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The Riemann invariants are computed for sim];)le magnetohydrodynamic waves. The change 
of velocity in fast and slow magnetoacoustic waves is determined for the case when the mag
netic pressure in front of the wave is much smaller than the hydrostatic pressure. 

1. BASIC EQUATIONS noted, however, that this theorem is somewhat of 
1 AT lesser importance in magnetohydrodynamics than 
VVE use the name "simple waves" for those in ordinary hydrodynamics. Thus, when a piston 

solutions of the equations of magnetohydrodynamics; moves out in a non-conducting medium that obeys 
which have the form of a traveling wave 1 the equations of ordinary hydrodynamics, the 

u; = f; (x±Vt) (i = 1, 2, .... ,n), (1) 

where u1, u2 ••• , un is the totality of the magneto
hydrodynamic quantities such as the pressure p, 
the density p, the three velocity components vx, 
vy, and Vz, and the two transverse components of 
the magnetic field Hy and Hz (we confine our
selves to plane one-dimensional waves, propagating 
in the x direction, so that Hx is constant). In the 
magnetohydrodynamics of an ideally conducting 
non-viscous medium, there are seven magneto
hydrodynamic quantities n. It follows from (1.1) 
that in a simple wave all the magnetohydrodynamic 
quantities can be expressed in terms of one among 
them, for example p, which in turn depends on. the 
coordinates and on the time.* 

The quantity V, which enters in (1.1), is a func
tion of p. This means that, in a simple wave, 
points which have different densities are displaced 
with different velocities. Thus, the profile of the 
simple wave is distorted as the wave propagates. 
It can be shown that the steepness of the wave de
creases in the rarefaction regions (dp/dt < 0) 
and increases in the compression regions ( dp/dt 
> 0).4•6 •7 This leads, in final analysis, to the 
formation of discontinuities (shock waves) in the 
compress ion regions. 

The simple wave plays a special role in mag
netohydrodynamics because in the absence of dis
continuities, only a simple wave can have a boun
dary with a region of a steady flow. 3 •5 It must be 

*The first published paper on simple waves in magneto
hydrodynamics is that of Owens. 2 The investigation of simple 
waves for Hx f, 0 is the subject of papers by Friedrichs and 
Lax, 3 Kulikovski'r: Akhiezer, Lyubarski'i:, and Polovin. s-7 

region of steady flow along the characteristic 
dx/ dt = c ( c is a velocity of sound) bounds on a 
simple wave that reaches the piston (see Fig. 1A). 
On the other hand, if a piston moves in a magneto
hydrodynamic medium, two characteristics emerge 
from the point x = 0, t = 0: a 'fast' characteristic, 
dx/dt = u+, and a 'slow' characteristic dx/dt = u_ 
( U+ and U_ are the propagation speeds of the fast 
and slow magnetoacoustic wave, see Fig. 1b). In 
the region enclosed between the two characteristics, 
a simple wave is produced, whereas in the region 
enclosed between the slow characteristic and the 
piston, the motion of the medium is in general not 
described by a simple wave.* 

FIG. 1. Waves produced in the motion of the piston: a- in 
ordinary hydrodynamics, b ... in magnetohydrodynamics. II -line 
of motion of piston; X- characteristic in ordinary hydrodynamics, 
dx/ dt = Vx + c; X+- 'fast' characteristic in magnetohydrody
namics, dx/ dt = Vx + U +; X_- 'slow' characteristic in mag
netohydrodynamics, dx/dt = Vx + U_; 0- standstill region; 
1- simple wave; 2- non-simple wave. 

However, if the piston moves with constant 
velocity, then the problem does not contain a 
parameter with the dimension of length. There-

*This can be seen even from the fact that a simple wave 
is characterized by one arbitrary function," whereas on the 
surface of the piston there should be satisfied boundary con
ditions• characterized by two arbitrary functions, Vx(t) and 

Vy(t). 
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fore all the magnetohydrodynamic quantities de
pend on the coordinates and the time only through 
the combination x/t. Such waves, called self
similar, are a particular case of simple waves. 
Self-similar waves are always rarefaction 
waves.6•7 

In magnetohydrodynamics there are three types 
of simple waves: 5 fast and slow magnetoacoustic 
waves, Alfven waves, and entropy waves. The 
greatest interest attaches to magnetoacoustic 
waves. The latter are always plane: if the veloc
ity and magnetic field vectors in the xy plane 
( Vz = 0, Hz = 0) at the initial instant then these 
relations will continue to be satisfied. 

