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The purpose of the authors was to give a practical recursion method for constructing the an-
gular operators characterizing the angular and spin dependence of the S matrix. Only differ-
ential operations are used in the method, and the use of Racah transformations and calculations
with Clebsch-Gordan coefficients can be avoided. Using this method, the angular operators for
a given process can be found if the angular operators for a simpler process are known. In the
present paper we solve the problem of how the system of angular operators changes when one
initial and one final scalar particle are replaced by particles with spin l/2. Practical formulas

and example are given.
INTRODUCTION

THE purpose of S-matrix theory is to obtain the
cross sections for elementary processes as a func-
tion of the energies, charges, angles and spins in
the reaction. This can be done either directly, by
starting from some theory (perturbation theory,
Tamm-Dancoff method, Chew-Low theory, or the
theory of dispersion relations), or phenomenolog-
ically, by using some semiempirical postulates
concerning the dynamical character of the process,
such as, for example, the assumption of the exist-
ence of resonant (isobar) states.

However, in both cases, irrespective of the par-
ticular dynamical features of the process, it is ad-
vantageous to expand the S matrix in series in the
eigenfunctions of the angular momentum and iso-
topic spin operators for the initial and final states
of the process. The form of this expansion can be
found using only general conservation laws which
follow from the symmetry of the process with re-
spect to well-known transformation groups.

Using this expansion, one can extract the angu-
lar, spin and isotopic spin dependence by substi-
tuting the expressions in the dynamical equations.
In general this gives a system of equations for the
expansion coefficients which depend only on the
energy. In the case of phenomenological theories,
one can write the amplitude for the resonant state
as a function of the angle and isotopic spin vari-
ables. Finally, the expansion in such an orthonor-
mal set can be used for the phase analysis of ex-
perimental data.

*Associate of the Physics Institute of the Czechoslovak
Academy of Sciences, Prague.

tAssociate of the Institute for Atomic Physics, Bucharest,
Rumania.

The S matrix for any reaction can be written
in the form

S=Na(M(f), J°M° @) I IM(F)> J°M° ()],

where |J'M%i)> and |JM (f)> are the state
vectors of the initial and final states; |a|? is the
intensity of the corresponding transition; J° M° and
J, M are the quantum numbers of the total angu-
lar momentum and its z component in the initial
and final states, respectively; (i) and (f) are
quantum numbers which, together with Jo, MO,

or J, M, respectively, form a complete set for the
initial and final state; the summation is extended
over all quantum numbers. We shall be interested
only in the angular parts of (i) and (f) and will
not write the other indices explicitly, so that the
dependence on other variables, such as the energy,
isotopic spin, parity, etc. must be included in the
coefficients a. The invariance of the S matrix
under space transformations requires, in addition
to conservation of total angular momentum J = J9,
M= M°, that the coefficients a be independent

of M. Thus,

S= D} a(energies, ... J(f)(i))y (angles and spins,
JDG)
J(h@)). (1)

where the “angular operators” j are defined by
J

IO @)= 2 1M (D> M@

(2)

and are normalized to 2J + 1 (cf. references 1
and 2).

The angular operators are completely defined
by (2) and can, in principle, be found for any proc-
ess. However, practical computations are simple
for processes of the type a + b —a’ + b’ (cf. ref-
erence 1). Each new particle seriously compli-
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RECURRENT CONSTRUCTION OF ANGULAR OPERATORS

cates the computations, introducing one or two
summations over Clebsch-Gordan coefficients,
and thus, with increasing number of particles, the
number of terms to be summed increases very
rapidly.

Our purpose is to give a recursion method for
constructing the angular operators for reactions
involving many particles, which enables one to ex-
press them in terms of the angular operators de-
scribing simpler reactions. (Unlike the method
of Biedenharn, Blatt and Rose,® our method avoids
the complicated summations associated with re-
peated Racah transformations.) This method is
especially simple for practical computations, since
it uses only differential operations (cf. also ref-
erence 4).

