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The radiation emitted by an electron passing from vacuum into a semi-infinite medium is
studied with account of multiple scattering and polarization of the medium. The probabili-
ties for bremsstrahlung and pair production by y quantra are computed for plates of finite

thickness.

. INTRODUCTION

Landau and Pomeranchuk! and Migdalz_4 have
shown that radiative processes in a medium become
much less intence at higher energies than is
called for by the usual theory.® This is caused by
the fact that the great longitudinal distances become
important to these processes at high energies, and
this in turn makes these processes sensitive to
multiple scattering.

Ter Mikaelyan has shown® that the polarization
of the medium must be accounted for in an analy-
sis of the softest quanta.

The results cited, however, pertain to effects in
infinite media. Since the radiation field is pro-
duced under different conditions near the bound-
aries, radiation should occur as a particle goes
from one medium to another.

A distinction should be made between two types
of transition radiation. One is connected with the
realignment of the particle field, due to polariza-
tion of the medium. It occurs at all energies and
all particle rest masses, and causes radiation of
electromagnetic waves of frequency not higher than
optical in a direction opposite to that of the motion,
while the forward-radiation spectrum contains fre-
quencies up to w = w,/V1 — B2, where wg =
4mZe%/m and v = Bc is the velocity of the par-
ticle.”8

The transition radiation of the second type is
connected with the effect of multiple scattering.

It therefore arises only at sufficiently high energy
and can be observed in practice only in the case of
electrons or positrons. The angular distribution
has a sharp maximum along the direction of motion,
and at sufficiently large energies the spectrum
can contain frequencies on the order of
me?/hvl — B2,

The classical theory of the transition radiation

of the second kind was given by Gol’dman.?

The present paper contains a simultaneous
quantum analysis of the transition radiations of
both kinds. The formulas obtained are valid at
frequencies considerably higher than optical, so
that the backward transition radiation is com-
pletely neglected in the calculations.

2. RADIATION OCCURRING UPON TRANSITION
OF AN ELECTRON FROM VACUUM INTO A
SEMI-INFINITE MEDIUM

Let a fast (py > 1)* electron move along the
z axis through the boundary of a semi-infinite
medium filling the space z > 0.

Assumed that when t = 0 the state of the elec-

tron is described by a wave packet ngg with an

average momentum p,. The wave function of the
initial state can be written in the form

¥, =gl 1 <0; W, =eHiyh, t>0;

H=H,+ 2V (r—ra), (1)

where H is the Hamiltonian of the electron and
includes all the scatterers. In the following cal-
culations, however, we shall put ng = ugg

x exp(ipy * r)(ugg is the unit bispinor amplitude, and

the normalization volume is chosen equal to unity),
since allowance for the small indeterminacy in
the momentum of the incident electron would lead
only to an averaging of the integral cross section
over a narrow interval of momentum values in the
vicinity of p,.

Analogously, the wave function of the final state
is written

*We use a system of units in which i=m=c=1.
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Vo=, 10 W= eyl 10 (2) W (por By dk = dk{ ¢| M Py s ¥, (5)
The probability of emission of a quantum with where ¢ =k/k — p/p,. The subsequent transfor-
a wave vector k is determined by the square of mations of (4) and (5) and the calculation of A

the modulus of the matrix element

M=ieV MS (W5 ae, ) e gt g, (3)

follow Migdal’s procedure. As a result we obtain

2% Ki 4+ Ko
W (po» k) = lim —2F& ~Re{{ St Ran
where €, is the polarization vector and w is the T—o00 2 (2m)? p {Saz (4 + gn)?

quantum energy. In vacuum w =Kk, but on enterin
the medium the interaction with the electrons of : + 2‘8 w“‘“S = tﬁziﬂ;:z;n, 2
the medium changes the energy of the quantum to ’
kNe (€ is the dielectric constant of the medium).
We must therefore put in (3) w =k when t <0 and
w =k/Ve when t > 0. It can be shown (see Ap-
pendix) that such a procedure is valid when g=po—kl2, a==Fk/2p,(p,—k),
i1 - \/zl «1 ?.nfl takes correct account of the Ky = k12 (p, — B2, Ka = [22 + (po — F)?) @%Ip2 (p, — k)™
transition radiation forward. (6)
Substituting in (3) the expressions (1) and (2)
for ¥, and ¥g5, we obtain

dndy,

0

dt §° dre"‘“g Ky +Ksmmo] v (n, <) d d"lo} ’

