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The elastic scattering of transversely polarized fermions is considered. It is shown that in
the ultrarelativistic case scattering of the longitudinally polarized fermions is characterized
by the four dimensional intrinsic angular momentum tensor. In the latter case the scattered
fermions remain transversely polarized in interactions proportional to the matrices p; and
pg; on the contrary, in interactions proportional to the matrices ps and p,, the longitudinal
component may appear after scattering (if the particle has a non-zero rest mass).

1. INTRODUCTION

IN the motion of a free fermion, described by the
Dirac equation

¢ = L™ D) Cibsexp {— iecKt + ikr}, 1)
s

where K= vk?+k? isthe positive (€ =1) energy

-of the particle, k is its momentum, k; is the rest

mass; we shall characterize the polarization prop-

erty by the unit three dimensional vector s°.

For the longitudinal (s} parallel to the vector
k) and transverse (5(1),2 perpendicular to the vec-
tor k) components we have

s§= (CTC_ +ChCY sy, s§=1i(CHC—CfCy) 7Y,
s3 = {(C{C, — CL,C_;) sy, (2)
respectively, where
sy = CiCy + CTC_,. 3)
As is well known, either the four dimensional
spin pseudovector (Z;“ =0, ipy):
t;3 = ng1

or the intrinsic angular momentum tensor of the
electron (%23 = pgoy; — ifyy = pyoy, etc)

0 . 0
P10 = Ksi,2 & = — iy = ks,,

Cro = kysts = — iCy = ksy, 5)

s = Cie = koS:?y

gp = — ks}, 5=0 (5a)

can be formed from the unit three dimensional
vector 8 by averaging of the type

L= §¢+K€¢d3x (4)

with corresponding matrices E

Equation (4) can be generalized to the case of
the presence of states of both positive and nega-
tive energies by using the relation

K& — L (ak + 05kg) € + 2 T (ak + psky). (6)

In the case of the free motion, the generalized
matrices will, in similar fashion, commute with
the Hamiltonian, and will lead to the result (4) in
averaging for states with positive energy.

For matrices of the spin pseudovector (see ref-
erences 1 —3) and for the intrinsic momentum ten-
sor, we shall have here

Ko — kypse + pik,
Kpss — kyo — po [kxo],

KPI - Uk,

— iKpea — p3[axk]  (6a)

respectively. From the latter matrices we can
form the matrix

o0 = k0 (ok%) + ps (s —k°(ak?)) (K =K/k), (6b)

which also commutes with the Hamiltonian. The
eigenvalues of the components of this matrix will
be equal to the components of the unit three di-
mensional spin vector s’. The transformation
laws in the Lorentz rotations for the three dimen-
sional 8° can be found from the corresponding
transformation rules for the four dimensional

& or Euy (see references 4 and 5). They have

a somewhat peculiar form:
’ , . L/ 0 .
S5 = s3cosy - s}siny, sP = sjcos y — sgsiny,

‘0 0
Sg = Sg,

(7)
where

cosy = (B; — Bcos6) [(B, — P cos 0)? + % (1 — B) sin®6] %,
siny = (8 V1 —Blsin6) [(3, — B cos 6)?

+ 8% (1 — BY) sin® 0] 7%,

B is the velocity of motion of the primed system
of coordinates relative to the unprimed, which we
direct along the z axis. The x axis is chosen in
such a fashion that the velocity of motion of the
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particle B; = k/K relative to the unprimed system
lies in the zx plane.

1t follows from these equations that interchanges
of the longitudinal and transverse components of the
polarization will take place for particles with non-
zero rest mass (ky = 0) in the transition from
one inertial frame to another. Only in the case
6 =0, i.e., when the direction of the velocity of
motion B, of the particle coincides with the veloc-
ity of motion B of the primed system will the lon-
gitudinal components remain longitudinal and the
transverse components transverse. Conversely,
for B =pB;/cos 6, the longitudinal components as
a whole transform into the transverse and vice
versa, as a result of the Lorentz transformations,
if 8J = 0.

For k; # 0, one can characterize the polariza-
tion both by a four dimensional spin pseudovector
5# and by the intrinsic momentum tensor gm,,
or by the unit three dimensional vector s° All
these quantities will be mutually connected by the
relations (4) and (5). If the mass of the fermion
is equal to zero (ky=0) then By =1 in all sys-
tems of coordinates, and the angle y = 0. Hence
both the longitudinal and the transverse compo-
nents of the polarization preserve their invari-
ance separately (sy' = s}; si% = s} ,).

For kj; = 0, the longitudinally polarized fermi-
ons (for example, the neutrino) must be described
by a spin pseudovector (Z3= ksg, ;1,2 =0), while
the transversely polarized, by an intrinsic mag-
netic moment tensor (uy, = ks‘i’,z, puz3=0).