In the present paper we shall consider the
method for constructing the angular operators
for reactions of the type f+a—1f +af+..
+ap, where f and f' are fermions and a, a’i
are any particles, from the angular operators
of the reaction

s—i—a—>s'+a;+ oot a,
where s, s’ are bosons with spin 0. In other

words, we shall find the operator =, which trans-
forms #(s+a—s’+aj+...+ap) into F(f+a

—f+aj+...+a,):
57(s+a——>s'-}~a;+...+a;)
=¥(Ff+a—f+a+...+a). (3)

In later papers we shall develop the method for
constructing the operator & defined by the rela-
tion
Q¥ (@ +a,—a + ...+ a)

=¥ (@ -Fa—>a +...+a,+s,.), 3"

and the operator =’ which enables one to obtain
the angular operators for the reaction f; + f,
—aj+...+ap or aj+ay,—~f{+fH+...ap
from the angular operators of the reactions s;
+8y—aj+...+ap or a;+a;—sj+sp+...a,.
In addition to =, £ and =’, the operators Qvy,
which transform a particle with spin 0 into a par-

ticle with spin 1, are of great practical importance:

Q¥ (@, +a,—s +a,+ ... +a)
=¥ (m+a—>v+a+...+a).

It is known (cf. for example, references 1, 2, and

4) that the operators Qy have the following form:

7 1 F) i P
]/21+1q+V1(21+1)Q0—Q_’ _Vﬁﬂ-—a)[axﬁ]’

4 /TF1 1
R T TR

Upgr @
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where Q is the momentum vector of the particle
and q=Q/Q.

Knowing the explicit form of the operators =,
Q, & and Qy, and applying them the necessary
number of times (and in definite succession) to
the complete set of the simplest angular operators

F(s1+s2—>s +5) = 2[2;1 Py (cos d)

[where Pj(cos ¢) is the Legendre polynomial of
degree 1], one can obtain the angular operators

for a reaction with an arbitrary number of par-

ticles having any spin values.

1. NOTATION

Our problem is to find the operator =, which,
according to (3), adds a spin Y, to the initial and
final states. Let us use £ and # to denote the
angular operators before and after this introduc-
tion. We call the corresponding processes the
& process and the ¥ process. For example, if
Ty + My — 7wy + 7 is an £ process, then the ¥
process will be m+ N— 7/ + N’. On the other
hand, if 7+ N— 7’ + N’ is the £ process, the
# process will be Nj + N, — Ni + Nj.

Let us assume that the final state of the £
process is characterized by a set of quantum
numbers J, (f) for the angular momenta. Then
among the quantum numbers describing the final
state of the ¥ process there will appear an addi-
tional quantum number 1/2, corresponding to the
spin, which must be combined with the angular
momenta in the set J, (f). This latter angular
momentum may be an orbital angular momentum,
or a spin, or, finally, a sum of several orbital
angular momenta and several spins. In the follow-
ing we shall denote it, irrespective of its nature,
by the symbol I;; we denote the total angular mo-
mentum I; + ¥,0 by j;. By I, we denote, again
independent of its nature, the angular momentum
which is added to I;. We denote the sum I + [,
by li;, and the corresponding quantum number
by le. Slmllarly, 113 = 112 + l3 and zl,i+1 = lll
+ lj,q. After combining the angular momenta
Y,0 and I;, the values of the angular momenta
lip, Uiz, ...lin, unlike Uy, I,,...1,, are no longer
good quantum numbers. In place of Iy, Ilj3,...Iln,
there appear numbers ji, ji3,.-.-Jjin, correspond-
ing to the angular momenta

312:112_1_1/261 e ey j1i=lli+1/2c"‘~y
fin=1lin+ ;0.