0

+2

ce——vN

The function v is connected with fye by
f o P> ) dp / (27)* =~ 8 (p — @) dpv (n, 1) dn,

where n = p,/g, N =Py /g, and the index 1 de-

) rof 1 1 iHE it notes the projection of the vector on the plane
+‘de dt (e )y prc(€), . (38);20% o] A+ B. perpendlcular to k. The equation for the function

o w = vel®! has the form

The probability of emission of a quantum is de- aw ,
termined by the square of the modulus of the ma- =ia(l +6 +gin)w +R Pl —w) [ () —w ()l dy ’7
trix element, averaged over the positions of the @
scatterers and over the spins of the initial state, 8 =2py(p,—k) (1/Ve—1), p(6)=4nZ2*/g? [6% 1632,
and summed over the polarizations of the quan-

M= [(ae")po—k ke o) o

[oe]

tum and the final states of the electron. The ith 0, =2"/137g, @)
Migdal method? is used to average over the po- wit

sitions of the scatterers. Denoting by the symbol w(®, 7)o =0n—m). (9)
<... > the totality of the indicated operations, we

As shown by Gol’dman,? it is necessary to
separate the finite part, which pertains to the ra-
diation at the boundary, from the last term in (6),
which is formally infinite as T — «, We finally

obtain

2me® A (Po, o + k /2)
2\ — 0 Yo
<IA!> k (epo—k—l_k_spn)z,

(A’'B) =~— ciodtelwt% dp Ao p) fi (P, P, 0) obtain
b ) @t ekt h, W (py, k) = lim (MT 4-N), (10)
L where
(B[ = 4ne% Re | dt | dveios .
b0 M (po, k) = (Ze )f ; Re %drS[KHernno]w(m)dndno (11)
dp dp v
XS(zn)s @:173 A (P> P) fo (Po 1 2) e (Pr, P> 75, is the known expression obtained by Migdal? for
. the probability of bremsstrahlung on a unit path
APp)=5 3 (@) (@), e (4)  in an infinite medium, and
)‘s')‘or"
A Ag ekg? [K1 4 Kz"]g]
€ >0, °>0 = —_—
Ve A= aepm s T

where the summation over p and p; is replaced
by integration. The function fi introduced by % KK ,
Migdal obeys the same equation as the averaged -+ 2i\ dt g[ 1+ Koo wz("I, )dn dn,
. . N a(1+g%ng)
density matrix (see references 3 and 4). 0
The probability of emission of a quantum with o
energy in the interval k, k + dk is given by = SidtS[Kl + Kool @ (1, £) d'fld'tio} (12)
0
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is the radiation-probability increment due to the
effect of the boundary.

Going over in (7) to the approximate Fokker-
Planck expression, we obtain

0w/t = ia(l + 8 4 gMmA)w + q (*w /I +-0%w [ Om2), (13)

q = 2nnZ%'g~%In (8, /0,) = B/ g*. (14)

The choice of the angle 6, will be made later
[see (17)].

Equation (13) has the same form with the equa-
tion for the Fourier component of the classical
distribution function, and the two are identical
when k «< p). A solution satisfying the initial con-
dition (9) was obtained for this equation by Gol’-
dman; its form, in our notation is

oy h,rtexp [za(l +0)t— 2 (11 —1—112) coth 1t

w(n, t)=
+ 29y, cosh yt],

A= [— ikg® 8p, (po— k) B1"-. (15)

1 =4q),

Substituting (15) in (12) we ultimately obtain,
after simple but rather cumbersome transforma-

tions,
{50
2nk p2

N (po, k)
% & exp{—o(1+3d)x— cztanhx}dx
cosh x

[o 2]

—2Reog

0

dz
142

o

sinh x

oo}

+Re°§°xexp(—c(i+8)x} dx]
0
+ (po — #)?

