Y, In this approximation, the character of the
waves that travel into the plasma is determined by
the quantity u = Hoy /v 8mp;. The Alfvén discontinu-
ity will exist only when u < 0. The fast wave will
be a shock wave if | u | > 1 and self-similar if
lul<1.

The escape velocities vy and vy and the elec-
tric field E, on the plasma —vacuum boundary
are determined by the following formulas (see the
figure)

1) In the case when

[p | <(Uix/cr) B0,

(the subscript 1 refers to the unperturbed region
in the plasma), we have

vefer= —2/(y — 1),
vyfer= (Usy/cr)(Usxfer) V¥R (T)
Ez/H.tcl - (Uly/cl)(UlX/cl)l/Yh

_ VQW EI/Y rl/ZYP,
)+ 2V 2em/(x — D)V 1 U

1 —-longitudinal es-
cape velocity vy/c,,
2 —transverse escape
velocity vy/c,, 3—
electric field E,/Hxc,
on the plasma—vacuum
boundary. The abscis-
sas represent the quan-
tity p = HoyV8mp, .
The x axis is directed
into the plasma. The
letters Y, P*, P~,
and A denote the pres-
ence of a fast shock
wave, of a fast and
slow rarefaction wave,
and of an Alfvén dis-
continuity,
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Here
h(v) =Ty — D/2v1T (1/7)T [(v + 1)/27],

2) In the case when Uiy /¢y < | u | =1, we have
Ur/Cr = — 2/(v — 1) + 2| p{=0)(y — 1) — Und (1)/e1| 0 1,

h(5/5) = 3.52.

vyler = —pg (1) [p Y,
Ez/chl = — (g — VQ/T f) i l w '—l/Y
+ 2V 2ep (1 — [ p |/ — DV (U
Here
s—(v+1/2y
f(r)= V2”r SV_1 G ds,
1 —
_ 1 A—c O+ D ey
g(’f)—?x — (+/2v g,
T (%fs) = 2,78, g (5/5) = 3.67.

3) In the case when | u | » 1, we have
vfer =1 |V 2 (v + 1),
vlo=—Vax—D/a+1)emm
EofHse, = —2cp|p |7 V¥ + 1 U

The author thanks L. I. Sedov for a general for-

mulation of the problem, and A. I. Akhiezer and

G. Ya. Lyubarskii for variable discussions.

11, M. Khalatnikov, JETP 32, 1102 (1957), Soviet
Phys. JETP 5, 901 (1957).

2A. 1. Akhiezer and R. V. Polovin, JETP 36,
1845 (1959), Soviet Phys. JETP 9, 1316 (1959).

3A. G. Kulikovskii and G. A. Lyubimov, Doklady

— &, [E/(1 — 1) 1]V, E = g,,— | Akad. Nauk SSSR 128, 52 (1959), Soviet Phys.-Dok-

lady 4, 1185 (1960).

5. G. Golitsyn, JETP 37, 1062 (1959), Soviet
Phys. JETP 10, 756 (1960).

5 F. Hoffmann and E. Teller, Phys. Rev. 80, 692
(1950).

§S. A. Kaplan and K. P. Stanyukovich, Doklady
Akad. Nauk SSSR 95, 769 (1954).

TA. 1. Akhiezer and R. V. Polovin, JETP 38,
529 (1960), Soviet Phys. JETP 11, 383 (1960).

8R. V. Polovin and G. Ya. Lyubarskii, Ukr.
Phys. J. 8, 571 (1958).

9J. Bazer. Astroph. J. 128, 686 (1958).

10R, V. Polovin, JETP 39, 463 (1960), Soviet
Phys. JETP 12, 326 (1961).

I N. H. Kemp and H. E. Petschek. Phys. Fluids
2, 599 (1959).

125, Bazer and W. B. Ericson. Astroph. J. 129,
758 (1959).

Translated by J. G. Adashko
126



