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The conductivity of an electron gas in perpendicular electric and magnetic fields is investi-
gated for wt >»> 1 (7 is the electron relaxation time, w is the cyclotron frequency). Elas-
tic scattering of electrons on fixed short-range force centers is considered. Interaction
between the electrons and the scatterers is treated without the aid of perturbation theory.

In the final result the conductivity is expressed as a function of the magnetic field and the
exact amplitude for scattering of a zero energy electron on a single center in the absence

of a magnetic field.

IN the recent work of Adams and Holstein,! gal-
vanomagnetic phenomena were studied in a strong
magnetic field. Here, the interaction of the elec-
trons with different scatterers was considered by
the authors as a perturbation, which required the
assumption of a finite width of the electron levels
for the elimination of divergences that appear in
the Born approximation.

In the present work, the conductivity of an elec-
tron gas is computed for a strong magnetic field
in the case wt > 1, where 7 is the relaxation
time of the electrons, w =eH/m (the system of
units is used for which i =c =1). Only elastic
scattering of the electrons on randomly-arranged
immovable centers is considered; the radius of
action of these centers is assumed to be small in
comparison with the wavelength of the electrons
and with the mean distance between scatterers.
The interaction of the electrons with the scatter-
ers is considered without the aid of perturbation
theory, inasmuch as the Born approximation,
strictly speaking, is not suitable at low energies.
Limiting ourselves to the case in which the direc-
tions of the electric and magnetic fields are per-
pendicular, we begin our calculations with the gen-
eral expression for the conductivity tensor obtained
by Kubo:2
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3¢ is the total Hamiltonian of the system in the ab-
sence of an electric field; v, (t) is the Heisenberg
operator of the u component of the velocity of the

electron; € > 0; B=1/kT; Q is the normalized
volume; u, v =X, Yy, z. The diagonal elements of
the tensor oy, can be written in the much simpler
form
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For calculation of oyy, it is convenient to put the
operator X, in the form
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The identity of Eqs. (3) and (4) can easily be seen
by taking their matrix elements in the representa-
tion of the Hamiltonian 3¢ and carrying out inte-
gration over t in (3) and integration over E in
4).

We shall now consider separately the cases of
Boltzmann statistics and Fermi statistics.

1. NONDEGENERATE ELECTRON GAS

In this case, it can be assumed that 3¢ is the
Hamiltonian of a single electron in the field of the
scattering centers, i.e., 3 =3C, + V, where

V=V..

Here A is the vector potential of the magnetic
field H, Vj is the Hamiltonian of interaction of
the electron with the i-th scattering center, lo-
cated at the point rj.

We write the vector A in the form A, =A,
= 0; Ay = Hx. The eigenfunctions and the eigen-

Ho=(p—eA)*/2m,
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values of the operator JC, have the form

Yo, (r) = exp i (k y + k2)l9n (x /L — IR,),
Enp,=o(n+7) -+ 2/ 2m,

where ¢, is the Hermite function of n-th order
and 7 = (eH)"¥2, The matrix elements of the op-
erators vx(0) and vy(0) are determined by the
formula

(WK R, | 0x (0) + iv, (0)] nkyks)

—_ — 2t
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(kK| 0x (0)—iv (0)]nkyk)

=i(20/m)(n + 1)/3, ,n+18k . Skzk . 5)
In what follows, we shall denote the sets of
quantum numbers nkykz by the Greek letters a,
B, etc.

Following Luttinger and Kohn,? we introduce
the “scattering operator” T(*)(E), which is de-
termined by the relation

(E — 5 +ie)! = G + G T (E) G,
(E— H,% ie)™. (6)

The operator T(X)(E) can be written in the form
of a series

ZT( V(E) + ZT(::)(E GEIT() (E) + ..., (7)
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where the “operator of scattering on the j-th cen-
ter” Tgi)(E) satisfies the integral equation

T (E) = Vi + V,GE T (E).

The matrix element (8| TV (E)|a) for E=E,
is the amplitude of the transition from the state «
to the state B in the scattering of the electron on
the j-th center. In reference 4, the author calcu-
lated the amplitude of scattering of an electron of
low energy on the short-range potential V in a
strong magnetic field [it was assumed that the
radius of action of the scattering potential r,

< (2mE)~Y2]. According to the results of ref-
erence 4,
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where

K(E) =17 | [2m (E —no — o/ 2)]~",
a=0
f is the exact scattering amplitude of a zero en-
ergy free electron on the potential V; N in the
expression for K is so defined that the last term
in the sum over n would be purely imaginary.
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By a method completely analogous to that used

in reference 4 for the derivation of (8), it can be
shown that the matrix elements T{"(E) are de-
termined by an expression similar to (8), i.e.,
that (8) maintains its force if we replace E by
Eo in the argument of T{" andin K. The ma-
trix elements of the operator T{?(E) are con-
nected in simple fashion with the matrix elements
of TJ!”(E ):

(@|TS7(E)|B) = @IT (E)|a)*.

Expressing X, and p interms of the operator
T (E), determined by Eq. (7), one can compute the
elements of the tensor oy for u,v=x,y. It 1s
shown that in the approximation w7 > 1 and BT
> 1, it is sufficient to consider a single scattering
center and multiply the expression obtained in this
case for the number of collisions of the electron
per unit time by the number of such centers. There-
fore, in what follows, in order to make the calcula-
tions clearer, we shall understand by T (E) the
scattering operator on a single center.