RO i 7 [2Rec(1+8)§ =

Xgexp {—o(l 4 8) x — oz tanh x}dx
°

©0

+ Reg(coth x——‘%>[1 —0o(148) x]
0

Xexp{—o (149) x}dx—?—]n(l-{—é)']},

a=2(1—1i)s, s=1V klps(p,— k)B. (16)

In (16), z is the square of the angle of emission
of the quantum, measured in units of g2, The
values x ~1/s (1 +6) and z ~ 1 + §,become im-
portant when s (1 + 6) > 1 while x ~ 1 and z
~1/s become important when s (1 +6) <1

From this we obtain

N~V zlg=min{TigV's, VT +8lg},
so that we must put in (14)
8, ~min{l/gVs, V' 1 +8/g}).

When k < p, and 6 =0, (16) leads to the
Gol’dman formula ?

(17)
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When s > 1, (16) assumes the form
e‘l
N = m{ [+ — I +9)]
P2+ (Po — B 11 -
+2 2 S [+ 0 — 1]}, (18)
Po
If, furthermore, k « p;, we obtain from (18)
N._—[1+“/21n(1+a)_1] (19)

Equation (19) can be obtained from Garibyan’s
exact formula for |1 - */?I «< 1. It gives the fre-
quency distribution of the transition radiation due
to polarization of the medium. The quantum cor-
rections to (19), as seen from (18), are quite
small.

When s <1, two cases must be distinguished,
s6 >1 and s6 < 1. In the former case (18) and
(19) remain in force, but if sé < 1, we obtain
from (16)

Ml *}, x~1. (20

R N
The inequalities s6 <1 and s <1 do not contra-
dict each other only when p, > p; = wy/8B (in or-
dinary units p; ~ 0.1 Bev for lead.~3 Bev for
aluminum).

If p, < p; the probability of transition radiation
is determined by (19) for all values of k, so that
we obtain for the integral losses Garibyan’s
result

2
V=il e

Pe
AE, = Nedk =+ tugp,.

0

(21)

If, however, py > p;, then (19) remains in force
when k < w; = (1) (wipi/B)!/3, and when k > w,
the transition radiation probability is given by (20).
In this case the radiation spectrum will include the
frequencies k <p;/(1 + s?), where s, = (%)V1/Bpy,
and if sy < 1 the integral losses reach a value

x~1,

AE; = e®nt~1p, In (x/s,),
which exceeds AE, by a factor 10°,

3. RADIATION OCCURRING UPON PASSAGE
THROUGH A PLATE

If many collisions take place during the time of
passage through a plate, the quantum kinetic equa-
tion as developed by Migdal,4 can be used, as be-
fore, to describe the behavior of the electron inside
the plate. The wave functions chosen for the initial
and final states are

t<0 o<ti<rt <t
¥, e—-:H.&;,;: ’iHqu)\. e“iH,(l—fr) e-—iH*rq);:
. —iHd iHT A o—iH(E— —iHgt g\
¥, Ty e e Mhys
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After transformations analogous to those given
in Sec. 2, the expression for the probability of
emission of a quantum with energy in the interval
k, k + dk is reduced to the form

W(Po» k, ) = e2kg?

. {S (K1 + Kan?]
(2m) p}

A t+gmy

_ S K1+ KsM%o] @ (%, T)

a(1 + gnd)(1 + g*n®)

9 { ¢ { Ko+ Kol w (1, 7)
e Sdtg a(t+g*np)

dndn,

dndy,

T t

+ (1K + Konmol w0 (n, 7) dmdne}

0 ]

(22)

In the energy region where the effect of po-
larization of the medium can be completely neg-
lected (i.e., when 6 «< 1), the expression (22)
can be represented in a more illustrative form

- LT
W (D, k, T) = e2g? (2n2k) -1 {-:S[pg At (q, ;)

Po + (po — #)*

P

+ B (1, %) | p (0 — 1) dn

— 2Re§dt§dt'g[:% A(n,m,) A, %)
o 0 0
PE+ (1o

—k)? . ,
+ 222 B (1) B (. 7)]
Po

X dnop(w's — no)dne(n, #)dup(n' — wdn’},
Al ) =1/(1+g7)—1/(1 +g*9),

B(m,m)=gn/(l +g ") —gn' /(1 +g™'?). (23)

The term in (23) linear in T coincides with
the ordinary Bethe-Heitler expression for the
bremsstrahlung probability. Upon integration
over the angles, this term is found to be

Wen(po, k) T)

= (/3kL) (%13 +2 73 -+ (0o — B)*) / p2), (24)

where L is the unit radiation length. The second
term in (23) describes the contribution of the in-
terference of radiations from different parts of
the trajectory. It is proportional to 72 when
T — 0, and, as will be seen below, becomes much
smaller than the first term when 7 < 7y =
L/2m - 137, so that in a plate of thickness 7 < T,
the bremsstrahlung probability is determined by
the Bethe-Heitler theory for all values of the
particle and quantum energies.

