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On the basis of the Dirac equation, the behavior of electronic ns-levels in the field of a 
nucleus of finite size with Z > 137 is investigated in the neighborhood of E ,.., - m and 
E,.., + m. The critical values Z = Zcr are found, the existence of quasilevels for E,.., - m 
and Z > Zcr is shown and an interpretation of them is given. 

l. The question of the properties of electronic lev­
els of super-heavy nuclei has taken on renewed in­
terest recently in connection with the obtaining of 
new transuranic elements. In order to estimate the 
position of electronic ns levels,, we shall for sim­
plicity choose the potential of a nucleus with charge 
Ze in the form V = - aZ/r for r > r 0 and V 
= - aZ/r0 for r < r 0, where r 0 is the nuclear 
radius. From the conditions for matching the solu­
tions of the Dirac equation at r = r 0, we then find, 
for Z > 137 and mr0 « 1 ( m is the electron mass), 
the following equation for determining the level en-
ergy E: 

Cflo + cp~' = -· nn, (1) 

where on the left the part depending on E is equal 
to 

cp.=argf (ig- 'l'{)+gln ~ +tan-1 ( 1 +~/W), 
and 

cp0 =gIn 2mr0 - arg r (1 + 2ig) -- tan-1 ~ tan y. 

Here 

y = a.Z, g = Jly2- 1, ), = V m2--B2, W = (m +B)/),, 

Equation (1) coincides with the corresponding 
equation of the paper by Pomeranchuk and Smoro­
dinski11 if the following correction is made in the 
latter: t ( y) = y cot y - 1 should be replaced by 
( 1 - y cot y) - 1. For E = - m and n = 1, we find 
from (1) the equation for the determination of Zcr: 

gln2mr0y=argf(1 +2ig) + tan-1 fLtany-nn. (2) 
')' 

Zcr has a weak dependence on r 0 and is equal to 
178 for r 0 = 12 x 10-13 em and 172 for r 0 = 8 
x 10-13 em (instead of the values 200 and 175 of 
reference 1). For nuclei on the {3-stability curve2 

extrapolated to the region of super-heavy nuclei 
and for r 0 = 1.2 x1o-13A1/ 3 em, we find Zcr = 174. 

2. We now consider the character of the dis­
crete levels near the limit of the continuous spec­
trum: E = m ( Z > 137 ). Noting that for E- + m, 
A.- 0, and using the asymptotic formula for 
arg r ( ig - y E/A.) for y E/A. - oo, we find from (1) 

tan -1 ttanh "'gN =- nn + ~o -gIn 2 mro, 
an "' 

~0 = arg r (1 +2ig) +.tan - 1 _[_ tan y- gin r- tan-1 g, 
')' (3) 

where N = yE/A. has the significance of an "effec­
tive" principal quantum number. Furthermore, 
we find from (3), 

N _ n 1 _1 tanh "'g 
-+-;-tan tan(<j;0 -gln2mr0) 

(4) 

whereas for a pure Coulomb field for Z < 137 we 
have N = n + ..J 1 - y 2•3 As r 0 is decreased the lev­
els are pushed downward. From (3) it follows that 
the rate at which the levels with principal quantum 
number N are pushed is characterized by the de­
rivative 

dN!dr0 = g (tan 2 1tg cos2 rtN + sin2 nN) I r0n tanh ng, 

which is a minimum for N = n [so that ( 1rr0/g) 
x dN/dr0 = tanh 1rg ], i.e. when the spectrum of 
the cut-off Coulomb field in the region E ,.., m 
and Z > 137 coincides with the spectrum of the 
Coulomb field for Z = 137. dN/dr0 is a maximum 
for N = n + % [then ( 1rr0 /g) dN/dr0 = (tanh 1rg) - 1 ], 
i.e. when the spectrum differs most from the spec­
trum of the pure Coulomb field for Z = 137. This 
effect is especially important for Z only slightly 
exceeding 137. 

3. Let us now illustrate on the example of a 
potential well of radius r 0 the appearance of quasi­
levels in the region E < - m after the pushing of 
the lowest discrete level to - m. For U = U cr + .6. 
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( U is the well depth, U cr corresponds to Zcr• 
D. > 0 and small), the lowest discrete level disap­
pears. Matching the external (e) and internal ( i) 
solutions of the Dirac equation3 for E = - m - w ( w 
> 0 and small): 

G; =sin kr, G, = A sin (pr + ('.(), 
; = --,coskr---F p ( sinkr) 

u \ kr ' 

F,= -~(cos (pr+ oc)- sin(~,+al), 

k = V(e_+ U)2-m2 , p = V e2- m2, 

we get 

cot~= (1/pr0) (l -rr.w/U6), ~ = C( + pr0, 

the electron -positron system starting from the 
second-quantized Hamiltonian of the system. For 
U < Ucr the state «<> 0, in which the lower contin­
uum is filled, is finite and neutral, just as for U = 0. 

The state <I>', in which the lowest discrete level 
E, (with degeneracy 71 1 ) is also filled, has a charge 
- 71 1e and is finite in the neighborhood of U = Ucr• 
since for U = Ucr the gap separating <I>' from the 
continuous spectrum of states with the same charge 
is finite (this gap is E2 - E1 where E 2 is the next 
level after E1 ). But then for U > Ucr all the neu­
tral states are infinite, since they are obtained 
from <I>' by the application of 71 1 annihilation oper­
ators corresponding to the lower continuum. Since 
as shown above there are quasilevels in the lower 
continuum, this corresponds to a quasi -stationary 
state «<>*o which decays with emission of ry 1 posi-

1~ this case ?e «Fe so that Ge and_ Gi can be trons with a lifetime 1; 2r. 
disregarded m what follows. The ratw of the am- The authors thank Prof. D. D. Ivanenko for dis-
plitude Fe to Fi, which is equal to 2mUcr<'J/7rp sin {3, cussion of the results. 
is anomalously small for {3 ~ rr/2, i.e. for 

This indicates the possible existence in this energy 
region of a quasistationary state -a quasilevel. 

In fact, solving the Dirac equation with the con­
dition of outgoing waves at infinity ~ e 1pr /r and 
E = - m - w - ir, we find formula (5) for w, and 
a level width 

r = w't. (V2mrr.2 r~) I (2rr.2 + mr~u cr)· (6) 

One can give an interpretation of the behavior of 
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