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We calculate the energy spectra of neutrons emitted at 0 and 180 deg in the c.m.s. from the 
reaction p + d - p + p' + n, at an approximate total reaction energy of 4 Mev, with pair 
interaction of the nucleons in the final state taken into account. Applications of this method 
to the calculation of the energy distributions of reaction products when several particles 
are emitted are considered from the standpoint of clarifying the role of interactions of par
ticles in final states. 

TWO maxima, one at the upper boundary of the 
spectrum and one at a neutron energy~ 0.7, have 
been observed1•2 in the spectrum of neutrons from 
the reaction p + d- p + p' + n, emitted at zero 
degrees to the direction of incident 8. 9-Mev pro
tons. These maxima can be attributed to the inter
action between the nucleons produced in the final 
state. 3 This spectrum of neutrons from the reac
tion p + d - p + p' + n was investigated theoreti
cally by Heckrotte and McGregor,4 but only withal
lowance for the interaction between two protons in 
the final state, and in the approximation of a zero 
proton interaction radius, so that the form of the 
neutron spectrum could not be fully explained. 

In the present paper we calculate the energy dis
tributions from the reactions ( p + d) emitted at 0 
and 180 deg to the direction of the incident protons 
in the c.m.s., for a total reaction energy of approx
imately 4 Mev. It is assumed in the calculation that 
two out of three nucleons produced in the reaction 
interact with each other. Thus, the three-body 
problem is reduced to a two-body problem, that of 
a virtual biproton and a deuteron, which symbolize 
pairs of nucleons interacting in the final state. 
(The use of the terms "virtual particle" does not 
imply their existence.) The interaction between 
nucleons was taken into account accurately, and its 
parameters were taken from the experimental data 
on nucleon-nucleon scattering. The Born approxi
mation was used to account for the interaction be
tween the third nucleon and the virtual particle. 

It must be noted that, strictly speaking, the use 
of the Born approximation is not justified at such 
low energies. However, this approximation has 
been used successfully in that energy region for the 
investigation of the angle and energy distributions 

in stripping which is quite similar to the process 
investigated here. 5 One can therefore expect the 
use of the Born approximation for the interaction 
of a pair of particles with small relative momenta 
and a third particle to yield in this case angle and 
energy distributions that are close to the real ones. 

The orbital momentum of the relative motion of 
the proton and deuteron in the investigated disinte
gration of a deuteron by protons was assumed to be 
zero, for a total reaction energy of 4 Mev. The or
bital momentum of the relative motion of the nucle
ons produced by the reaction, joined in a virtual hi
proton and deuteron, is also assumed to be zero. 
Then, by virtue of the conservation of the total mo
mentum of the system and of the exclusion principle, 
the total momentum of the system can be either 
J = % or J = %, and the spin of the virtual parti
cles can be either S = 0 or S = 1. Consequently, 
the differential cross section of the disintegration 
of the deuteron by protons should be determined by 
the expression 

da MnMop(En){2IHI 2 1!Hi2+11H121 
dEndQn = (2nfi,2)• ~ 3 1 + 3 2 3 3 J• 

(1) 
where M0 and Mn are the reduced masses of the 
incident proton and of the neutron produced by the 
reaction, p (En) is the density of the neutron en
ergy states, H1, H2, and H3 are th,e matrix ele
ments of the transition, corresponding to J = %. 
s = 1; j = %, s = 1; and j = %, s = 0. 

The general form of the matrix element of the 
transition is 

where ( 1 - P 13 ) is the particle rearrangement op
erator. Expansion of the expression for H leads 

1123 



1124 V. V. KOMAROV and A. M. POPOVA 

to six integrals, of which two correspond to the for
mation of a virtual biproton ( Ipp) and four to the 
formation of a virtual deuteron ( Ipn). Since the 
spin state of the two interacting protons can be only 
singlet in this case, while the spin states of the in
teracting proton and neutron can be singlet and tri
plet, the matrix elements H1 and H2 include inte
grals Itn corresponding to a triplet interaction of 
a neutron and a proton in the final state, while H3 

can contain integrals I~p and ~n' corresponding 
to the formation of virtual particles in the singlet 
state. 

