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The production of 7 mesons in peripheral collisions between v rays and nucleons is investi-
gated. The photoproduction amplitudes are calculated using one-meson and two-meson ap-
proximations. The dispersion relations as well as the unitarity condition for the photoproduc-
tion amplitude and its analytical properties were used for this purpose. The deduced rela-
tions together with the corresponding experimental data make it.possible to calculate the
(ymmm) vertex function near the point t = 4u?, and the pion-nucleon coupling constant.

1, INTRODUCTION

THE theory of processes involving strongly inter-
acting particles has recently met with considerable
success by making use of the analytical properties
and the unitarity of the scattering amplitudes. It
was shown!’? that, for a number of processes, it is
sufficient to know the properties of the scattering
amplitudes in the region close to their nearest
singularities in the transferred momentum. Okun’
and Pomeranchuk® showed that the nearest singu-
larities correspond to the largest impact param-
eters, and this fact served as a basis for a method
of calculation of the amplitudes corresponding to
large values of orbital angular momentum.

In the present article, this method is used for
the study of peripheral collisions of photons with
nucleons accompanied by meson production. The
basis of the method is the dispersion relation for
transferred momentum.* For the process in ques-

tion, the relation is
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where A (s, t) is one of the invariant photoproduc-
tion amplitudes (in a general case, photoproduction
is described by four amplitudes®), a; and a, are
constants, and

—s=(py+k)*=(ps + ka)?, — 1t = (ps— p1)® = (k1 —ky)?,
u=2m>+p2—s—t,

where p; and p, are the initial and final four-
momenta of the nucleon, k; is the momentum of
the photon, and k, the momentum of the m meson.
The coefficients of the amplitude expansion in

terms of Legendre polynomials
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(where k = cos 6, and 6 is the angle between p,
and p, in the c.m.s.) can be expressed in terms
of Legendre polynomials of the second kind
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Using the relation t = u? + 2wk (k —1/v), where u
is the m-meson mass, w and k are the momenta
in the c.m.s. of the photon and meson respectively,
and v = k/Vk? + p? is the meson velocity, we
obtain

dx.
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If, for a given I, we have Q] (K) « Q7 (1/v), then
the main contribution is due to the first (polar)
term in the scattering amplitude. The second
term is important when a; = 0. The following two
terms in Eq. (1) will not be considered since they
correspond to still larger arguments of the func-
tion QJ.

2. ONE-MESON APPROXIMATION

The polar term of the photoproduction ampli-
tude can be obtained directly from the Feynman
diagram in Fig. 1, corresponding to the exchange
of one virtual meson. The vertices of this diagram
are determined by the physical charge® of the
meson, e, and the nucleon-nucleon interaction
constant, g. We shall normalize the amplitude F;
so that do = | F;|?do in the c.m.s. We then have
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where x is the unit vector of the photon polariza-
tion, w is the photon momentum, k is the meson
momentum, W = E; + w = E; + ky, is the total
energy (all in c.m.s.), m is the nucleon mass, e
=1/137, and g® = 0.08 (2m/p)%; u;j are four-
component spinors normalized so that ujuj = 1.
Expressing these spinors in terms of two-compo-
nent unit spinors vj, we obtain F, = v’;Riv,, where
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It should be noted that Eq. (3) does not exhibit the
transversality property. However, the longitudinal
part of Eq. (4) does not contain a pole.

In order to find the amplitude corresponding to
a state of the nucleon-meson system with a given
angular momentum j and parity (— l)l "1 itis
necessary to expand Ryv; in terms of spherical
spinors'

Ry, = Za’%‘ Qjim (ko / k). (5)
JiM

Using Eq. (4) and the explicit expressions for
QM we obtain
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where I’ =2j — I; A = +1 correspond to right- and
left-handed polarizations of the photon; v = :}:1/2;

and C%I;Y{/z,, are the vector addition coefficients.
The indices A and v can assume only one value
for a given M: for M = +%, A = +1, v =2Y%; for M
=+% A 5* 1, v =+ Y%,. The values of the coeffi-
cients ajzM are given in Table 1.

The polar term of the type discussed is con-
tained only in the photoproduction amplitude of one
type. Firstly, it is absent in the neutral 7-meson
production amplitude. Secondly, it corresponds to
only one of the four possible types of the amplitude
variation with the polarization of the nucleons and
of the photon. [It can be seen from Eq. (3) that,
e.g., Fy vanishes if the meson moves in the direc-
tion of motion of the photon.] In order to find the
other amplitudes, and also to estimate the accu-
racy of the one-meson approximation, it is neces-
sary to analyze the integral term in Eq. (1). An
analogous study in the case of nucleon-nucleon
scattering was carried out by Galanin, Grashin,
Ioffe, and Pomeranchuk.?

