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The spectral intensity distribution of the electromagnetic radiation emitted by a charged 
particle moving across the interface between two media is derived taking the effect of mul­
tiple scattering into account. 

IT was shown previously1 that the transition radia­
tion emitted by an ultra-relativistic particle in the 
direction of its motion can be greatly affected by 
multiple scattering in the region where the radia­
tion originates. In the present article, formulas 
are given for the intensity of the electromagnetic 
radiation emitted by a particle entering or leaving 
a medium. The calculation is based on a simplified 
derivation of the transition-radiation equations, and 
on the method of taking into account the influence 
of multiple scattering on bremsstrahlung developed 
by Gol'dman. 2 

1. DERIVATION OF THE TRANSITION RADIATION 
FORMULAS 

We shall demonstrate a simple method of deriv­
ing the formulas for the spectral intensity distribu­
tion of the transition radiation in certain interest­
ing cases. As is well known, the energy radiated 
by a particle in the solid angle element dn in the 
frequency range dw is given by the formula 3 

(1) 

• iooRfc +\co 
H = e~ ei (oot-kr(t)) [nxv (t)]dt 

"' 2rr:c2R • • (2) 
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where R is the distance from the point of collision 
to the point of observation, r ( t ) and v ( t ) are the 
coordinate and the velocity of the particle respec­
tively, and k = nw/c is the wave vector of the 
emitted photon. 

If the particle moves uniformly in a straight 
line in vacuum from -oo to +oo, then the expres­
sion obtained by integrating Eq. (2) from - oo to 0 
cancels the expression obtained by integrating 

*Editor's note: Analogous qualitative results have been 
obtained independently by V. E. Pafomov, and are described 
in an article submitted to the editor on February 18, 1960. 

from 0 to + oo and, as a result, no radiation is 
produced. If, in its motion, the particle goes from 
one medium into another (motion along the z axis, 
with the plane z = 0 separating the media), sym­
metry is lost and radiation appears. 

It is evident that, at the interface of the media, 
radiation will be partially reflected and partially 
transmitted into the second medium. This radia-
tion can easily be calculated and identified as due 
to the transition effect if it propagates in each of 
the media, after suitable refraction or reflection, 
from the point in which the trajectory intersects 
the interface between the media. 

The transition radiation produced in such a 
process is directed both forward and backward at 
very small angles to the direction of motion of the 
particle. One can therefore expect such a calcula­
tion to yield a correct result for the case of an 
ultra-relativistic particle. Definite restrictions 
are then imposed on the angles and frequencies of 
the emitted radiation in each specific case. In par­
ticular, if vacuum is one of the media then, for the 
radiation into the vacuum, correct results are ob­
tained for all frequencies since, in this case, J 
~ -./ 1 - 132.4,5 For the "medium- medium" case, 
the formulas are applicable to radiation in the for­
ward direction with frequencies greater than -../7;-, 
for which J ~ ..fa;w (reference 6) (a = 47rNeo/m, 
E = 1 - a/w2 ). 

It should also be noted that the wave vector k 
in Eq. (2) should be replaced in such problems, by 
K, where K is a wave vector with a transverse 
component K and a longitudinal component A (A 2 

= w2Ejc - K2 ). As has been shown in reference 5, 
only such a choice of K permits a smooth transi­
tion of the fields at the interface of the media. 

Let us now actually derive the transition radia­
tion formulas. We shall first consider the case 
where the second medium is vacuum, and deter-
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mine the radiation in that medium. We should use 
the vacuum value6 of K, equal to w sin J/c, where 
J is the angle between the direction of radiation 
and the z axis. Radiation emitted in the first me­
dium will not all penetrate into the second. Accord­
ingly, the magnetic field intensity in the first me­
dium should be multiplied by the Fresnel coeffi­
cient for normal incidence 2 -IE/ ( 1 + -IE). 7 As a 
result, we have 

H w = e _e_,-"'_Rf_c v_s_in_s_ { ___ 1 _______ 2_V_8 __ .,---,1--;;} 
2r.c•R 1-~Ya-sin•b i+Vs 1-~coss. 

(3) 

Substituting Eq. (3) into Eq. (1), we obtain 

dcf)nw=e•si~•s( fe:-- 1 _\2 dfldw, 
4rc c (1- ~ cosS) (1- 13Ye-- sin2 S)) 

(4) 

i.e., a formula identical with that given in refer­
ences 5 and 6 for the ultra-relativistic case. 

If the first medium is vacuum, then the radia­
tion emitted in it will be partially reflected from 
the interface of the medium. It is therefore nec­
essary to multiply the field intensity by the Fres­
nel reflection coefficient for normal incidence 
( 1 - -IE) I ( 1 +-IE). The radiation emitted in the 
second medium may be neglected. Substituting 
K = W sin Olc, where 0 is the angle between the 
direction of propagation of the radiation and the 
negative direction of the z axis, we obtain the fol­
lowing expression for the backward radiation: 

e2 sin2 6 1 (Vs -- 1)2 

dcf)nw = - 4- 2- ( 1 ~ G)• ,;-- - dQdw, n c - cos f e + 1 

i.e., the Ginzburg-Frank4 formula for the ultra­
relativistic case. 

(5) 

Finally, let us consider the "medium- medium" 
case and find the radiation in the second medium 
with frequency w » ra. We then have K = (wlc) 
x .f€2 sin J, and the Fresnel transmission coeffi­
cient can, with good accuracy, be taken as unity. 
As a result we obtain the formula 

e2 sin2 i} ( ve;:- y;;; ·)2 

dcf)nw = - 4- 2- Y . Y dfldw, 
" c ( 1 - i) e1 -- e2 s m2 S) (t - ~ e2 cos S ( 6) 

which is identical with the usual formula for the 
forward transition radiation for {3 ~ 1 and w » ra. 