2, FUNDAMENTAL FORMULAS FOR SPIN RE-
VERSAL IN ELASTIC SCATTERING

In the investigation of the behavior of the polar-
ization of a fermion in elastic scattering (K’ =K,
and the primes denote quantities referring to the
scattered state ), it is first necessary to compute
the values of the coefficients Cgs which will be
connected with the initial coefficients Cg by the
relation

Co =L pu(s,9) 0, (s, 5)Cs, (8)
s
where the values for Eﬁ(s’, s), o,(s’, s) are
given by Eqs. (12) — (14) of reference 6, in which
the scattering of longitudinally polarized fermions
(Cy =1, C_y =0) was considered. Here it is best
to characterize the polarization by a spin pseudo-
vector.

In the present work, we want to investigate the
scattering of transversely polarized fermions; we
shall therefore describe the polarization proper-
ties by an intrinsic magnetic-moment tensor.
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Scattering of transversely polarized fermions by a center of
force.

Let the fermion move along the z axis before
scattering, and let its spin be characterized by
the vector u directed perpendicularly to the mo-
tion, making angle ¢ with the x axis. In this case,
we must set Cy = 1/V2, C_;=el?/V2 inasmuch
as we have here

so=1, s}=-cosop, s;=sing, s3=0,

as is seen from Eqgs (2) and (3). Without affecting
the generality of the discussion, we can choose the
zX plane so that the momentum of the scattered
fermion lies in this plane (see drawing).

We shall find general formulas that characterize
the polarization after scattering as a function of the
character of the interaction.

a) First we consider the case of interactions
proportional to the matrices p; and p, (see ref-
erence 6), i.e., At = p10; (temporal component
of the pseudovector interaction), P = p,04 (pseu-
doscalar interaction), VS = p10+n (spatial com-
ponent of the vector interaction) and Tt = pa0°n
(space-time component of the tensor interaction).
The three dimensional vector n defines some di-
rection which is connected with the scattering cen-
ter and which is specified by the directions of the
magnetic moment and the momenta of the motion.

In all these cases it is easy to prove that the
longitudinal component of the polarization (i.e.,
the projection of the spin of the scattered fermion
on the z’ axis, which we direct along the momen-
tum k) vanishes (s§° = 0). In other words, in
these interactions, the longitudinally polarized
fermion remains longitudinal, as was shown in
reference 6, while the transversely polarized
fermion remains transverse.
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To determine the rotation of the vector of the
transverse polarization of the scattered fermion,
we have the following expressions from (2) and

(8):

s = Rysing + Qacosp,  (9)
(10)

s2 =R, cosp + Q,sing,
=71,

In Eq. (10), the minus sign refers to Rf* and the
plus to RiP , and so forth. The corresponding
value for the quantity sj, which characterizes
the total (for finite spin s’) effective cross sec-
tion, will be equal to

AP

AP
12 =0, Ry =—1.

sF = (k2] 2K?) (1 £ cos 6). (11)
In a similar way we find
s =@+, RL=57% Q=i g2t
TR, Rl
Qo= ol (12)
e e
R Ve s 0

where 6 is the scattering angle.
b) In the case of interactions proportional to the
matrices p, and pj:

T%P=ps(on), A% =p,(on)
(14)
we find that as a result of the scattering, in addi-
tion to the rotation of the transverse component of
the polarization vector, an additional longitudinal
component must appear (if the mass of the fermion

ko = 0). In this case we have

VP = Pa04, S = psay,

V.S

so% =1+ (1+kg/K) &2 (1 —ki/K? cosH,
(K® + k}) cos @ 4 (K> — k2)
(K* + k3) 4 (K — k) cos 0

V,S V.S V.S
Q1.2 =0, R =1, 1T =

(15)
s/l =a®+b" L a4 B,
RAT_@ =@ F % —a™  jar_ 2 F2ab
S L L Y Y e
(15a)*

In Egs. (15) and (15a), one must set a’ = kja’/K,

b’ =keb’/K, a=a, b=b inthe case of the A in-
teraction, and a’ =a, b’ =b, a=kpa/K, b=kb/K
for the T interaction.

*The different signs on the right side of Eq. (15a) refer to
the indices 1 and 2, respectively.
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As we have already noted for the interactions
(14), longitudinal polarization can appear as a re-
sult of the scattering; this polarization should be
characterized by the components

sy = R3¢0s ¢ + Qgsin ®; (16)
RX.S — 2koK sin 0
(K® + £2) & (K® — &) cos 0
RAT — __ 2(5_5'-1—_55')_
3 a'2+b’2+a2 +b2 ’
P=0 QT = et amn

b
the values of the coefficients a, b, etc are the same
as in Egs. (15) and (15a).