Thus the final state of the £ process will be char-
acterized by the set of quantum numbers I, I,
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...ln, lip, ... lin (together with numbers charac-
terizing the angular momenta which make up I,
...ly), and the final state of the # process by
the set Iy, Iy,...1,, 1/2, it J12-.-jin (again, of
course, together with numbers characterizing the
angular momenta which make up I,...l,). The
angular momenta of the initial states of the £
process and # process will be denoted by the
same symbols with an additional null superscript
(for example, 1§, 1%, etc),

2, PROJECTION OPERATORS

Our problem is to find the complete set of op-
erators # if we know the complete set of opera-
tors £. The operators # differ from &£ in having
one additional spinor in both the initial and final
state. Consequently, if we multiply any £ by the
direct product of two spinors, we obtain a quantity
which can be expanded in the complete set #;:

Z(5 )= D, 5)
where the index k’ denotes a complete set of an-
gular momentum quantum numbers.* The unit
matrix was chosen because it is a scalar combina-
tion of the new spinors; then the ¢y, are also
scalars.

In the relation (5), £ is assumed to be known
and # unknown. If we now find a projection opera-
tor Py, which, acting on Zcir#, leaves only
the term cy#; and annihilates all the others, we
will be able to use (5) for finding any #, for which
ckg # 0. Let us write Py as a product of the fol-
lowing projection operators:

Pll' "Plnpixpfxz .. 'Pilm and Plo .o Plopjo e Pjo s
1 m 1 1im
where the first acts from the left on £ or #
(final state operators), while the second operates
from the right (initial state operators). Then*

0 0 : /10
oo Rn¥re fom= PiPru Py (o 1) PaPro P o
(6)
Here we have used the relation
P, . .
wy, . ity e B Tl by 120 8 (7

The operators P have the following property:

Pilhplxi = P’lipflh’ if h>i.

*The proof of relation (5) is given in reference 5.

1The method given in Sec. 2 and 3 can be used to calculate
only those # operators for which there exist £ operators char-
acterized by the same values of [, ... [, 3, ... In. As we
shall see later, there are comparatively few # operators for
which this condition is not fulfilled. These cases are treated
in Sec. 4.

J. FISCHER and S. CIULLI

h
In fact, since jih=1Li+ 2
k=i+1

I + 1/2 o,

ey fin) = [ Bd = i D)™ by €)
t

where the indices r, s, and t label the Cartesian
components of the vectors, and €T st js the com-
pletely antisymmetric unit tensor. Because of (9),
1} and j%, commute (cf. reference 6, Chap. III)
(i.e., they can be brought simultaneously to diag-
onal form ), from which (8) follows directly.

Using (8), we can write the right side of (6) in
the form
Py PuPiPr- - PP, 2 () ?)p o Py

llm im

.+« PP o (10)
1 1

Here we have also made use of (7).

the relation*

PruPiy = RiyPuy

1

Now we prove

11)
(12)

jli = lli il/z,

Rfi;i = (2l 4 1) (jue + /2 £ oly).
In fact, P7,; can be expressed as a sum of two
terms

Plli = P11i+‘/zpl1i -+ Pli—'/zplli' (11’)

The operator o-l;j = j}; — &}j — ¥, acting on the
first term on the right, gives jjj (jij + 1)
-l (Li+1)- 3/4 = l;i, and on the second term
gives — (I4j + 1). Therefore applying (11’) on the
left to Rini or Rj,i, we get (11) with the upper
and lower signs, respectively. By using (11), the
operator # can be represented in the formf
F=cRy,... Ry2(3) Ro .- Ry, (13)

if ¢ = 0.

We emphasize that the operators R;j R Rj;n
do not commute with one another, but that the cor-
responding operators P;j Er len do. Neverthe-
less the order Pj,...Pjn chosen in formula (6)
(and similarly the order Pjgn- .. Pj‘l)) is necessary
for the derivation of (13), since only in this case,
by using relation (7), can we form groups of the

*The operators R* were used by Lepore’ in studying the

polarization of nucleons after scattering.

tBecause of the hermiticity of Ju and %o, the initial R
operators have the same form as the final operators (cf. Appen-
dix 1). However, the only cases which have physical meaning
in practical computations are those with m = 1 or 2, since no
more than two particles collide in elementary processses, i.e.,
in the initial state, after adding the spin, there can be no more
than one orbital angular momentum and two spins. In addition,
it can be shown (cf. Appendix 1) that the first operation on the
right is superfluous, so that in the majority of cases one can
proceed without the initial R operators.
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type Pj,iPpi (and similarly P7§ijPj}i) and use
formula (11).