2. EFFECT OF MULTIPLE SCATTERING 

It was shown by Pomeranchuk and the author1 

that, for particles moving with velocities close to 
that of light, multiple scattering influences only the 
forward transition radiation with frequencies w 
» -!a. It is therefore sufficient to assess the in­
fluence of multiple scattering on transition radia­
tion within the framework of the approach described 
in Sec. 1. In addition, such an approach is conven-

ient because the corresponding expressions are of 
a form suitable for the derivation of the brems­
strahlung formulas, taking multiple scattering into 
account, whether the particle moves in an unbound 
homogeneous medium 8• 9 or whether it moves from 
a vacuum into a medium. 2 The latter case, in 
which the additional radiation originating near the 
medium boundary is considered, in addition to the 
bremsstrahlung with the effects of multiple scatter­
ing, has a direct bearing on our problem. This 
radiation is generated, because the particle moved 
in the vacuum to the left of the boundary without 
undergoing scattering. 

Let the particle move from the vacuum into the 
medium in which it begins to undergo multiple scat­
tering. According to the preceding section, in or­
der to take transition radiation into account, it is 
necessary, in the derivation of Gol'dman, 2 to sub­
stitute for the wave vector k the quantity K1 

( Ko w -IE sin J I c, w-J 1 - E sin2 J/c) in vacuum, 
and the quantity K2 (k·[€) in the medium, where 
Ko is the unit vector in the plane perpendicular to 
the z axis. 

In the frequency range w » -f(i, it can be shown 
that the radiation associated with the transition of 
the particle through the medium boundary is given 
by the expression 

co 00 

Ew = _::.._ Re J 2 \" ___cl!__ \ ( 1 + i) s' e- (J+i) (s'x+sz th x) dx 
nc \ .\ 1 + z • 

0 0 
00 

+ ~ ( cothx - +) (I - (I + i) s' x) e- <r+il s'x dx 
0 

s' } -ln--2 s , s=~(l-~2)Vwfq, 

s' =~(I- ~2 + ajuJ2 ) Y wjq, q = (cj4L) (Es;£)2 , (7) 

where L is the radiation length and Es = 21 Mev. 
Obviously, Eq. (7) includes both transition radia­
tion and the radiation produced as the result of 
multiple scattering, i.e., bremsstrahlung. It is 
easy to obtain the following asymptotic expressions 
from Eq. (7): 

e2 1 
Ew=-ln-nc s 

(s' ~I); (8) 

E = _::_[s' +sIn~ -21 (s' ~ 1). (9) 
w nc s' -s s ~ 

As in other processes involving multiple scat­
tering (see, e.g., the review by Fe'Lnberg 10), one 
finds that there exists an energy Ecr = (J.Lc 21Es )2 

x L~J.LC such that, for E < Ecr• multiple scatter­
ing does not affect the transition radiation and, 
consequently, there is also no additional brems­
strahlung radiation due to the existence of the 
boundary. To ascertain this, let us write the ex­
pression for s' in the following form (for w 

« -.JaE/J.LC2 ): 
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and for w » -f(i E/ J.W2 in the form 

s' =___!___,I Ecr_ (-_-w __ f' 
2 Jl E V cr E/flC2' . 

(10) 

(11) 

If E < Ecr• then it follows from Eqs. (10) and 
(11) that s' is always greater than unity, and the 
radiation is described by Eq. (9) 

Ew = 2:; [ ( + + w• (i; ~·)) ln ( 1 + w• (i :_ ~2) ) -]], (12) 

i.e., the usual formula for the transition radiation. 
In the limiting cases of frequencies smaller and 
greater than ..fciE/p,c2, we have, correspondingly, 

(13) 

Ew = 6~c ( 0- a~2) w• t (14) 

For E > Ecr and w < ..f(iE/p,c2, it is convenient 
to introduce a characteristic frequency w1 

= (crE/Es )213 ( L/c )1/ 3• It can easily be seen that 
s' » 1 for w « w1, and the radiation is given by 
Eq. (13); i.e., there is an agreement with the con­
clusion of reference 1 concerning the fact that, for 
E > Ecr and up to frequencies close to ~ w1, the 
particle emits photons according to the usual for­
mulas for transition radiation. For w » w1, we 
have s' « 1, and, from Eq. (8), we find 

E, = :: ln( Vi~~· ;~ vL:,). (15) 

In considering the frequencies w » ..f(iE/p,c 2, it 
is convenient to introduce another characteristic 
frequency w' = (c/L) (EsE/p,2c4 ) 2• For w « w', 
s' « 1, and the radiation is described by Eq. (15). 
On the other hand, for w » w' we have s' » 1, and 
Eq. (14) follows. 

The energy Ecr in lead is equal to 400 Mev for 
electrons and 2. 7 x 109 Bev for protons; in carbon, 
these energies are 7.6 Bev and 5 x 10 10 Bev, re­
spectively. 

Thus, if for E > Ecr the usual transition radia­
tion mechanism* begins to break down at w > w 1 

*As in reference 1, by "transition radiation" is meant the 
radiation due to a transition of a uniformly moving charge from 
one medium into another.4•11 

because of multiple scattering, then the multiple 
scattering itself leads to the appearance of a 
"transition" bremsstrahlung and, as a result, we 
have the radiation described by Eq. (15), which al­
ready extends up to frequencies ~ w' > ..f(iEjp,c2• 

The region in which this radiation originates is of 
the order of c/.../wq (reference 2). 

By means of analogous calculations, it can be 
shown that the radiation originating in the exit of 
a charged particle from a medium into a vacuum 
is, for frequencies w » ..f(i, described by formulas 
identical to those given above. 

The author is indebted to I. I. Gol'dman for 
helpful comments. 
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