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Relations are derived for the generalized reciprocity principle ( GRP) in the case when the 
radiation frequency changes during the transfer process. The limits of validity of the GRP 
are determined. The connection between the GRP and the concept of thermodynamic equi­
librium is established. 

THE reciprocity principle was quite useful in the 
development of the theory of radiation transfer and 
in the solution of many of its specific problems. In 
this connection, considerable attention has been 
paid recently to this question and to its mathemat­
ical formulation. 1- 6 Nevertheless, the presently 
used treatment of the reciprocity principle appears 
to us to be far from complete, since it is usually 
assumed that the frequency of radiation does not 
change during the transfer process. 

The authors have indicated earlier 7 that the ap­
plication of the theory of random processes to ra­
diation-transfer phenomena lead to two systems 
of equations, which correspond to the Kolmogorov­
Feller equations. It was noted there that a simul­
taneous analysis of both systems leads to a for­
mulation of the generalized reciprocity principle 
( GRP) and to an establishment of its limits of 
applicability. This approach is similar to an anal­
ysis of the reciprocity of Brownian motion, used 
in the theory of random processes.8- 10 

1. DERIVATION OF FUNDAMENTAL RELATIONS 

The transfer of radiation in a scattering, ab­
sorbing, and reradiating medium filling a certain 
volume V is best described by introducing the four 
functions fg, f~, ~. and ~- The quantity 

f~ (ri,1ji,vl>tl;r2,1j2,v2,t2) dV2d1j2dv2 = f~ (1; 2) dV2d1j2dv2 

is the probability that a photon of frequency v1, 

moving at the instant of time t1 at the point r 1 in 
the direction of the unit vector 71 1, will be located 
at the instant t2 in the vicinity of the point r 2, 

will have a frequency ( v2, v2 + dv2 ), and will 
move in a direction specified in the interval 
( '112, '112 + d712 ) • The quantity 

f~ (1; 2) dV 2d1j1:dv2 

is the probability that the excited atom will be at 

the instant t2 in a state ( r 2, 71 2, v2 ) if it was ex­
cited by a photon whose parameters were ( r 1; 71 2, 

v1 ) at the instant t 1• By '112 and V2 are meant 
here the parameters of the photon at the instant 
of time preceding the absorption. 

The functions f~ ( 1; 2) and ~ ( 1; 2) need no 
explanation. 

In reference 7 we gave two systems of equa­
tions defining the functions f ( 1; 2). We present 
these systems here in expanded form, under the 
assumption that the characteristics of the medium 
are independent of the time. The latter is a nec­
essary condition for the GRP to be valid. 

64 

at~(1; 2)/atz=c f~(1; 2)ck(r2; v2) 

- [A 21 +a0 (r2)l f~(l; 2), 

atg (1; 2)/atz 

= ~ fg(l; f2, 1j3, V3, t2)A21Pk(r2; 'Yja, va; 'Yjz, V2) d'Yjadva 

(1) 

(2) 

+ ~ fg (1; rz, 'YJ3, v3, tz) ~"- (rz; Vz) Px (r2; '1l3• va; 1jz, v2) d1j3dv3 

- fg (1; 2) [k (r2; v2) c +x (r2; v2) c +ac (r2; v2) c] 

(3) 

(4) 
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-at~ (I; 2)/att = k (rt; Vt) cf~ (I; 2) 

+ x (rt; 'It) c ~ Px (rt; "l1• '~1; "la• 'Ia) 

- at~(l; 2)/att 

= ~A21Pk (rt; '111• '~t; "la• 'Ia) f~ (rt, 'tja. 'Ia, ft; 2) d1jad'la 

-at~ (I; 2)/att = k (rt; v1) cfg (I; 2) 

+ x (rt, 'It) c ~ Px (r1; "l1• 'It; "la• '~a) t~ (rt, "la• 'Ia, it; 2) d'tjadVa 

(6) 

where the function cp characterizes a certain sta­
tionary distribution of the photons. 

From (5) and (6) we obtain 

cp (vt) /~ (1; 2) = cp (v2) /~ (r2,- '112· V2, t1; rt, - '111• V1, t2). (7) 

We have left out the arguments 17 and r of the 
function cp( ll), since the necessary condition for 
(7) to be valid is that cp( ll) be independent of these 
parameters. The latter can be readily established 
by taking the limit as ~t = t2 - tt -- 0. 

Expressing fg (1; 2) in explicit form in this 
limiting transition 

/~(I; 2) =c!-:..tx (r; v)px(r; "lv vt; '1j2 , v2), 

+ C'1j1 gradr, f~ (I; 2); 

we obtain the necessary condition imposed on the 
characteristics of a medium for which the GRP is 

(3') valid 

- atg (I; 2)/att 

= ~A21Pdrt; '111• 'It; "la• '~a) f~ (rt, "la• '~a• t2; 2) d1jad'Ya 

- fg (I ; 2) !A 2t + cr o ( r t) l. (4') 

The following notation is used here: k ( r; ll) is 
the coefficient of absorption of a photon by the 
atoms, A2t is the probability of photon emission, 
Pk ( r; 17t; lit; 172• ll2) is the radiation indicatrix, 
K ( r; ll) is the scattering coefficient, PK ( r; 17t; 
lit; 172, ll2) is the scattering indicatrix, u0 ( r) is 
the probability of collisions of second kind per 
excited atom, Uc ( r; ll) is the coefficient of true 
absorbtion, and c is the velocity of light. 