3. TWO-MESON APPROXIMATION

In order to study the integral term in Eq. (1),
it is necessary to make use of the fact that, for
t> 4m? s < 0, and u < 0, the quantity A (s, t)
represents the amplitude for the production of a

TABLE 1. Values of the coefficients aJSHV[
in units of 107%eg/u

», Mev

152.5 178.7 244.5
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137 282 479

= 32.6 93.5 | 215
= 8.141 32.8 | 104
= 2.081 11.9 51.3
= 298 607 1020
= 56,7 | 161 365
= 12.7 51.0 | 158
= 3.06| 17.3 73.8

85.9 (159 214

24.0 63.1 | 120
6.55| 24.6 65.7
1.78 9.54| 35.8

88.6 | 163 220
23.5 62.0 | 117
6.27| 23.6 62.7
1.67 8.981 33.7
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nucleon-antinucleon pair in a photon-meson colli-
sion: ¥ + 7— N + N. In that range, A (s, t)
=ImA (s, t), and, in order to find this, one can
use the unitarity relation

21m (NN |ymy = 2<n| NNy <r | ym ),

where <b|a>> denote the elements of the scattering
matrix T = —i(S—1), which differ from the cor-
responding amplitudes by normalization factors.
The function A; (s, t) calculated from this relation
is analytic, and can therefore be continued in the
region t < 4m?. In the region 4u? < t < 9u?, the
only state n is the two-meson state, and the uni-
tarity condition is represented by the diagram in
Fig. 2. In this diagram, the vertices represent the
analytical continuation of the amplitudes of anni-
hilation NN — 77 or of scattering 7N — 7N, and
of the amplitude of photoproduction of mesons on
mesons yrT— 7nm. Let us introduce the notation

(NN | qry = (2r)2 8“9 (p, + by — py — ko) mB | 2V ELE5 ks,
(en | NNy = (20)48Y (py + f1r — po — o) mB™ | 2V E1E2 6182
(rm | yry* = (20)8 8 (ky + fo — by — f1) B / 4V 16 29k0-

FIG. 2

where p; and p, are the nucleon four-momenta,
E; and E, the nucleon energies, k; is the photon
four-momentum, k, is the meson four-momentum,
w and ky; are the photon and meson energies re-
spectively, f; and f, are the four-momenta of the
intermediate mesons, and &; and 62 their ener-
gies. The unitarity condition can now be written in
the form

By = — ]/E;"‘—FSB‘” B™ do,

1= 32

B,=ImB for ¢t >4m? s<0, u<0, (7

where do is the solid angle element in the c.m.s.
corresponding to the annihilation channel p; = py,
f; = f,, ki =k;. Introducing the invariants

2 — v V 4 7 = V1
Ti—pV t—dm2 VT Y —dmy) —4pn)
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(which correspond in the c.m.s. to the cosine of
the angles between the vectors py, ky; py, f; £1, ky)
where, moreover,

v=PK, v = Pf, v =K

(P=p1+po, K=k, +k,, f=fi+F)

we can write Eq. (7) in the following form:

—

B, = 32171/ t_té}"z S S B(Y) B(ﬂ)
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where the integration is carried out over the area
of the ellipse determined-by the zero of the expres-
sion under the radical sign.

The structure of the amplitude B is uniquely
determined by the condition that it should be a
pseudoscalar quantity containing linearly the
photon polarization vector y and depending on the
vectors K, f, and q = k; —k;. The only such quan-
tity is

B™ = e,p0 Xa@pKafu AN (v, 1), )

where A is an invariant.
The amplitude B(T) has the following general
form:

B = 1y {iAW (vy, £) + fA® (v, 1)} u,. (10)

In Eq. (9) and (10) we have omitted the dependence
on isotopic variables. This dependence is deter-
mined by the fact that two intermediate mesons
should be found in the state with isospin T = 1.
In fact, for T = 2, the meson could not have been
emitted by nucleons; for T = 0, they are in an
even-charge state and therefore could not have
been emitted by a photon with its consecutive
transformation into a 7 meson (which also has an
even charge). For T =1, all three mesons are
in an odd-charge state, and the change in the iso-
topic state of the nucleon is determined by the
charge of the emitted meson.

We thus have

1 l/ t— 4pt
32m? t

X wliAD (o, 1)+ FA® (0, )] uydo.