The integral Ipp is written in the form 

lpp ~ ~ 'P2P (p)x2p <p (rn)xn (Vpp + Vpn) ~dXd ~ (rp)xpd't, (3) 

where 1/Jd is the internal wave function of the deu
teron, taken in the form of a Hulthen function; 
if! ( rp) and cp ( rn) are the wave functions of the 
incoming proton and the emitted neutron, taken in 
the form of plane waves; Xd and Xp are the spin 
functions of the deuteron and the incident protons; 
X2p and Xn are the spin functions of two protons in 
the singlet state and a n~utron; cp 2p ( p) is the wave 
function of the relative motion of two protons, taken 
with allowance for their scattering by each other in 
the singlet states. 

If the nuclear interaction of the two protons is 
chosen in the form of a potential well with Po= 2.65 
x 10-13 em, the radial part of the wave function 
'P2P ( p) assumes the following form for p < p0: 

'P~~ (p) = Ap-1 sinkp, 

where k is the wave vector of the relative motion 
of two protons within the potential well. For 
p > p 0, account was taken of the Coulomb interac
tion of the two protons, and 

'Pl~. (p) = G (fp) +cot o F(fp), 

where G ( f p) and F ( f p) are Coulomb functions, 
and cot o is a factor that takes nuclear interaction 
into account. The coefficient A and the absolute 
value of the wave value k are determined by mak
ing the logarithmic derivatives of the functions 
cpHf ( p ) and cpW ( p ) continuous at p = p 0• V ari
ation of the parameter Po from 2.4 x 10-13 to 
2.8 x 10-13 , values known from experiments on pro
ton-proton scattering, does not change substantially 
the magnitude and form of the differential cross 
section of the reaction. In Eq. (3) Vpp and Vpn are 
the potentials of interaction between the incoming 
proton and the nucleons of the deuteron, Vpn was 
taken in the form of a o function, while V pp was 
chosen in the form of a potential well of radius 
Po= 2.65 x 10-13 em. It was impossible to take Vpp 

in the form of a o function in this case, since 
cp 2p ( p) depends on the same parameter P· Since 
we deal with S waves only in this analysis, the 
choice of the type of interaction, V pp or V pn. is 
immaterial, for it is determined only by the one 
parameter - the scattering length. 

For the case of interaction of a neutron and pro
ton in the singlet or triplet final state, i.e., in the 
case of production of a virtual deuteron, the inte
grals I pn have the form 

I pn ~ ~ "fipn ( p )xpn <p (rp•) XP' (V pp + V pn) ~dXd~ (rp) )(pd't, ( 4) 

where cppn ( p) is the wave function of the relative 
motion of a proton and neutron, taking into account 
scattering in the triplet or singlet states. 

If the interaction between the proton and neutron 
is chosen in the form of a potential well with Po 
= 2.65 x 1o-13 em, the radial part of 'Ppn ( p) has 
the form 

<p~1J (p) = A' p-1 ~ink' p, 

rp~J (p) = 2 v;(fpt1 sin fp + 4rrf (8) p-1eifp, 

P <Po; 

P >Po, 

where f ( e) is the amplitude of scattering of a pro
ton by a neutron in the singlet or triplet states;6 

A and k' are determined by making the logarith
mic derivatives of the functions cp~J ( p) and 
cp~2J. ( p) continuous at p = Po· The potential V pp 
in the integrals I pn was chosen in the form of a 
o function, while Vpn was chosen either in the 
form of a o function for cppn ( p) independent of 
the coordinates of the incident proton, or in the 
form of a potential well with Po= 2.65 x 10-13 em 
for cppn ( p) dependent on the coordinates of the 
incident proton. 

