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The surface resistance (impedance) of a metallic ferromagnetic film is calculated, with 
allowance for the spatial dispersion of the magnetic susceptibility. The influence of the skin 
effect and of the boundary conditions for the magnetic moment on the excitation curve of 
standing spin waves is examined. 

SucCESS has been achieved recently in observ­
ing a number of resonance peaks on the magnetic 
energy absorption curve of thin ferromagnetic 
films .1 These peaks are correctly treated as evi­
dence of the excitation of standing spin waves. 
Since the experiments were performed in a uni­
form magnetic field, Kittel, 2 to explain the ob­
served phenomenon, proposed that because of 
large surface anisotropy energy, the magnetic 
moment at the surface coincides with its equilib­
rium value. In other words, according to Kittel 
the alternating part of the magnetic moment at the 
surface vanishes. starting with this assumption, 
Kittel determined the frequencies of oscillation of 
the magnetic moment; these made it possible to 
determine from the excitation curve (the depend­
ence of the energy absorption on the applied field) 
the magnitude of the exchange interaction, which 
enters into the spectrum of characteristic fre­
quencies of the film. 

In the present communication, the surface re­
sistance of a ferromagnetic film is calculated. In 
this calculation the finite conductivity a of the 
film is taken into account, and also the effect of 
the boundary conditions for the magnetic moment 
upon the character of the surface resistance (and 
by the same token on the excitation curve) is dis­
cussed. 

The constant magnetic field H0 is assumed to 
be directed along an axis of easiest magnetization, 
which is perpendicular to the film. (We choose 
this axis as z axis, with origin in the middle of 
the film; the thickness of the film is 2d.) 

The linearized equation for determination of 
the alternating part of the magnetic moment m 
( mx, my, 0) has, under these conditions, the form 

(1) 

Here h- = hx- ihy. where h is the alternating 
magnetic field; He = H0 + ,8M0, where .8 is the 
anisotropy constant; M0 is the equilibrium mag­
netic moment of unit volume; w is the frequency 
of the applied field; A. is the relaxation constant 
in the Landau-Lifshitz3 equation of motion of the 
magnetic moment (A. < 0 ); a is the exchange in­
teraction constant (in order of magnitude, a is 
equal to ( ®c IJ.I.Mo) a2, where ®c is the Curie 
temperature, J.l. is twice the Bohr magneton, and 
a is the lattice constant); g is the gyromagnetic 
ratio ( g > 0 ) . We mention furthermore that the 
field inside the film is connected with the mag­
netic field outside it by the relation H0 + 47TM0 

= Hext· We limit ourselves to writing down the 
equation for m- and h- alone, since the circular 
electromagnetic wave with right-hand polarization 
(h+) does not resonate with magnetic moment ro­
tation for any value of the magnetic field H0• The 
questions that interest us hereafter will be ones 
connected with resonance absorption of energy. 

Since we wish to take account of the skin effect, 
it is necessary to supplement Eq. (1) with Max­
well's equations, which after elimination of the 
electric field can be written* 

6 = cfY2mJw. 

(2) 

To Eqs. (1) and (2) must be added the boundary 
conditions. Besides the usual electrodynamic con­
ditions (continuity of the tangential components of 

*Equation (2) was obtained on the assumption that there is 
a normal skin effect. This seems to be a completely justifiable 
assumption, since the conductivity of a film as a rule is appre­
ciably smaller than the conductivity of the metal in bulk. For­
mally, the use of Eq. (2) is limited by the condition l « d, 
where l is the mean free path of the electrons. If this condi­
tion is not satisfied, but the opposite limiting case occurs, 
then evidently it is necessary to replace a in the final formulas 
by aeff"" a d/l. 
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the electric and magnetic field vectors), it is nec­
essary to formulate boundary conditions for the 
magnetic moment. Following Kittel, 2 we shall 
assume that the alternating magnetic moment van­
ishes at the film surface, i.e., 

(3) 

We shall be interested in the excitation of magnetic 
moment oscillations by a symmetric field. There­
fore a solution of (1) and (2) may be sought in the 
form of a Fourier cosine series 

00 

m-(z) = ~ mn cos knz, 
n=O 

00 

h-(z) = h-(tl) + ~ hncosknZ, kn = (n + 1/2)njd. (4) 
n-o 

The values of kn are so chosen as to satisfy the 
boundary conditions (3). 