As T — «, the function w (7, T) tends to zero,
and therefore the second term in (22) tends to
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zero while the third tends to a finite limit and the
fourth can be represented in the form

oo

‘tSdtS [Ky + Konm,lwdn du,
°

QP
— S tdtS[Kl—'.—Kgnnolwdn dg, +...,
0
where the terms which vanish as T — « have been
discarded.
Thus, as T — «, we have

W (py, k, T) = Mt 2N, (25)

where N is given by (12), (16), and (18)—(20) and
M is given by (11). Substituting in (11) the expres-
sion (15) for w(n, T), we obtain the Migdal
formulas*

__2e®B (k* G[(1+3)s] Pe 4 (Po—k? @ [s(1 + )]} .
M(p()’k)_"?m—k{—;%— T F3)2 +2 Pg 1+73) },
(26)
O (s) = 12s? [S coth J;:—e*” sinsxdx — %J ,
0
G (s) = 24s? [% —_ S cosh % e—s*sinsx dx] . (27)

0

When s « 1, we obtain from this &(s) = 6s,
G(s) = 127s?, and when s >1 G(s) = &(s) = 1.

In order to estimate the smallest plate thick-
ness for which (25) is valid, we note that, accord-
ing to (15), W vanishes (or becomes rapidly os-
cillating) when

t > min {y, 5},
te~ 1111 =V py(py—k)/2kB .

Since tk/t6 ~ s(1+ ¢), Eq. (25) becomes applic-
able when s(1+6) »>1 if t > t5, and when
S(1+06) <1if t>t.

Let now t <min{ty, t5} and 6 >1, and let us
assume that the bremsstrahlung intensity is small
compared with the intensity of transition radia-
tion. We can then put approximately in (22)

ts ~ 1la(1+9),

w (7, T) =~ 8 (n— o) exp {ia (1 +3 +g™*) 7},
after which we obtain
W (p,. k, ©) = 2202 (nk)™*

o

< ) o} + 103 + (P — B!l 2/ pR} [1 — cos aw (1 + 8 + 2)] 2dz

) T+PA s 28 28)

If a(1+6) 7T=t/tg~ 1 and 6§21, the ex-
pression (28) is found to be much greater than
(24) when t ~ tg, thus justifying our assumption.
On the other hand, if t < ts, then the contribu-

*The expression for G(s) is misprinted in the Migdal article
(reference 4).
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tion of the transition radiation may become much
smaller than the contribution of the bremsstrah-
lung.

. Let us show that if the condition t <« max
{ti, tg} is satisfied, we can replace the function
w in (22) and (23) by the function wy, which is ob-
tained from w when a =0. For this purpose we
seek a solution of (7) in the form w =w,
x exp{iat (1 + 6 + g?)}.For the function w; we
obtain

_ S p o7 —1) [w1 (') exp {Tt ag? (7' — 1) 1:}
—w (n)] dy'.

In order of magnitude, 7% ~ 5’ = qr, the mean
square of the angle of multiple scattering along
the path 7. From this we obtain

ag’t ~ agi it~ (vt)* <L 1,

which proves our statement. The function w,
satisfies the equation
6wo S

P —m)w, (', ) —w,(,D]dy’, (29)

and the 1n1t1a1 condition (9), and is normalized in
accordance with

\wo () dn = 1. (30)

Putting w =w, in (23) and using (29), (30), and
(9) we obtain

‘V(Po»k")—mg[k2 A (1, 7%0)

P+ (Po 31)

+ " B (n, "Io)] P (0 — o) d do.