If the medium is described by the equation of 
state of an ideal gas, pp-Y = const, then, as shown 
by Friedrichs (see reference 9 ), the integration 
of the equation of simple waves reduces to the 
integration of a linear differential equation 

dr jdq± = 8(rq~- l)jq~ (q±- 1), 

r. = c2 1 u~ ~ 41t1 pI H! , 

q± = u~ I c2 , u ± = {[U2 + c2 ± v(U 2 + c2) 2 - 4c2U';, ]/ 2}11
', 

(1.2) 

where c is the velocity of sound, equal to yp/ p; 
U is the Alfven velocity, equal to H/..f47rp. As can 
be seen from the definition, r is a dimensionless 
pressure. 

Equation (1.1) makes it possible to determine 
the quantity q± as a function of r, after which the 
velocity components are found from the equations 

dvxfdr=scVq±/"(r, (1.3) 

dv jdr = =f 8C"(-r,-r (q+- I)';,(rq±- 1)'1'sign(HxH,y)· 
y - (1.4) 

The upper and lower signs in (1.4) correspond 
to the fast and slow waves, respectively; E = + 1 
for waves propagating in the direction of positive 
x and E = - 1 corresponds to the opposite direc
tion. The subscript 1 (designating Hy) pertains 
to the region in front of the wave. 

The transverse magnetic field Hy is deter
mined from 

2. QUALITATIVE INVESTIGATION 

From the equations of simple waves it follows 
that the transverse magnetic field Hy decreases in 
a fast self-similar wave and increases in a slow 
wave.6•7 If the wave propagates in the direction of 
positive x, then the longitudinal velocity component 

f r=-
r 'I 

FIG. 2. Integral curves of Eq. (1.1). The+ sign designates 
the fast waves and the - sign the slow waves. The non-exist
ing portions of the integral curves (on which the transverse 
magnetic field Hy becomes imaginary) are shown dashed. The 
arrows indicate the direction of displacement in the plane (q, r) 
in the self-similar wave. The region of the abscissa axis on 
which a vacuum is produced behind the slow wave is designated 
by the letter B. 

vx decreases in both slow and fast magnetoacoustic 
waves. If, in addition, the quantity HxHy is posi
tive, then the transverse velocity component vy 
increases in the fast magnetoacoustic wave and 
decreases in a slow one. 

From the definition of the quantities r and q± 
it follows that the inequalities 

rq~ > 1, 

are satisfied in a fast magnetoacoustic wave, 
while in a slow wave we have 

rq:_ < 1. 

From inequalities (2.1) and (2.2) and from 

(2.1) 

(2.2) 

Eq. (1.2) itfollows that dr/dq± > 0. Since the 
pressure r decreases in self-similar waves, the 
quantities q± also decrease (in both slow and 
fast magnetoacoustic waves). The first inequality 
in (2.1) or (2.2), namely rq±:::: 1, determines the 
simple wave with maximum amplitude. Magneto
acoustic waves in which rq± = 1 will be called 
complete. It is seen from relations (2.1) and (2.2) 
that the equality rq± = 1 can be reached behind a 
fast wave or in front of a slow wave. 

When rq± = 1 the transverse magnetic field 
vanishes. The point r = 1; q± = 1 is a singular 
point (node ) of (1.2). In the vicinity of the singu
lar point, the equation of the integral curves has 
the form 

r = 1- "( (q -1) I("(- 1) + C (q -1)6 , 

where C is a constant of integration. At the sin
gular point all the integral curves have a common 
tangent, with a slope 

dr 1 dq = - 1 1 C 1 - 1). 
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At the point of intersection of the integral curves 
with the line rq2 = 1, the derivative drjdq vanishes 
and the integral curves have horizontal tangents. 

The overall shape of the integral curves of (1.2) 
is shown in Fig. 2. The non-existent portions of 
the integral curves (corresponding to imaginary 
values of Hy) are indicated by dashed lines. The 
arrows indicate the direction of displacement in 
the plane ( r, q) upon propagation of a self
similar wave. The fast and slow magnetoacoustic 
waves are marked"+" and"-" respectively. On 
the line r = 0 the pressure vanishes - cavitation 
sets in. This line is indicated in Fig. 2 by the 
letter B. As can be seen from Fig. 2, cavitation 
can take place only in a slow magnetoacoustic 
wave. It is also seen from Fig. 2 that the inequal
ity r < 1 is satisfied behind a complete fast wave, 
and the inequality r > 1 is satisfied ahead of a 
complete slow wave.* 

3. THE RIEMANN INVARIANTS 

In ordinary hydrodynamics, the Riemann in
variant is defined as a function J of the hydro
dynamics quantities u1, u2, ••• , un, which remains 
constant along a certain characteristic. Accord
ing to this definition, there are no Riemann invar
iants in magnetohydrodynamics .. In fact, the equa
tions of magnetohydrodynamics can be written 
schematically in the form 

(i = 1, . ' n). 