3. CALCULATION OF THE COEFFICIENT c

We use the normalization condition for the an-
gular operators:
le®(2jin + 1) = (0)? spr

|

= Sp{PaPLgr (0 ) PLPiPPLE () ) PP,
where Sp is the trace over only the new spin
variable, and f contains, in addition to an inte-
gral, the trace over the variables for the old spins.
P1, is the product of all the final projection oper-
ators for the £ process, while P10, Py and Pgjo
are constructed similarly. Using the property of

thze trace of a product of operators and the relation
Pj=Pg, we have

lclz(len_'—l):SpS $+ ((1) ?/ PL PJ P[__ fﬂ(é (1)) PLo PJo PLo.(14)
By using (12), Py PjPy can be written as
PLPyPL="P;...P, P, ...Py R ...R; P,

e PP ... Ry

This product can be calculated by applying the re-
lation

Pryyia Rigg Pryyyy Rigg oy =% Py Ry

(the proof of which is given in Appendix 2) suc-
cessively for i=1,2,3...n—-1. Here we make
use of the fact that P1i commutes with all the
leh for h =i, and, consequently, with all the
leh with h =i [cf. Eq. (12)]. The numerical
coefficients kj have the following values:
ju=1ly+ % ,
+K;r = [(llt'+1 + 1+ 2) (11i+1+l1z‘+ 1)

—lipa (oA D1/ 2 (e + 1) @2+ 135
jli = lli _._ %’ ’

+

. 1.,
jrdr=luta + Nk

i =lipr— 5
W= — (b1 — L) lua —lu — 1)
F gy (g + D1/ 2h 42 (2L + 15
ju=li— 5, hupr=lup + 4
%= — [l — 1) Qi — L 4 1)
Flpa Gopr D1/ 2 Qi+ 1) (2L 4 1);
=lhi—5, cjun=lip— g
oG =[(lypa+l) Qe+l + 1)
—liga (i + 1)1/ 2l 44 (2 + 1), (15)

We have thus eliminated from the final state all
the R operators except for the last, Rj e and
from the initial state all the R operators except
for Rjgm' Of these two operators, one of them,
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say Rjjm, is irrelevant (cf. Appendix 1), so that
we have in place of (14),
lcP@2jin + 1)

= Ay e un_lko e x?n_ISp SPU $+PL lem P]_o.fg PLo.

1

The term in R which is proportional to oy,
[cf. Eq. (12)] vanishes when we take the trace,
and only (2jyy + 1)/(2l4p + 1) remains. Thus,
remembering that

§ PLgrPLPL & P =\ 2 % =200 +1,

we get the final result

lel= V:w.l. e R X0 Xy

The phase of the coefficient ¢ remains undeter-
mined, but it is unimportant for the finding of the
complete set of # operators. Equation (13) now
becomes

¥

LARINNY 8 VPRSIV (RRLEN LTy Lo
—R+R: ... R; R, & . 0 10 0
Ry R'm R/uz——l Nn Pty g by 190 10 10 .
. —1
XR - Rjo Rpp(raxg, . oy %ay 0%, .0 %0 ) h
1m—1 12 1
(16)

4. ANALYSIS OF THE RESULTS

Formula (16) enables us to find the explicit form
of the # operators if a complete set of £ oper-
ators is known, under the condition, of course, that
none of the coefficients k; or "(i) are equal to
zero. We note, however, that the case where any
one of these numbers is zero is possible only when
conditions are imposed on the angular momentum
quantum numbers of the # process which cannot
be fulfilled (cf. reference 5).

There remains for us to treat the cases where
the assumption made in deriving formula (6) is not
satisfied (cf. footnote 3). The occurrence of such
cases is related to the fact that the £ operators
from which the # operators are constructed, are
subject to the condition of conservation of the total
angular momentum Iy, = I3, which is not neces-
sary for the # operators. When the spin 1/2 is
added, frequently one or both of the numbers Iy,
l?m lose their meaning, but then the conservation
law may manifest itself as a limitation on the pos-
sible values of 1y, Iy, ...ln, 1, 13,...1%, which
do not lose their meaning. The result is that not
all the # operators can be constructed from the
% operators by the procedure described in the
preceding sections.