Calculation has shown that the integrals Itn, 
which take into account the triplet interaction of 
the neutron with the proton in the final state, are 
much smaller than the integrals Ipn correspond
ing to the interaction in the singlet state. Conse
quently, the differential cross section of the re
action should be determined by the square of the 
matrix element H3 and can be written in the form 
da = dapn + dapp + dainterf· 

Figure 1 shows the experimental c.m.s. spectrum 
of the neutrons from the reaction p + d - p + p' + n, 
emitted at zero degrees to the direction of the in
cident 8.9-Mev protons.1•2 Figure 2 shows the ex
perimental c.m.s. spectrum of the neutrons from 
the reaction d + p - p + p' + n, emitted at zero 
degrees to the direction of the incident 18.6-Mev 
deuterons. 2 This last spectrum can be considered 
as a spectrum of neutrons emitted at 180 deg to the 
direction of the incident protons from the reaction 
p + d- p + p' + n, since the total energy of either 
reaction is of order 4 Mev. The figures show also 
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FIG. 1. Spectrum of neutrons 
(c.m.s.) produced at a zero 
angle in the (p + d) reaction by 
incoming 8. 9-Mev protons. The 
points are the experimental 
data of reference 1, and the 
curve is calculated in the pres
ent work. 
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FIG. 2. Spectrum 
of neutrons (c.m.s,) 
produced at a zero 
angle in the (d + p) 
reaction by incoming 
18.6-Mev deuterons. 
The points are the 
experimental data of 
reference 2, and the 
curve is calculated 
in the present work. 

tne neutron energy spectra, calculated.in the pre
sent paper, for neutrons from the reaction p + d 
- p + p' + n, emitted at 0 and 180 deg to the di
rection of the incoming protons, for the corre
sponding total reaction energies. 

The calculated spectrum of the neutrons emitted 
at zero degrees has two maxima, like the experi
mental one. The position and shape of the maxi
mum at 0. 7 Mev neutron energy is determined es
sentially by the contribution of dapn to da, i.e., 
by the interaction between the neutron and the pro
ton in the final singlet state. The maximum at the 
upper boundary of the neutron spectrum is deter
mined by the contribution of dapp to da, i.e., by 
the interaction of two protons in the final singlet 
state. The maximum at En::::: 0.7 Mev is tJonsid
erably broader and higher than the maximum at 
the upper boundary of the neutron spectrum. This 
may be due to the high probability of pickup of a 
neutron (deuteron) by the incoming proton and 
their emission forward. 

The spectrum of the neutrons emitted at 180 
deg has one maximum at the upper boundary. 

The form of this spectrum, as shown by calcula
tion, is determined completely by dapp• i.e., by 
the production of a virtual biproton in the singlet 
state, emitted forward. 

The ratio of the areas under the experimental 

points is 

~~ (180°)/:~ (0°) = 1,8+0.3, 

while the same ratio under the corresponding the
oretical curves is 1. 75. This is evidence that the 
angular distributions of the products of reactions 
accompanied by emission of several particles can 
be calculated by the foregoing method. 

Because of isotopic invariance, one can expect 
the c.m.s. spectrum of protons from the reaction 
n + d - p + n + n', emitted at zero degrees to 
the direction of the incident protons of energy ~ 10 
Mev to have two maxima, like the corresponding 
neutron spectrum from the reaction p + d - p 
+ p' + n. The first maximum, at a proton energy 
of approximately 0. 7 Mev, should correspond to 
the interaction between the neutron and proton in 
the final singlet state, while the second, that at 
the upper boundary of the spectrum, should corre
spond to the interaction between two neutrons in 
the final singlet state. However, great interest 
attaches to an experimental investigation of the 
spectrum of protons from the reaction n + d - n 
+ n' + p, emitted at zero degrees, since its theo
retical analysis by the method given above yields 
the neutron-neutron scattering length. 

The method developed in the present paper and 
in references 3 and 7 can be used to analyze the 
spectra of the products of the reactions ( d + d), 
( d + T), ( d + He4), ( T + T), and similar reac
tions, in order to explain the role of interaction of 
the products of these reactions in the final state 
and the possibility of the existence of excited states 
of He4, He5, and Li5• 

In conclusion, the authors thank S. S. Vasil'ev, 
A. S. Davydov, and Yu. M. Shirokov for an evalua
tion of this work, and also N. A. Vlasov and B. V. 
Rybakov for great interest in the work and for 
numerous discussions. 
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