We introduce the function gg ( rt, 17t• lit, tt; r2, 
172, ll2, t2,), which represents the probability dens­
ity of the photon being at the instant tt in a state 
( rt, 17t• lit) if its state corresponds in a subse­
quent instant of time t2 to the parameters ( r 2, 
172• ll2 ). 

Let us define the generalized reciprocity prin­
ciple for the function ~ ( 1; 2) in the following 
manner:* 

On the other hand, another connection can be 
established between the functions f~ and g~. 

(5) 

According to the Bayes theorem (see, for ex­
ample, reference 11 ), we have 

*This definition of the GRP coincides with the definition 
of the reciprocity of a random process, used in probability 
theory. a-to 

cp (vi) x (r; vi) Px (r; '1j1, vi; '1j2, v2) 

= cp (v2) x (r; v2) P>< (r;- '1j2 , v2; - "li• vi). 

Let us proceed now to examine the functions 
fc , ff, and £8. 

We substitute in (1) the function fg (1; 2) as 
given by (7), and multiply the result by cp( lit). 
Then 

acp (v2), f~ (r2, - 1j2, v2 , ti; ri, - "li• vi, t2) I at2 

(8) 

= cp (vi) ~ f~ (1; r2, "la• Va, t2) A2IPk (r2; 'tja, va; "12• V2) d1j3dva 

Let us interchange the indices in this equation, 
remembering that this interchange implies re­
placement of rt by r 2, of lit by ll2, of 17t by -17 2, 
and of 172 by -17t· We subtract from the resultant 
equation the equation (1') multiplied by cp ( ll 1 ). 

Taking (8) into account,we get 

X Pk (ri; "la• va;- "li• vi) d'tjadva. 

As t2 - t 1 -- 0, this equation becomes 

cp (vi) k (r; v1) Pk (r; "li• vi; '1j2, v2) 

= cp(v2) k (r; v2)pk(r;-'1j2 , v2;- '1j1 , vi). 

(9) 

(10) 
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This is the second necessary condition that 
must be satisfied by a medium for which the GRP 
is valid. 

Analogously, we obtain from (3) and (3'), with 
account of (7), (8), and (9), 

qJ (vl) k (rl; vl) ~ fg (1; r2, 'Ia• Va, i2) Pk (r2; 'fla, Vs; '12• V2) d'rjadva 

=(jl (v2) k (r2;v2) ~ fg (r2, -'fj2, v2, i1; r1, 'fj3 , Va, i2) 

(11) 

The remaining equations do not yield any new 
relations for the GRP. 

2. RANGE OF VALIDITY OF THE RESULTANT 
RELATIONS 

Relations (8) and (10) express the conditions 
that must be met by a medium in which the GRP 
holds. Let the medium be in the state of thermo­
dynamic equilibrium. Then (8) and (10) express 
the principle of detailed balancing. The function 
cp ( v) now acquires a clearer physical meaning: 
it is proportional to the energy distribution of the 
photons in the spectrum of equilibrium radiation. 
From this point of view, relations (7), (9), and ( 11) 
can be treated as a generalization of the principle 
of detailed balancing to include the case of coup­
ling between different elements of space. 

The function cp ( v) is determined by the tem­
perature; it was shown above that it should be 
independent of the coordinates. It follows therefore 
that the GPR can hold only in isothermal media. 

The requirement of thermodynamic equilibrium 
is not mandatory for the GRP. Thus, for example, 
relations (8) and (10) are satisfied if the distribution 
of the neutral and the charged particles over the 
energy states is in equilibrium while the radiation 
field is not. A similar situation takes place, for 
example, in the case of a gas oecupying a finite 
volume, in which kinetic processes cause an out­
flow of radiation and an intense exchange of energy 
between different states. 

The existence of an equilibrium distribution 
over all the energy states insures satisfaction of 
the GRP for any mechanism by which the radia­
tion frequency is changed, including transitions be­
tween different energy levels. 

It is obvious that in each specific case it is 
enough to stipulate equilibrium distribution only 
over the states that influence the transfer of the 
given type of radiation. In no case are we inter­
ested in the state of the radiation field. This is 
connected with the fact that the transfer of photons 
is determined by their interaction with matter and 

is not directly dependent on the radiation field. 
The role of induced emission must be considered 

separately. The radiation-transfer equations that 
include induced emission are nonlinear, since they 
take into account the interaction between the pho­
tons and the excited atoms. Naturally, the linear 
equations which we derived in reference 7 and 
which we cite here cannot account for induced 
emission. This does not impose, however, a:ny 
additional limitation on the validity of (7), (9), 
and (10). We have already noted that the GRP 
holds in the presence of an equilibrium energy 
distribution. Under these conditions the induced 
emission, as is well known, is accounted for by 
multiplying the absorbtion coefficient by 
( 1 _ e-hvjkT). 