Let us choose the case n=m =1, in which all
the £ operators are related by the condition I,
=1). There are four possibilities for the # op-
erators:
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h=h+F=pf=0+%,  ji=L+Ll=3=0F1.

2

The first two cases satisfy the condition I; =1,
so that we can use formula (16), but in the other
two cases formula (16) is not applicable since
there is no £ operator for which I, =10 ¥ 1.

We proceed as follows (assuming, for example,
i=li+Y%=31=1 -%): if 1 is an orbital
angular momentum, we multiply the # operator
for jy=04+%=3j1=10+Y onthe right by o-p,
where p is the momentum corresponding to the
angular momentum J. The operator o-p will
not change j} (since it is a scalar), but it will
change the parity with respect to p, i.e., it will
change I{ by unity, so that j} =1} — %, Similarly
we obtain the # operator for j; =1y — 1/2 =19+ 1/2
from j; =1 - 1/2 =j1=0 - 1/2 by multiplying by
o-p on the right. If I; is also an orbital angular
momentum, we can achieve the same result by
multiplying by o-q on the left. Cases where both
I, and I} are total angular momenta must be
treated separately. Since every elementary reac-
tion has no more than two particles in the initial
state (m = 2), I} can occur only as the combina-
tion of a simple orbital angular momentum with
some spin of 1/2, 1 or greater. In such a case we
can increase or decrease Ij by unity by applying
the operator o°V*, where

NVE=IRB B+ 1) — 10+ 1) + B0+ D) — 100+ 1)

G+ DB+ D) FoUBE § 4 ) Uk,
B=15+13
and N is a normalization constant.

The method described here can also be used
when n #1 or m # 1. The only difference is
that, for n=m =1, there are comparatively
many operators (two out of four) for which for-
mula (16) is not suitable, whereas for n, m = 1

they occur quite rarely (cf. the detailed analysis
in reference 5).

1)

5. EXAMPLES

1. From the angular operators for the reaction
my + Ty — mq + 75, which are equal to

£ = (=) (20 + 1) P, (pq), (18)

we can by this method construct the angular oper-
ators for the reaction 7+ N— 7’ + N’. In this case,
n=m =1, and formula (16) assumes the form

Fui5mp = Ri Li; 0.
According to (11), we get for the upper sign,

¥ = (4n) 1 (L 4+ 1 4 ol) P/ (pq)-

J. FISCHER and S. CIULLI

This gives
¥ = (n) (L + 1) P+ is [pxq] P} ).

Similarly, for the lower sign on R, the calculation
gives

(19a)

¥ = —([;—){lPl—ic[pxq]P}}. (19b)

In addition, the conservation law for the total angu-
lar momentum, j = j% allows the angular operators
with j=1% 1/2 =10 1/2 (we shall not take account
of conservation of internal parity of the mesons),
which can be found (according to the method de-
scribed in the preceding Section) by multiplying
(19a,b) by o°p on the right or (equivalently) by
0-q on the left. The resulting expressions agree,
except for sign, with the operators given by Ritus?
[formulas (8) and (8)].

2. The angular operators for the process my
+ my — mj + w5 + w5 have the form*

z=73 ClpMwlat y = (1) Vi (Q) Yieum (),

M, u

(20)

where L=1Ig+1Ig log+lg—1,...|lg -1l
By using the methods of Sections 2 — 4, we can
obtain from them the angular operators for the
process

1:+N—>1t'1—|—1t;+N'.