By (v, t) =

ea[&lu)(aq,’%Kk S A(Y) (Vz, t) fx-L
(11)

The quantity By is used for calculating an integral
of the type of Eq. (2), in which the region near the
lower limit t = 4u® makes the important contri-
bution. Since, in Eq. (11), the interval of integra-
tion over vy (—1 =zj =1) is of the order of

vt —4u2, we can use, instead of the functions
which do not have singularities near this region,
the first terms of their expansion at the point

vi = 0. From these considerations, we shall make
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the substitution

AD (v, Y= AY(0, 1), AV (v, =AY (0, t)v

(A" (0, t) = 0 because the function A‘Y is odd
with respect to v4.) Such an approximation is,
however, not applicable for the function A® (v, t),
since that function has no pole for vy = +(t—2u?).
Separating the polar term explicitly, let us write
A® in the form

A® (v, 1) = AP (v, 1)+ AP0, ©),
A (3, ) = dng? (o + =) - (12)
Thus
B, = 371;"]/@ eaprn 7aq pKr AT
X (0, ), {iA“" (, t)g fvdo
+ A®(0, t)Sfufdo+ gf‘uva("’ (1, t)do}u. (13)

In view of the fact that the integrand in Eq. (13)
does not depend on v,, we have
1
=2n\dz ...

Sdo‘.. )

and the integration can be carried out easily.

The amplitude A(Y) in Eq. (13) represents the
physical amplitude for the photoproduction of
mesons on mesons. Unfortunately, it is not possi-
ble to say anything definite about its value. An
analysis of the meson photoproduction on nucleons
and a comparison with the results of the present
calculation may enable us to find its value. It
should be noted that, in effect, our results will
depend on the value of A(Y) at the one point t
= 4u2, v =0.

The quantities A‘Y?’ and A®) represent the
amplitudes for the scattering of mesons on nu-
cleons in a non-physical region as a function of
both variables t and vy. They were calculated in
reference 8 by using the dispersion relations and
experimental data. It should be noted that the pro-
cedure of analytical continuation of A?> and A®
from the physical region t < 0 used in reference 8
can be carried out only up to the region close to
t = 4p®. Our results will therefore be correct only
to that extent in which the region close to the lower
limit will be the only important one in integrals (2).
The results obtained in reference 8 are as follows:

A(l)'(o 4 ,L‘:) = —0. 029().2/,71?:’
A®)(0.4p3) = 0.025¢2/2u2.

These coefficients are small, and, since the inte-
grals next to them in Eq. (13) are proportional to

-
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(t —4p?)¥2 the contribution of these terms to B
will be small. We may, consequently, limit our-
selves to the polar term in meson scattering AP),
Thus

B=4 ) 5

2 eanatads KA (0, 1)

1 1

—2p2—vy + t—2p2 4 Vz) Uy (14)

X uz S dzlfuf(

Carrying out the integration in Eq. (14), we obtain
the following expression for B,

1 AW (0.4p2)

=78 o tads Ko
Bi==e e (45 (L — et — eyl CePm ek,
X (cl'rp. -+ CzP“ﬁ) U, (15)
where
: 142 1 —g2 —¢g2 Y2
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-1 2[x(1—e? _ezx)]‘/z
-+ x tan (e
e (1+29° “12[x (L —e2 — e
T T —ei—e) B0 AT }’

3 (1 + 2x) [x (1 — &2 — e2x)]'2
2 (1 —e?—ek)

ie2
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Cy ==
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cd+ 29
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+TT—¥——3% tan e (1 + 2x)

Let us denote by F, the amplitude of the
process in the two-meson approximation, which is
determined in the c.m.s. from the relation do
= | Fy | %do. The discontinuity in the amplitude AF,
near the point t = 4u2, arising when t traverses a
discontinuity along the real axis from the point t
= 4p? to infinity, can, using Eq. (15), be written in
the following form (& is the isotopic index):

2 () (0,4p2
— = M}/ eTauz{——(k [xxka]) /s

— [0y [kox X1 + Yoki [Xxka] 4 RooY [% X kil J1} 11, (16)
where

AFS =

-2y x |, & -12V x

e
—_ 1
2Vxlxtan -+

2V x
S

Jy=—

Jy= — 37EV—x_+xtan_1

Expressing u; and u, through two-component
spinors vy and vy, we obtain

AFS__ _E mA) (Oép.)s 1/ Ts ]/(,”_ El)(”lTEz)
L 4r

(kik2)
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— Olkgxkll ]
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Let us write Fy in the form F, = V;R2V1. The am-
plitude corresponding to the state with angular
momentum j and parity (—1)! * !is given by the
expression

affh = { Qi (52) Ruvido, (18)

where the integration is carried out over the
angles determining the direction k,. Assuming
that I > 1and % >» 1 (£ =p/w< 1), we bring
the integral over dk to the form
1 [e ]
SP,(X) Rt = 22 Q,(uz)gexp(— Lix) ARydx.  (19)
—1 0

where k, corresponds to the point t = 4/.42, and
L=+ 1)F=48(+1)[16 + 9
+ 68/ (1+ VTR

A small region of integration near the lower
limit is important in Eq. (19). It is therefore nec-
essary to know the amplitude in the vicinity of the
point t = 4p?. The size of the effective integration
interval is k ~ 1/L7 or t—4u? ~ 4p/L] « 4p?.
Let us substitute Eq. (19) into Eq. (18) and inte-
grate over dp using Eq. (17). In the expression
thus obtained, there remain integrals of the type

S exp (— L;x) Jdx.