On substituting the series (4) in (1) and (2), we 
easily find 

h - 2h- (d)(- 1)" 
n - "'(n + 1;2) 

w- w~a) (1 + il..jgMo) 
x----------------~--------------------

[w- w" (1 + iA/gM0 )] ('6 2k~j2i -1) + 4:n:gM0 (1 + iA/gM0) • 

Here Wn = gHe + gM0ak~ = gHe + gM0av~/d2 , 
wha) = gBe + gM0av~/d2 , Vn = knd, Be= He+ 47rM0 

= Hext + f3Mo. 
From the last expression and from (4) it is 

easy to determine the value of ah-/oz at z = d: 

ah-1 __ 2h-(d) 
iJz z=d- d 

oo w- wj:'l (1 + if../gMo) 

X n~o [w- wn (1 + il..jgM0)]('62k~/2i -1) + 4:n:gM0 (1 + il..fgM0) • 

(5) 

From the equation cur 1 h = ( 47ra I c ) E we find that 

E- = -(icj4na)iJh-jiJz. 

Therefore the surface impedance for waves with 
left-handed circular polarization is equal to 

_ ic iJh-~ 
C =- 4:n:a h- (d) iJz z=d· 

From this and from the expression (5) we have 

_ 2wd ~ 1 
C = - ~ ..::..1 (n+l/2)• 

n=o 

X [w- w"(1 + il..jgM0)) (1-2i/'62k~)+(8:n:igM0(o2k~)(1+i"A/gM0) • 

(6) 

Knowing the surface resistance of the film, we can 
determine the amount of energy absorbed by a film 
of area 1 cm2 in one second. In fact, from the ex-

pression for the Poynting vector W = ( c/47r) [ Exh] 
we easily find* 

Wz= 3~"' {lmC-1 h- (ti) [2 - Im~+l h+ (d) [2}. 

From this it is clear that the power loss per unit 
volume of the film is 

Q = 32c"'d {lm c-1 h-(tl) [2 - Im VI h +(d) )2}. (7) 

By comparison of formula (7) with the usual ex­
pression for the volumetric energy loss, it is pos­
sible to determine the imaginary part of the effec­
tive magnetic susceptibility ( 11-±). 

The expression (6) for the surface impedance 
becomes considerably simpler if the conductivity 
of the film approaches zero (i.e., if 6 - oo ) : 

_ 2wd 00 1 w- w~) (1 + iA/gM0 ) 

C = - C;2 ~ (n +1/2)2 w- wn (1 + il..jgM0) • (B) 
n=o 

Neglect of spatial dispersion, i.e., of the depend­
ence of wn on the "wave vector" kn, is possible 
for sufficiently thick specimens, when the line width 
Aw ~ I A. I He /M 0 is considerably larger than the 
distance between resonance frequencies (we are of 
course concerned only with the first few frequencies, 
since on account of the factor ( n +% ) - 2 the in ten­
sity of the remote absorption lines, with n » 1, is 
extremely small): 

2 2 ec a ( ) I I He n hdn+! < ), M" 
0 

Thus on setting n = 9, we get the condition for 
neglect of spatial dispersion in the form 

Scfli M 
d ~ 201t2 TXT H eo a. (9) 

In other words, for films whose thickness satisfies 
the condition (9) a single resonance maximum 
should be observed, at frequency 

Wr = gHe = g(Hext- 4nMo + ~Mo). 
Under these conditions 

_ wd w- wa (1 + il..jgM0) c =-- ' w,=gHe, Wa=gBe. 
c w- w, (1 + iA/gM0 ) 

Experiments by observation of resonance on 
standing spin waves are usually conducted on very thin 
films ( d "' 10-6 em). Therefore 6 is always 
» d. By taking account of this, we can write the 
expression (6) in the following form: 

_ 2wd 00 1 
C =- --;zc ~ (n+l/2)• 

n=O 

*We note that in the absence of gyrotropy, (- = i( and 
(+ = -i(. 

