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parallel to each other, and the d sub lattice mag
netized in the opposite direction (with the total 
magnetization parallel to the external field ) . It 
is clear from this that at ultralow temperatures 
both the X nuclei and the iron nuclei will be po
larized, and that the limiting degrees of polariza
tion will be unity for the X nuclei and - % for 
the iron nuclei. 

Thus we see that by applying a magnetic field 
to a ferrite or garnet cooled to an ultralow tern
perature one can obtain polarization of the nuclei 
not only of ferromagnetic atoms, but also of many 
paramagnetic atoms. 

Measurements of the nuclear polarization pro
duced can be made by means of nuclear magnetic 
resonance, with the resonance frequency corre
sponding to the internal field. 9 In the case of radio
active nuclei the polarization can be observed by 
studying the angular anisotropy of the y radiation 
or the angular asymmetry of the {3 radiation. The 
study of {3 radiation is more advantageous, since 
it gives a possibility for direct determination of 
the degree of polarization of the nuclei. 

Experiments of this kind can be made not only 
for the purpose of obtaining polarized nuclei, but 
also in order to study the properties of ferrites 
and garnets and of other nonmetallic ferromag
netic materials. In particular, such experiments 
can be made with so-called mixed ferrites and 
garnets, for which the structure problem has not 
yet been finally solved. 

*This class also includes the ferrite of magnesium, .which 
is ferromagnetic in spite of the fact that the Mg++ ion is non
magnetic. 
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A paper by Puzikov, Ryndin, and Smorodinski11 

has dealt with the problem of the reconstruction 
of the scattering matrix. In particular, it contains 
a suggestion that phase-shift analysis be replaced 
by direct solution of the system of equations that 
follows from the unitarity condition. 

We have made an attempt to find a method for 
solving this system for the simplest case of the 
scattering of spinless particles by a center of 
force. In this case one gets the following system 
of equations for the real part R (JJ.) and the imag
inary part I (JJ.) (JJ. = cos ~) of the scattering am
plitude (a is the scattering cross section): 

1 27t 

l (p.) = 4~ ~ ~ [I (p.") I (p.') + R (p.')R (p.")l dp.'dcp, (2) 
-1 0 

where 

(3) 

It must be remarked that the choice of I (JJ.) and 
R (JJ.) as the unknown functions is to be preferred 
to the description of the complex amplitude by its 
absolute value and phase, which was suggested in 
reference 1. The latter description is unstable 
under small changes of the amplitude. 

The system (1)- (2) was solved by Newton's 
method for functional equations. 2 Instead of the 
nonlinear equation (2) one gets for the correction 
~ ( Jl ) to the n-th approximation In ( Jl ) the linear 
integral equation ( k = 1 ) 

~(J..) + _!_ \\' ~( ') Rn (!-'")In(!-'')- Rn (!-'')In(!-'") d 'd 
I 21t )) p. Rn(t-'') p. cp 

=-In (IL) + 4~ ~~ [ Rn (p.") Rn (p.') +In (p.') In (p.") 

+ R ( ") a (!-'')- R~ (!-'') -I~(!-'') J d 'd 
n !l. Rn (!-'') IJ.. cp. (4) 

The successive approximations for I (JJ.) and R (JJ.) 
are obtained from the formulas 
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When Rn+l (JL) passes through zero the sign of 
Rn+l (JL) is fixed by the requirement of continuity 
of the derivative. 

The integrals in Eq. (4) lose their meaning if 
~ (JL') has zeroes JLs in the interval ( -1, 1 ). 
To regularize the integrals we can use their 
principal values: 

1 1 

ID ( ( \ <p(J.L) (' [ 'P {J.L) ~ 'P (J.L,) J 
R p.)) = ~ R(J.L) dt.L = j R (J.L)- ~ (J.L- J.L,) R' (J.L,) dp. 

-1 -1 5 

~ 'P (J.L,) l 1 - fLs 
+ ~ R' (J.L5 ) n 1 + fLs • 

s 

(5) 

It was found that such applications of the theory of 
generalized functions assure convergence even in 
cases in which the numbers of zeroes of the solu
tion and of the zeroth approximation are not the 
same (see diagram). Equation (4) was solved 
with an electronic computer by reducing it to an 
algebraic system of linear equations. The number 
of equations is then equal to the number of points 
used in the numerical-integration formula (that of 
Gauss ) plus the number of zeroes of the real part 
of the scattering amplitude [ cf. the factor cp (/1-s) 
in Eq. (5)]. In the examples solved the number of 
zeroes does not exceed three, and the number of 
points for the integration formula was six. As a 
rule the functions chosen as zeroth approximations 
were extremely far removed from the actual solu
tions of the system. 

In spite of this, rapid convergence of the itera
tion process was found in seven out of the ten ex
amples solved. The correction to the zeroth ap
proximation, which was often larger in magnitude 
than lo(/1-) and Ro(/1-) themselves, at once gave 
almost the correct value of I R ( 11- ) 1. The next 

Imf{p) Ref{p) 

!Jl 

* -0.1 -I 

Convergence of the iteration process. Curves 0, I, II are 
respectively the zeroth, first, and second approximations, 
and * is the exact solution. 

approximation led to the correct value of I (/1- ). 
Three or four approximations were usually enough 
to get three-figure accuracy (see diagram). The 
convergence is slower in the three examples in 
which either R or R0 has no zeroes, i.e., in 
which the regularization by Eq. (5) either is un
necessary ( R0 > 0 ) or leads to a ci> [ R0 ( 11- )] that 
differs sharply from ci>[ R(/1-)] (R > 0, R0 changes 
sign). In all ten examples the scattering amplitude 
in forward directions (/1- > 0) was reconstructed 
with particularly high ac.curacy; the reconstruc
tion for R was better than that for I. 

The numerical experiment which we have made 
allows us to hope that also in the more complicated 
case of scattering of particles with spin direct so
lution of the system of nonlinear equations can give 
the desired scattering matrix, bypassing phase
shift analysis. 1 

For a detailed exposition of the results of the 
present work, see reference 3. 

The authors are grateful toR. M. Ryndin and 
L. A. Chudov for suggesting this problem. 
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up to recently, electronic paramagnetic reso
nance ( e.p.r.) of the Ti3+ ion was observed only 
in cesium-titanium alum.1•2 The authors of these 