Since the Riemann invariant J ( 1111, ••• , un) is con
stant along the characteristic, we have 

i)J iJJ at+ V (ul, ... , Un) ax= 0, (3.2) 

where V is the slope of the characteristic. 
Equation (3.2) should be the consequence of 

(3.1). There should therefore exist functions J.Li 
(u1, ..• , un) such that the equation 

(3 .3) 

becomes identical with Eq. (3.2), which we write 
in the form 

'l iJJ OU; 'l aJ auk "'-l-a--.,--t +..::.JV-a --a =0. 
i U; v k Uk X 

(3 .4) 

*It follows therefore that the fast and slow waves cannot 
be simultaneously complete. A complete slow wave can exist 
only when there is no fast wave and when the transverse mag
netic field Hy in front of the wave vanishes. 

Comparing (3.3) and (3.4), we find 

iJ-; = aJ I au;, 

h [.!.;X;k = vaJ I auk = ViJ-k· 

From relations (3.5) we obtain n(n-1)/2 
equations 

(3.5) 

(3.6) 

which must be satisfied by the functions ll· The 
system (3 .6) contains an additional (n- 1) equa
tion. Thus, the n functions llt• ... , lln must 
satisfy ( n - 1 ) + n ( n - 1 ) 2 = ( n - 1 ) ( n + 2 ) /2 
equations, which is generally impossible if n > 2.* 
Consequently, the definition given above for the 
Riemann invariants cannot be extended to include 
magnetohydrodynamics. 

However, it is possible to modify the definition 
of the Riemann invariant so as to make it meaning
ful in magnetohydrodynamics.3 We shall define as 
a Riemann invariant a function of the magnetohy
drodynamic quantities J (u 1, .•• , un), which re
mains constant in a simple wave. Inasmuch as 
simple waves are described by a system of 
ordinary differential equations, there exist ( n- 1) 
integrals ofthe system of equations, and these are 
the Riemann invariants. To each simple wave 
there correspond thus ( n -1) Riemann invariants. 

A simple magnetoacoustic wave, according to 
(1.2)- (1.4), has four Riemann invariants: 

J 1 = r (q- 1)-6 + 6~ q-2 (q- 1)-6- 1dq, (3. 7) 

(3 .8) 

J 3 = Vy ± s•(1 sign (H xH 1Y) • ~ (q- 1 )'1• (rq- I )-'f•cr-1 dr, 
(3.9), 

J4 = pp-Y. (3.10) 

When y = %, the invariant J 1 is expressed in 
terms of elementary functions: 

J1 = (r- l)(q -1f5 +% (q- lf4 - 5 (q -n-a 
+ 10 (ti' ,-- Ff"~ 25 (q- 1)-1 - 5q-1 + 30 In (qjq- II). 

(3.11) 

The invariants J 2 and J 3 make it possible to 
determine the discontinuities in the quantities vx 
and vy: 

r, 

~±Vx = -s•(1 ~ cVqr-1 dr, (3.12) 
r, 

*Equations (3.5) and(3.6) become compatible through acci
dental degeneracy. It is easily shown, however, that there is 
no such degeneracy in magnetohydrodynamics, and equations 
(3.5) and (3.6) are incompatible. 
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r, 

!l±vy = ± E'(1 sign (HxHIY) · ~ (q- 1)'1'(rq- 1)-'l•cr-1 dr. 
r, (3,13) 

The index 2 pertains to the region behind the wave. 
As was shown by Lax, 3 the Riemann invariants 

are conserved in shock wa:ves of low intensity, 
accurately to quantities of second order inclusive. 

4. FAST WAVE WHEN Ut « Ct 

Equations (3.12) and (3.13) become much sim
pler when the magnetic pressure Hjj81r ahead of 
the simple wave is much less than the hydrostatic 
pressure p1 (this is equivalent to satisfying the 
inequality U 1 « c 1 ) . In this case 

r1 ~1, q1+ =1-+-Uiulc~+O(UUc~). 

Since the quantity q1+ diminishes and becomes 
greater than unity in a self-similar wave, the 
quantity ~ = q+ - 1 is positive and much smaller 
than unity. It follows from (3.12) that 

(4.1) 

In order to transform (3.13), we rewrite (1.2) 
as 

dr ld; = B(r-1)~-1 + 26, 

hence 

r = 1 + r1 ~6~6 -1 (I- 1t1 ~. (4.2) 

We denote the smallest value of ~ reached in a 
complete fast wave by ~m· It follows from (4.2) 
that 

~m = ~1 [~1 I (1-1) r1l1/(0-1) ~ ~1· (4.3) 

The corresponding value of r is determined from 
the expression 

rm = 1-~m;::::::; 1. 