It is seen from (16) and (17) that the longitudinal
polarization for fermions with zero rest mass
(kg = 0) should not appear in the scattering of

transversely polarized fermions.

3. POLARIZATION EFFECTS IN SCALAR AND
VECTOR INTERACTIONS

We shall investigate in more detail the polari-
zation properties in certain special cases. First
we note that these polarization properties in elas-
tic scattering (in the first Born approximation )
depend only on the initial polarization, the scatter-
ing angle and the character of the interaction, in-
asmuch as the quantities s and s’? do not depend
on the matrix element of the energy of interaction

Uk = Se"’”u (r) d®x, (18)
(see reference 6), where K =k—-k’, and u(r) is
the spatial part of the interaction energy.

For example, as is seen from Eq. (15), the com-
ponent of the unit vector s’ along the axis y’ =y
for Vt or S interactions remains unchanged (sj°
= sg), while the spin vector in the (x’z’) plane, lo-
cated in a system of coordinates associated with the
motion of the fermion,* is turned through some
angle. As a result, a longitudinal component ap-
pears, as is seen from Eq. (17).

In the nonrelativistic case (k; = K), it follows
from Egs. (15) and (17) that, both for vt and for
S interactions, the same result holds:

sy = sin 6 cos ¢,

sy = cos fcos o, sy =sing, (19)
*We shall denote by x"y’z’ the auxiliary set of coordinates
connected with the motion of the fermion. Before scattering of
the fermion, the x"y’z” system coincides with the xyz system.
After scattering, only the y” axis coincides with the y axis.
The x’, z" axes are rotated, relative to the x, z axes, respec-

tively, through the scattering angle 6 (see drawing).
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i.e., just as in the scattering of longitudinally po-
larized particles (see reference 6), the spin vec-
tor of the scattered fermion maintains the direc-
tion of the original spin: 8’% = 8%. This specific
case is also shown in the drawing.

On the other hand, in the ultrarelativistic case
(kg < K), the longitudinal component of the polar-
ization will gradually vanish with increase in en-
ergy, and the fermion will again become trans-
versely polarized. In this case the spin in vt in-
teraction maintains its orientation relative to the
x’ axis (s{’=s}=cos ¢). Inthe case of S inter-
action, it changes this orientation to the opposite
(si'=—-s!=—cos ¢).

We note that in the general case, in connection
with the appearance of longitudinal polarization as
the result of the scattering, the intrinsic magnetic
moment is rotated in the z’x’ plane through an
angle

tan o = g /py = 2k3sin0 /[(K® + £} cos 0 + (K2 — kD)l
(20)

The plus sign here refers to vt interaction, and
the minus to S interaction.

It is interesting to note that for these same in-
teractions an analogous formula was obtained in
reference 6 for the angle of rotation in the system
connected with the motion of the particle. This was
done for the case of longitudinally polarized fermi-
ons. However, this rotation did not refer to the
intrinsic magnetic moment, directed in our case
perpendicular to the momentum, but to the spin
pseudovector of the fermion, which was directed
parallel to the momentum.

As another example, we consider the scattering
of a charged fermion by a fixed magnetic moment
u’. In this case, we can represent the interaction
energy in the form

= — iepl (GA),

where A is the vector potential created by the
magnetic moment. The matrix element will be
proportional to the following expression (see ref-
erence 6):

Vt = —iepon, and n=[wp] x=k—k. (21)

As a result of scattering, the transversely polar-
ized fermion should remain transversely polarized
(inasmuch as this interaction is proportional to the
matrix p;). However, in the plane perpendicular
to the direction of the momentum of the scattered
fermion (i.e., in the x’y’ plane), the intrinsic
magnetic moment ought to rotate through some
angle which depends on the direction of the mag-
netic moment u’.
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If the magnetic moment u’ is directed along
the momentum k of the incident fermion ( By
= px = 0), we shall have, in the system connected
with the motion of the fermion:

s = —cosg, 5P = —sing, 52 =0. (22)

If the magnetic moment u’ is perpendicular to the
direction k (uz =0), we get

0 p,;,z —p.2sin®(0/2) / cos ¢
Sie = )

2p0, sin® (0/2) ,__ in q:)
by pf sinf (8/2)\ sing |

by + 2 sin® /2)\ cos@
(23)

i.e., if p& =0 and py =0, we again obtain the

expressions (22) for the unit vector, and for uj

= (0 and py =0 we have

s = Cos o, sy = sing, s =0. (24)

Hence it is seen that if the magnetic moment u’ is
perpendicular to the momentum of the incident and
scattered mesons (i.e., perpendicular to the plane
k’-k), then p} =pj, =0 and, therefore, in accord
with (24), the polarization vector maintains its di-
rection in the system of coordinates connected
with the motion of the particle. Now, if u’ lies in
the plane k’-k, then the polarization vector
changes its direction to the opposite. We recall
that before scattering the components of the spin

were equal to s} = cos ¢, s} =sin ¢, s}=o0.