0
The corrections to this formula are proportional
to (T/tg)? and ( 7/ts)2.
The function wgy (7, T) depends only on

In—nol, viz.: wy(n, 7) = wy(In —nel, 7). Intro-
dicing new variables
x=gMm—m)/2, y=g(n+n)/2

and carrying out partial integration over the
angles, we obtain

8200 k2
W(po,k,=)=,;;—,§[;2-qo(x)

Po+(Po X
+———— , T) xdx, (32)
e ()
1 1 s -1 2x2 +1 1,
¢(x) =1 x——V1+xzs1nh x, ¢(x) = V1+x%smh (:;3)1

10,11

As is well known, an exact solution of (29)

has the structure
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X2 & Byt
x2> Byt’

1 2x
ey
where B = 2mZ%* In ( By7- 137Z“1/3).

Since the functions ¢ and ¥ behave differently
when x <4 and x > !4, we obtain different ex-
pressions for W (py, k, 7) when T is greater than
or less than !4, B,. Let first 4B;7 <« 1; then the
main contribution to the integral (32) will be made
by the values x < 1/2. so that we can put ¢(x) ~
2x%/3 and ¥(x) = 4x%/3, obtaining

, 1) _ {exp {—x%/ By} /4B,

T \nZ2ett | 4xt, (34)

P2 + (po — k)*
p O] L (o
pg g2 R V]

where k ~ 1. From this we obtain with the aid of
(34) an expression which coincides with (24) when
K =1.4. Thus, when 7 « 7y = I/,B; and at all val-
ues of the parameter s, the bremsstrahlung prob-
ability is determined by the Bethe-Heitler theory.

As regards the transition radiation, it is neg-
ligibly small in plates of any thickness when
6«1, butif 621, then 75~ k/w? and the in-
equality 75 > T, satisfied when k < 137/Z In
(190Z~1/3). If t5 « 7y, on the other hand, (24)
will be valid when T < t5, (28) when T ~tg, and
(25) when T > tg.

Let now 7p < T < max {tg, ti }. In this case
the important values in the integral (32) will be
x 2 1, where ¢(x) = 1 and $(x) ~ In 4x%, so
that we obtain

16e2

W (po k. %) =5 [ + %;—,1)dx,

e T

PE+ (po—k)? T

W(po,k‘t),\,——[po po ],
and only the order of magnitude of the numerical
factor under the logarithm is known. If s(1 + §) <
1, then tx < tgs, and on putting t ~ t; in (35) we
see that (25) and (35) yield results that coincide
within the limits of accuracy with which they have
been obtained. If s (1 + 6) > 1, then t§ < tx and
(35) remains valid only in the region T «t5. When
T ~ t5, formula (28) holds, while formula (25) ap-
plies when 7> tg.

Thus, if 6 < 1 the probability of bremsstrah-
lung can be represented in the form

pe+ (po

W (o b, 7) = g [ 2o G (5,9) + 2 " 0(s.9)]. 56)

0
When s >1 we have G(s, 7) ~ &(s, T) =7/%, and
when s <1 the values of the functions G and & are

as listed in the table.
The length of the interval 7j, expressed in centi-

meters, is given by
T, =L /2r-137E (s, 7),

where L is the radiation-length unit, and the val-
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<, T LTty tp <=
i) /%o 3 In (1/7,) (t/74) @ (s) + 3 In (1/s)
G /%o 6 (/%) G (s) +6
|| e |, ez ey

ues of the function £ (s, 7) are listed in the table.
For the parameter s we obtain

s = 1.37.108 [kL/p, (p, — k) & (s, ©)1",

in which k and p, are measured in units of mc?
and L is in centimeters. The interval t) =T7y/s.

In order for the theory developed here to be
valid it is essential that the probability of emis-
sion of more than one quantum during the passage
through the plate be negligible.

4. PAIR PRODUCTION BY A QUANTUM IN A
PLATE OF FINITE THICKNESS

We denote by V~V( k, q, T7) the probability of
production of a pair with an electron energy in the
interval q, q + dq by a quantum of energy k in a
plate of thickness 7.

An expression for W can be obtained by re-
placing py —k by k — q and p; by q in (36), mul-
tiplying the result by the factor q%/k?, which
takes the change in the statistical weight into ac-
count.

As a result we obtain

Wk q,7) = g%{c(?, 7+ 28 EE—a g, 1)},
5=137-10%[kL / q (E — q) E (s, D",

and the functions G, & and ¢ are listed in the
table, in which the parameter s must now be re-
placed by §. In order for expression (37) to be
valid it is essential that the condition W <« 1 be
satisfied.