If, in particular, I, =0 or 1, we should get the
operators given in Tables I, II and III of reference
2. For example, for Iy =1, L=1g, Eq. (20)
takes the form

£ =i V3 (4n)~" (20 + 1) U (°+ 1)1 q [pxr] Py (pr)- (21)

We now show how we can obtain from £ the
angular operator (II.8), which is defined by the
quantum numbers J=L - Y% =1"-1, 1,=1
L =1g, I'=1g. According to formula (16), (IL.8)
must be equal to the expression RJZ. In this
case the spin of %, is combined in the final state
with the total orbital angular momentum L, i.e.,
n=1, while L=1g+1g and J=L+ %o play
the roles of the angular momenta [; and j, re-
spectively (cf. Sec. 1). Therefore,

Ry = (2L + 1)1 (L — oL) = (200 4 1) (I* — o),

*We use the notation introduced in reference 2: p, q, and r
are unit vectors parallel, respectively, to the initial and to the
two final relative momenta. Unlike reference 2, we denote the
corresponding angular momenta by 1°, I, and I respectively. The
following abbreviations are also used: P = pxr, Py=r—p(per).
The angular operators of reference 2 will be denoted by Roman
numerals I, II or III (the numbers of the tables) and the number
giving the location of the operator in the table. For example,
1.4) = (4n)~% {gP 8 -—ia-PyP'lﬁ} » where Pyg depends on p-r.
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since in our case L = lﬁ =1, Furthermore,

. a . 0
L=—i[axg}i[rg]
and consequently,
RIZ=V3(4n)"" s (ls + 1)1~ (il P,q Psy + ((o7) (pq)
— (3) (pr)) P, + (5P,) (Py) P, (22)

which coincides with (IL.8).

3. In this example we consider the case where
the final angular momenta are coupled differently,
so that jo (where jo =1+ %0) andnot L is
defined. In this case the quantities I, ZB, Jo
and J play the role of the angular momenta I;,
l, J; and jJi,. For example, according to formula
(16), the operator (II1.10), which is defined by the
quantum numbers J = lﬁ - 1/2 =7 1/2, lo=1,
ja=%, = I3, should be equal to (*«~ ) V2 R}
X Ry¥, where @

e TUTLADU=D) g (g + 1) 2 —1

a 2L (2, + 1) = T,

We note that the projection operator Rj coincides
with the operator Rj of the preceding example, so
that to calculate (II1.10) we need only apply the op-
erator (*k™) V2 Rga to (II.8). We have

Rz (IL8) =1/V3(4m)™ Iy (lp + T
X {(i (2lg — 1)Pyg — (lg — 2) (ar) (pq) — (3q) (pr)

+ 15 (3p) (ar)) Pig + 3 (aPy) (Pya)— 5q (1 — (pr)?) 1:;6}-)
23

v 2 we get

Multiplying this expression by (*«™)~

the required angular operator in quite simple form.

It is clear that these calculations are not very dif-
ficult and can be carried out almost automatically.
By using the properties of Legendre polynomials
(cf. reference 8), one can verify that the result
agrees with (II1.10) within a sign.

In conclusion, the authors express their thanks
to S. M. Bilen’kii, V. I. Ritus and R. M. Ryndin for
valuable comments.

APPENDIX 1

We prove that the operator Rjgm in (13) is ir-
relevant, i.e., we prove the relation

Rim (o 1) Ry =Ry, 2(3 ) (AL.1)
First of all we must show that the projection oper-
ators for the initial state have the same form as
those for the final state. Since the final operators
act from the left on vectors |>, while the initial
ones act from the right on vectors </, the initial
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operators are obtained from the final ones by Her-
mitian conjugation. Since the operators o and I
are Hermitian, we have, for example,

R = (I°— a1

le — (2[0 F 1)_ . (AI.Z)

We note that, in practical calculations, when I° is
expressed in terms of differential operators, it is
necessary to express ! in terms of 8/8x and not
in terms of 9/6x. From the well-known identity

we have

We may therefore also write

P+i[(d/0nr)

Rir=—@n 11

The same result applies for Rj+0.