(10) 
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here we have omitted from the denominator terms 
containing the products (A./ gM0 }( okn) - 2• It is 
clear from the expression (10) that the skin effect 
increases somewhat the line width but does not 
shift the resonance frequency appreciably. In this 
connection it should be mentioned that the first few 
frequencies (small n) are widened more than the 
later ones: 

On neglecting the conductivity of the film (i.e., 
on supposing that o » d), we easily obtain an ex­
pression for the mean moment excited in the film: 

m- =- 2gM0 (l + i"AjgM0 ) h- § 2 (1 :in•v; 12 ) 
,.=1 vn sm vn v, 

1 
X w- wn (1+iA.jgMo)' 

(16) 

where the vn' s are the roots of the dispersion 
t..wskin = (8/n)(d/6) 2 gMoj(n + 11W. (11) equation 

The expression (6) and what follows are derived 
on the assumption that the alternating part of the 
magnetic moment vanishes at the film surface. If 
the normal derivative of the alternating part of the 
magnetic moment is assumed to vanish at this sur­
face,4 then for o- oo, i.e., for u- 0, a uniform 
magnetic field will excite only uniform precession. 
With finite conductivity, u >" 0, the magnetic field 
inside the film is nonuniform and will excite non­
uniform oscillations of the magnetic moment (spin 
waves ) . By a procedure similar to the previous 
one, we can obtain 

(c-)-1 = _ wd { w- <00 (1 + i"A/gM0 ) -· 2i (!!:._) 2 ~ ___!_ 
•C w- ·w(a) (1 + (AjgM ) 1t2 o "'-! n• 

0 ° n=1 

X w- wn (1 + i"A/gM0) } 

(2ijo2 k~) [w- w~a) (1 + if./gM0)]- [w- wn (1 + i:A/gM0)] • 

(12) 
Here 

w,=gH, +gM0a..k~, w~>= w,+411:M0 , kn= nnjd. 

For d « o, we have 

that is, the electrical conductivity leads to an ad­
ditional broadening of the fundamental (uniform) 
oscillation 

(14) 

A nonuniform magnetic field can excite standing 
spin waves if there are more complicated boundary 
conditions than (3). We suppose that at the surface 
a linear combination of the alternating part of the 
moment and of its normal derivative vanishes: 

biJmjoz, + m = 0 (z ==±d), (15) 

8/Bzn denotes differentiation along the outward 
normal, and b is a constant with the dimensions 
of length, describing the ratio between exchange 
forces and anisotropy forces. 

cotv=qv, q = bid, (17) 

whose solution is easily obtained graphically. If 
q = 0, Vn = (n - 1/ 2 ) 1r, and we have the case treated 
earlier [cf. formula (8)]. If q= oo, only the uni­
form oscillation is excited ( v 1 = 0): 

When q differs from oo (but is not equal to 
zero), all the oscillations are excited, but their 
amplitudes decrease with order faster than in the 
case q = 0. We give an approximate expression 
for q » 1: 

- { 1 m-=-gMo(I +iAJgMo)h- w-w0 (1 +if.;gM0) 

2 00 1 1 + q21t4 ~ n• -:::(I)-UJ-:::-,-("1--;-+--;i:A'/;-::g~M~0>}-
n=l 

(18) 

In this case, obviously, the amplitude of the zero­
order oscillation is many times larger than of the 
rest. Furthermore, the amplitude of the subse­
quent oscillations decreases with order as n - 4, 
whereas for q = 0 the amplitude decreases as 
( n - 1/ 2 ) - 2• Comparison of the formulas given with 
the experimental resonance curves 1 seemingly in­
dicates that the parameter q is small ( q « 1 ) . 

In closing, I wish to thank V. Bar'yakhtar for 
very helpful discussions. 
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