The author is most grateful to Prof. A. B.
Migdal for suggesting the problem and for dis-
cussions, to V. D. Vaks for help in the earlier
stages of the investigation, and to I. I. Gol’dman
for an opportunity to read his paper? prior to
publication.

(37)

APPENDIX

METHOD OF ACCOUNTING FOR THE POLARI-
ZATION OF THE MEDIUM

We have seen that the method used above to
calculate the polarization of the medium yields,
in the limiting case when k > wps @ result

which is almost exact.® In order to explain the
limits of the validity of this method, we present
here an independent derivation.

Inasmuch as the polarization of the medium
leads to the emission of quanta of energy much
lower than the energy of the electron, we shall
use the classical theory.

We denote by Aj; and Ay, the solutions of the
equations

Mgy + kA = —4me | v (1) e (r —r (1) dt,

Ay, +keAy, = —4me \ v () e# (r — 1 (1)) dt, (A1)

b8

where v (t) is the velocity and r (t) is the radius
vector of the particle at the instant t. When t <0
we have v =v; and r =vyt. When t >0 the parti-
cle is scattered. To take into account the influence
of the boundary, we put

Aw+A, z2<0
A= , ’
Ay A, z2>6

where A] and A’ obey the homogeneous equa-
tions.

An elementary analysis of the boundary condi-
tions in the plane z = 0 shows that Aj =A;) — Ay,
accurate to terms proportional to 1 — vg and
1 — ¢, while A{ ~(1 — €)Ayy. Thus, if the condi-
tions 1 - v% «< 1 and 1 - € <1 are satisfied, we
have ,

Arlimo = (Alo - AZO) ’2=0'

With the aid of the Huygens principle we can

obtain the form of Aj when z >0. As r — = we

obtain for Aj

(A2)

+__ ke exp (ikr)
A2 -~ 2wir

{ Asip, Oexp(—ikp dp,  (A3)
2=0
where k =vVekr/r, and p is the radius vector in

the plane z = 0.
With the aid of (A1) and (A2) we obtain, after
simple transformations,

AL — £ exp ({kr) \03 . \N
27 2mik r 1— 2+ eo?sin? 0 1— evZcos? @

. (A4)

In the derivation of this formula we made use of
the fact that the greatest contribution to the values
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of Ajgk and Ayk in the plane z = 0 is made by the
negative values of t, during which the particle
moves in a straight line.

Next, as r — « we have

A~ e exp (i%r) { Vo
207 2nik r 1—Veuvycos
+ ik \ explikt — ikr (6] v (t)dt} . (A5)
0

Adding (A4) and (A5) we see that if the condi-
tions 1 - v2 « 1 and 1 - € < 1 are satisfied, the
first term in (A5) cancels the second term (A4)
over a significant range of radiation angles, and
therefore, in accordance with the assumption made
in Sec. 2, the Fourier component of the radiation
field can be represented in the form
% exp liof — ikr ()] v (¢) dt,

—o0

A, (r) =~ _e_exp (ikr)

2n r

(A6)

where we must put in the integration w =k when
t <0 and w =kA e when t >0.

129

1. D. Landau and L. Ya. Pomeranchuk, Dokl.
Akad. Nauk SSSR 92, 537, 735 (1953).

2A. B. Migdal, ibid. 96, 49 (1954).

3A. B. Migdal, ibid. 105, 77, 237 (1955).

4A. B. Migdal, JETP 32, 633 (1957), Soviet Phys.
JETP 5, 527 (1957).

SH. A. Bethe and W. Heitler, Proc. Roy. Soc.
A146, 83 (1934).

8M. L. Ter-Mikaelyan, Dokl. Akad. Nauk SSSR
94, 1033 (1954).

V. L. Ginzburg and I. M. Frank, JETP 16, 15
(1946).

8G. M. Garibyan, JETP 37, 527 (1959), Soviet
Phys. JETP 10, 372 (1960).

%1. I. Gol’dman, JETP 38, 1866 (1960), Soviet
Phys. JETP 11, 1342 (1960)

104, S. Kompaneets, JETP 15, 235 (1945).

1Y, A. Bethe, Phys. Rev. 89, 1256 (1955.

Translated by J. G. Adashko
32