To prove (Al.1) independently of the specific
form of £, it is convenient to shift the operator
Rj“m in (A1l.1) to the left side of £ and to com-
pu%e the product Rj n Rj°m- To do this we trans-
form the initial state of t&le angular operator as
follows:*

|ay ={aiU", (A1.3)

where, in the I, m representation, the matrix U
has the form

Um.m’ = (_ l)l—m 6m,——m’y

U=U', Ul=UT=U" (A1.4)

After the transformation (A1.3), the angular oper-
ator

l
£= 1l myd, m

m=—[
assumes the form
~ I—m —
7= (=", my|l, —m)

— VA1 SC " 1imy |1, Z m). (A1.5)

—
In the space of the functions |7, m>>, the orbital
angular momentum operator is —19, wheret

*The properties of the transformation (A1.3) are investigated,
for example, in references 9 and 10.

1In the general case, A = UA*TUT, In fact, from |a> = A|b>,
we get |@ = UA*TUT|B>. Thus, because of the Hermitian conju-
gation, the operation ~ is nonlinear: aA+bB = a*A + b*B (oy,
oy, and g, are to be treated as complex coefficients). However,
in the case of R;e_, the nonlinear part of the transformation has
already been carried out, since R; . @cts on the vector
<a| = <b|R. From this and from (A1.5) it follows that
|@> = UR°TUT|6>. For this reason we can treat the complex
combinations [, I_, [, in (AL7).
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TO — UIOT Ux. (AIG)
In fact,
(Zg)ﬂlm’ = Umr (l(z,T)rs (UT)smr = (._ l)l—m 8”"_’ (lg'l')rs
X, —s (—'.1)1_”" =(— 1)2!—|—m+m' (— mdmm’) = — (lg)mm’;
Bt Dym= — (12 £ )mss,me (AL.7)
We can therefore write (Al.1) in the form
10\ 5 o~ R
Ril" (O 1) Rii’m‘z = Rfln z ’ (AI.S)
where
R — (7 + Y2 £ 013, _ (i + V2 F 01,,)
(@ 1) @8, + 1)

It is important to note that the operator —o-IJy,
acts on £~ in the same way as o0-l;;. In fact
% is an eigenfunction of the operator L2

= (lyn + By )? with eigenvalue L (L + 1) equal
to zero. Using the formula

Lidf = (— 1)V IL(L + 1) CLmtiv—i grtd,
~we have L&~ =0, and consequently,
Shn &7 =—oalin 2"
Therefore
Rilm ﬁjfm L= R?ln $~ = Rfln $~'

which was required. The last equality follows di-
rectly from the definition of a projection operator.

(A1.9)

APPENDIX 2

Let us prove the relation

Puy iy Riy Prygyy Riyeyy = % Pryp gy Riye gy (a2.1)

and find the explicit form of k. Using formulas
(7) and (12), and the fundamental property of pro-
jection operators,

2
Pj1i+1 = i’
we can bring the left side of (A2.1) step by step to
the form

Piin P’1i+1Rf1" Pryyy Prgy
For the proof of (A2.1) we must consider the ex-
pression

P 1

ietr Pryivs Ohin Pryg 41 Rivia

and determine how it acts on an arbitrary wave
function. The projection operators Pj List and
Py,,i.4 Preserve only that part of any wave func-
tion which is an eigenfunction of the operators
jf,i“, lf,iﬂ and Y, 0%, with eigenvalues equal to

J. FISCHER and S. CIULLI

ji,i+1__(j1,i+1 +1), Iy,j1(ly,ijsr+ 1) and 3/4, respec-
tively. Thus our problem reduces to the calcula-
tion of the matrix element

il e ol (el by 5 -

The explicit form of this matrix element is given
in reference 6, formula (3.101):

il by ¥ jua | ol i b b - 0

— lli (lli +1)— lz’+1 (li+1 + 1)+ lli+1 (lli+1 +1)
2y +0)
X (up + 1) — by i + 1) — £

Now, starting from formula (12), we can write the
left side of (A2.1) as
[ I+ Lyl + ) — Ly Gy + D + Ly Uy, +11)

Tl T @l + 02y Uy g + )

X it (s 4+ 1) = biga Qs+ D — 23] Prgs vy Rinea:

It is clear that, depending on the choice of j;j
=1j+ Y and J,ie1 = U,ie1 £ Y, we get the four
values *kj given in the text.
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