If ~ 2 » ~m. (3.13) becomes much simpler 

A vr: -1 _.,,y . <H H > 
Ll+VY = EC1 c;11 r 1 sign x lY 

co 

x ~ ,-<Y+1J/2Y (r _ 1)-(Y-1)/Y dr. (4.4) 
r, 

The expression (4.4) can be used for any value 
of ~ 2 , since the main contribution to the integral 
(3.13) is made by values ~ > ~m· In fact, when 
~ ~ ~m• the value of r is close to unity, and 
therefore c2 ~ c2rc<Y -1) f2Y. The contribution to 
the integral (3.13) from the values ~ ~ ~ m is 
given by the formula 

~ 
' Ct { [Grt~0-1 ~;:-·o- I (&- 1)-1] d~ 

!l Vy = r~Y t)/2Y ~~ [r1~6-l ~;:-e _ (j _ 1)-1]'/• ' 

where ~c satisfies the inequalities ~m « ~c 
« ~ 1r1-t;(}. The main contribution to the integral 
!:l'vy is made by the quantities*~ ~ ~ 2 • Therefore 

which is much less than 

If r 2 - 1, it follows from (4.4) that 

ll .. vy = EV1y (U1x I c1) 11Yh (I) sign (HxHlY), 

h() =f[(y-1)!2&Jf(1f'l') 
I 1r r<r + 1J/2rl ' 

h(5l 8 ) = 3,52 ... 

5. SLOW WAVE WHEN Ut « Ct 

In front of a slow wave, where r 1 » 1, the 
quantity qL is defined by the expression 

(4.5) 

q1_ = r;:-1 + 0 (UU c~) ~ I. (5.1) 

As a result of the decrease in pressure r in a 
self-similar wave, the inequality r » 1 is valid 
only in front of the wave, and relation (5.1) soon 
ceases to hold. However, since q decreases, the 
inequality q « 1 holds over the entire slow wave. 

From (1.2) it follows that when q « 1 

(5.2) 

From (5.2) we find that at the point where cavita
tion sets in ( r 2 = 0), the value of q is determined 
by the relation 

Using (5.2) we find the discontinuities in the 
velocity components in a slow wave 

eU 1 o-(y +t)/2Ydo !l IX I . 
_Vx = - f2j ) [1- o (Q + 1)-t]'/• ' 

a, 

(5.3) 

1 

A v - - ect sign (H H ) . (' -. / 1 - o (9 + 1) 1 a-<Y+1l/2Y da 
Ll_ y - "f X lU ~ Jl 1- 0 ' 

~ ~·~ 

u = r/r1. If cavitation sets in on a slow wave (u2 

= 0 ), then the expressions for ~-Vx and !:l_vy are 
!l_vx= -EUIXf(l), 

!l_vy =- EC1g (I) sign (HxHiy), 
(5.5) 

where 
1 ~ 0-(Y+1)/2Y 

f (I)= "V2r ~ [1- o (G + 1) lJ''• da, (5.6) 
0 

1 

g (I) = .!. \ 1/ 1 - 0 (Q + 1) 1 a-(y+Il/2Y da. (5. 7) 
rJr 1-o 

0 

*This can be readily verified by comparing the contribu
tion to 6.' Vy made by the quantities ~ / ~m -+ 1 and ~/ ~m » 1. 
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To calculate the quantities f (y) and g (y) it is 
necessary to expand [ 1- a ( e + 1) - 1 ]1f2 in powers 
of a. Integrating term by term, we get 

li- [ 1 ' 1 1 1 
f("()=y 2'1 ')'-1'29+13')'·-1 

' 1·3 1 1 ] 
' :Y (9 + 1)2 51 -1 + · · ·. ' 

fnf [(T- 1) / 2T] [ 1 T -1 
g(1)= 1r[(2T-1J/2Tl i-2(6+1)21 -1 

1 T-1 3')'-1 ] 
- 8 (9 + 1)2 2y- 1 4y- 1 - . . . . 

When y =%we have f(%) = 2.78 ... and g(%) 
= 3.67 ... The transverse magnetic field Hy is 
given by the relation 

Hy= V8rrp1(1-a)/"(c1 signHy. (5.8) 

The formulas obtained make it possible to solve 
the problems of the magnetohydrodynamic piston 
and of the escape of a magnetohydrodynamic 
medium into vacuum. 

The author expresses his gratitude to A. I. 
Akhiezer and G. Ya. Lyubarskil for valuable dis
cussions. 
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