3. SOME PARTICULAR CASES 

a) Let the radiation indicatrix Pk ( r; 17 1, v1; 

17 2, v2) be independent of the first indices 17 1 and 
v1, i.e., let it be spherical, and let a complete 
redistribution of photon frequencies take place. 
It follows from (1)-(4) that the functions if and 
~ will also be independent of the initial parame­
ters 17 1 and v1, and consequently the mathematical 
expressions for the GRP will be noticeably sim­
plified. 

Such is the situation with Eq. (9) which, after 
integrating with respect to 17 1 and v1, can be 
written in the form 

We use here the relation 

n°(r)A 21 = c~qJ(v)k(r; v)dv, 

where n° ( r) is the concentration of the excited 
atoms in thermodynamic equilibrium. 

We introduce the notation 

= ~ f~ (r2, - '12• v2, tl; rl, 'fja, Va, t2) d'rja dva. 

Then 

(13) 

Similarly, integrating (11) with respect to 11 1, 

vi, 17 2, and v2 and introducing the analogous nota­
tion 
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n (rl, tl; r2, t2) = ~ n (rt. tl; r2, 'l2• v2, t2) d'1j2 dv2, 

we obtain 

Relation (7) remains unchanged in appearance. 
b) Let v1 - v2 = AY be small. Then cp ( V1) 

R> cp (v2), as a result of which the range of validity 
of relations (7), (9), and (11) is increased, since 
the function cp(v) vanishes in conditions (8) and 
(10), thus lifting the requirement that the niedium 
be isothermal. In this case the GRP will be satis­
field, in particular, in a medium with a coordinate­
dependent temperature, provided local thermody­
namic equilibrium obtains. 

c) Let us now make simultaneously both fore­
going assumptions, which are usually made in 
studies of the diffusion of resonant absorbtion 
with complete redistribution of photon frequency. 
We are interested only in the form of Eq. (13), 
which becomes, using the Wien distribution and 
interchanging the the indices 

Here A.o is the wavelength corresponding to the 
center of the spectral line, n ( r) is the concentra­
tion of the atoms in the normal state, and g and 
ga are the statistical weights of the normal and 
excited levels. It is curious that the connec­
tion between fol and ~. expressed by (14), is in­
dependent of the specific processes that cause 
the broadening of the spectral lines. 

4. CONCLUSION 

The results of the present paper contain, as 
particular cases, the m_athematical expressions 
obtained earlier by other authors for the GRP. 

Thus, considering the case of pure scattering 
and putting v1 = v2, we obtain instead of (7) 

f~(rt, '1j1, t1; r2, '1j2, t2) = fc (r2,- '1j2. t1; rt. -- 'lt• t2). (15) 

Here the condition (8) degenerates into the trivial 
requirement that the scattering indicatrix be 
dependent only on the angle between the vectors 
Tit and 712· 

Relation (15) coincides with the formulation of 
the reciprocity principle as given by Minnaert, 1 

Chandrasekhar,4 and others. Case6 obtained sev­
eral specific mathematical expressions for the 
reciprocity principle as applied to neutron dif­
fusion, in which the parameter corresponding to 

the frequency was the neutron velocity. He as­
sumed that the neutron velocity did not change 
during the diffusion process, and obtained rela­
tions similar to (15). Actually it is necessary to 
start out with relation (7), with cp ( v) taken here 
as the Maxwellian distribution of the neutron ve­
locities. 

Kadomtsev12 considered radiation transfer in 
scattering and absorbing media, allowing for 
changes in frequency and disregarding re-radia­
tion processes. Putting 

Px (r; 'lt• vi; 'l2• V2) = Px (r;- 'l2• v2;- 'lt• vi), (16) 

which contradicts the principle of detailed balan­
cing when v1 ;" v2, he arrived at the particular 
relation (15), which holds only when v1 ~ v2• 

Furthermore, he required that the absorption co­
efficient be independent of the frequency. This re­
quirement is superfluous. 

Sobolev ,13 considering radiation transfer in the 
spectral line for a plane-parallel scattering atmos­
phere, also arrived at relation (15). 

It must be noted that radiation transfer is far 
from always produced in a narrow spectral inter­
val. Thus, for example, the role of cp ( v) becomes 
quite important if the foregoing results are ap­
plied to the investigation of luminescence. In this 
case a relation similar to (7) connects the ab­
sorption and luminescence spectra in the Stokes 
and anti-Stokes regions. 

It is appropriate to note, in conclusion, that all 
the previously published papers give only partic­
ular relations between the function fg ( 1; 2). There 
are no relations in the literature for ~. f~. or ~-
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