4. AZIMUTHAL ASYMMETRY IN THE SCATTER-
ING OF POLARIZED FERMIONS

In our previous work,® we considered the scat-
tering of longitudinally polarized fermions, and
found that the differential effective cross section
was the same as in the scattering of unpolarized
fermions. This result is completely understandable,
since no asymmetry should be noted for longitudinal
fermions relative to the azimuthal scattering angle
¢, and therefore, neither in the case of a linear
combination of different interactions, nor in the
case of a more exact solution of this problem (for
example, by the damping method) should an azi-
muthal asymmetry connected with longitudinal po-
larization be obtained.

It should be emphasized that in the scattering
of longitudinal fermions by the magnetic moment
' directed perpendicularly to the momentum
k(pi = 0, ,u'y¢ 0), azimuthal asymmetry can be
observed. However, this asymmetry character-
izes only the azimuthal asymmetry connected with
the presence of a transverse component of the
scattering magnetic moment u’, and is completely
independent of the initial degree of longitudinal
polarization of the scattered fermions.
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In the scattering of transversely polarized
fermions, we can expect the phenomenon of azi-
muthal asymmetry. It is true that in carrying
out calculations in the Born approximation only
for the presence of one form of interaction, we
found that the quantity sj does not depend on the
angle ¢ (see Sec. 2). However, this dependence
can appear a) in the case of scattering in the
presence of a linear combination of separate in-
teractions, or b) in the presence of a single form
of interaction but for a more exact solution of the
problem, for example, by the method of damping.

We shall consider each of these cases in more
detail.

a) Combination of separate interactions can
take place, for example, in the investigation of the
scattering of a particle possessing an electric
charge e and a magnetic moment 4 =uo by a
fixed center which has an electric charge e’ and
a magnetic moment u’.

In this case the matrix element characterizing
the spin part of the interaction takes the form
Co=—= 2 (e€'pa(s’,5)0s(s', s) —ie'wps (s',8) 3 (5, 9) %

s=—1,1

+iepy (s, 8) @ (s, S)[wxp' 14t ps (57, 8) @ (5, S)[wx[ 3t ]]) Cs,
where k =k-k’.

In order to avoid the effects of azimuthal asym-
metry connected with the presence of a transverse
component of the magnetic moment u’ of the scat-
tering center, we direct this moment along the z
axis (py =p', pk = u& =0). Here we find for the
coefficients Cg’ [by means of Eq. (8)]:

,

Co = 2{_;_(1 +55') (p—sq) — = s (1 —ss')m}Cs; (25)

2 Z _2_ ’
m = ¢ (ko — 2uk?) —sin . 26)
If we assume for transversely polarized fermi-
ons C,;=1/2, C_y=el?/V2, we obtain the fol-
lowing expression for the quantity sy which char-
acterizes the effective cross section:*

p = ee’ cos L q =2y (e + 2pko) % sin? 2 cos 2

$p = (p* 4+ ¢* + m?) (1 — S cos o), (27)
where the asymmetry coefficient 6 is equal to
8= 2qm [ (p* + q* + m?). 28)

*We recall that the connection of sy with the differential
effective cross section is determined by Eq. (15) of reference 6.

1285

It is evident from the latter formula that the
azimuthal asymmetry must hold in the case in
which the scattering center also possesses an
electric charge (e’ # 0) and a magnetic moment
(u" = 0) (see also reference 7, where the azi-
muthal asymmetry was investigated for double
scattering).

b) Exactly the same azimuthal asymmetry can
be obtained in the scattering of transverse fermi-
ons in the presence of one form of interaction but
with allowance for damping. For example, in
the simplest case of the scattering of a fermion
of charge e by a fixed charge e’ (Vt interaction)
with account of damping, we find (see references
8 and 9):

So =~ K 2[(K*+ k}) +cosb (K — k)] (1 + 8sing), (29)

where the asymmetry coefficient is

8 = 2a'sin 0 Kk, / [(K® + k3) + cos 6 (K* — k)],

' k3 ", (k—k") (k + k)
& = e KU § dQ"uy e Uy T

Here dQ” is the solid angle of the vector k”.

In a similar way one can easily determine the
azimuthal asymmetry in the presence of other in-
teractions, solving the problem by the method of
damping.
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