0
Substituting the explicit expression for Jy, J;, we
obtain

[}
S exp(— L;x)J,dx =

0

e 2 3 2e

—S_Lz(v—nL, Tl )

oo
S exp (— L;x) Jodx = -
0

3ne 4 e 8e
—5 (a7 T ey ) @0)

The final result is expanded in terms of the
parameter £ = €/ L7 /2, which means that we con-
sider I« 4/€’ ~ 180.

Thus, the final expression for a]lM is

o, , = W1, = A (10) 04 (1)

a?, |\ =a®, |, = AB(l/o) Dy (1/0),

APty =— a0y, = AB(1/0) Dy (1/0),

a4 _y=a@, . =— AB(1/0) ®,(1/0). (21)

Where the following notation is used:

eg2A(Y)
A= —*ﬁg%;%o’:—”z)(T§+’A‘+’+T§"A‘_’+T§°’A‘°’),

B = (c/AFW) [k (m + Ey) (m + E2) oI,
O = VITF D+ {5 g (St — Se) — (1 + )
X 21'-—%_—] (Nz—-1 -_ Nl+1) - Thlhzm (Sl — Sl+2)

— (1 + ) 575 (N = Niga)} (22)

=V I=DIT+ D {557 (Sm— S —(1+h)

1 3Why &
Xm(Nz—1”N1+1)— o (S1—2— 1)
— (1 + ) g (Nims — N}, @23)

O =VIT T L (s, sl+1>—<1—hl>2[—‘+—1

X (Nimy = Nig) + 2 (g + 520 ) N

3w

142
- hth 2[:_3 (Sl—sl+2)
2 2
+h2<1—hl)—leJ;—g(Nl-Nl+2)—~,;<kgohl+kh2)1vz},
(24)
— [(3W [+1 I +1
O =V T 5 (S = Su) — (1 — k)

k
X (Nia = Nua) =2 (b + 25 Nisa

Yy ;,* (S —S)

(1 — ha) g (N — NO) + = (kaoy + Rh) N1},
1 e 8e
S = 'IT,_TQI(KZ) (W_T—*_!?—ﬁcl ) )

t 2 o L2
Ni = 577 Qu(x) (V—ﬂ—Lz_ 5 +3V_1:Cl ) )
hy = o/(m+ Ey), hy=k(m+ E,). (25)
) ) ) .

The values of Tg , Tg , and Tg are shown in
Table I, which is taken from reference 5. The
values of B(1/v)®n(1l/v)(n=1, 2, 3, 4) are pre-
sented in Table II.

CONCLUSION

A rough estimate of the two-meson amplitude
can be made if we assume the cross section for
the photoproduction of mesons on mesons to be
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TABLE II.
®, Mev| 152.5 178.7 | 244.5 w,Mev| 152.2 178.7 244.5
i 2 1,5 . 1,2 i/v 2 | 1,5 l 1,2
=3 (53.7 [298 | 2850 =3 |45.5 |254 2380
By -10-¢ | [==4 | 3.71 | 32.9| 525 | B®s-10-6 | =4 | 3.31 | 29.3 463
[=5 | 0.289| 4.08| 109 [=5 | 0.265 3.75 99.0
=3 | —105 | —533 [—4470 1=3 |46.2 | 267 2210
B, 1077 | [=4 | 1.42 | 18.8 362|| B P, -10-¢ | =4 | 3.38 28.2 398
I=5 | 0.447 7.19] 206 I=5]0.258| 3.45 81.8
TABLE IiI. Pomeranchuk, I. M. Shmushkevich, and A. F.
- Grashin for helpful comments.
. —> 7t T I +n—>n— R
PR | TR | hpontn | b 1G. F. Chew, Phys. Rev. 112, 1380 (1958); G. F.
- Chew, The Pion-Nucleon Interaction and Disper-
;(_) é (1) Vg —V(")— sion Relations, preprint, 1959.
T 1 1 Vo Ve 2G. F. Chew and F. E. Low, Phys. Rev. 113,

~ e%/u?. In that case, A(Y) (0.4u?) ~4me/y3, and the
two-meson amplitude already makes a negligible
contribution for 7 2 3 as compared with the one-
meson amplitude.

Eq. (21) contains three constants A™, A®),
and A", In fact, the photoproduction process is
characterized by a single constant in each partic-
ular case. For the photoproduction of 7 mesons
on protons, yp — m'p, this constant is A + A©);
for the yn — ™n process it is AM — A0 904 for
the processes yp — 1r+n and yn — 1r_p the constant
is V2 (A® + A®) and V2 (A® —-A“)) respec-
tively. A, A®), and A can be determined from
the study of several different processes.
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