Substituting (4) in (3), we have

Xu= X+ X" + X2,
Here X,(JO) does not depend on the operator
T(E); X,(}) is proportional to the first power of

T(E), and Xff) is proportional to the second.
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where Wag = E, —Eg. In obtaining (10), we took

it into account that T(”(E) has a pole only in the
lower half of the complex plane E, while T (E)
has a pole only in the upper half-plane. The oper-
ator X, has a simple physical meaning. X{? is
the operator of the u-th coordinate of the elec-
tron relative to its center of rotation in the ab-
sence of collisions, while X, —X,(to) describes the
mean change of Xy under the action of the scatter-
ing of the electron on the potential V. We note that
X“P) makes no contribution to Ops inasmuch as
the term corresponding to it is purely imaginary.
One can generally omit X,S‘” in the calculation of
oyup in the approximation under consideration,
since

ZT‘ N(E)|a —Eia—_,—
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disappears on summation over the x coordinate
of the center of rotation of the electron (lzky), be-
cause of the orthogonality of Hermite functions of
different order. We recall that only ¥,(R) and
¥}/ (R), which enter into the matrix elements of
the operators T (E) and T)(E), depend on
ky; here R is the radius vector of the scattering
center.

Let us consider the operator p (3¢). We can
represent the quantity exp (—pB3C) in it in the
form

exp (— BH) = S (i) exp (— 8H,),
where S (if) is determined by the equation
3 o, . .
— S =SV ()
and the boundary condition S(0) = 1. By direct
substitution it can easily be shown that the solution

of (11) (with accuracy up to terms of higher order
in the operator T’) is given by the formula.

(11)

(@] S@B) [ 7) = 8oy — 12)

1 — €xp (B(" a) ’ \
—TER O (@] T (B ),

where T’ is determined by the integral equation
@I (Em = @IV [0+ DT E8 (5 ), ¢1V I

(here the index P means that the integral over E
is taken in the sense of the principal value). The
solution of this equation differs from the matrix
elements (a|T(*)(Ey)|v) only in the fact that it
does not contain Re K(Egy).

Substituting the expressions (9), (10), and (12)
obtained for X, and exp (-p3) in (1) and (2),
we obtain, after tedious but elementary transfor-
mations,

Oxx. = Briee? D py (Eo) | (| X | 1) 22

(13)
(14)

X 2| (| T(Ea) | 1) 8 (Ex — Ea),
' Oyx = — Nee? [/ mow,
where
po(E)=Z7'exp(—BE),  Z=Spexp(—p¥,),

ne is the electron concentration. In the deriva-
tion of (13), we made use of the “optical theorem”
for the operator T (E):

—2Im(«| T (E)| @) = 2r )| (a| T (Ep)| B) 28 (Ep — E)
and also of the fact that

Re (8] THY(Eq) | @) (| T" (E)1B) = | (BT (Ea) | o) 2.

The validity of these expressions follows from the
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explicit form of the matrix elements of T’ and
T.

Thus oxx and oyy are proportional to the
mean square of the Larmor radius of the electron
and to the frequency of collisions with the scatter-
ers. Equation (14) shows that Y?) makes no con-
tribution to oyx in the given approximation, i.e.,
the average change of the y coordinate of the
electron under action of the collisions is equal to
zero if the electric field is directed along the x
axis.

We shall compute oxx in two different limiting
cases. Substituting (8) and (9) in (13), we have

n.e?

Sre = B Sy (Ee) (e + /o) v (Ed), (15)
_ i K’ (E)

V()= e gk as)

We use here K =K’ -iK”; np is the number of
scatterers per unit volume. The quantity v (E)
is the total number of collisions of the electron
with energy E per unit time. In the limiting case
Bw <« 1, we have substantially ny ~ (Bw)™! in
(14), and the well-known classical formula

7

Oxx == N2 [ Mot
is obtained for oxyx, where
/e =200 (E )v(Eo).
In the other limiting case Bw> 1, if all the elec-
trons are in states with ng = 0, oxx has the form

s = 82 e () Ei (). (18)

Here,

(o]
. d
Eifw) = - exp(—2),
0
that is, in the limiting quantum case, oxx is almost
independent of the value of the magnetic field.

2. DEGENERATE ELECTRON GAS

In the case of Fermi statistics, it is appropriate
to calculate in the second-quantization representa-
tion. We introduce the operators ag of creation
of an electron in the state o« and the operators ag
of annihilation of an electron in the state 3. The
properties of these operators are defined by well-
known commutation relations

+ o+ + + + +
Qaap + apy = Qe ap + apa, =0, aq Qg + apy = 8yp.

The operators JC and X, are single particle op-
erators and have the form
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%:%0—)—‘/1 =Z(E¢—'C);la,

V=2 alag@|VIB),  X.= atas(x|Xa|p). 19)
af

a+f

Here ¢ is the chemical potential and Ny, = ahay
is the operator of the number of electrons in the
state «.

The operator exp (—pB3C) can, as in the non-
degenerate case, be written in the form

exp (— B#H) = S (i) exp (— BH,).
where, under the given approximation (wrt > 1),
S (@) =1+ Dal a2 (6] T (Ea)| 1),
We now substigute (19) a,ndY (20) in (1) and (2), and
make use of the relations
Z1Sp [ ora] = | (Eu),

AR Sp [E_Bgfo;la;ly] = f(Ea) f (EY)

(20)

(a==1)

etc. where f(E) is the Fermi function.
Carrying out transformations similar to those
used in the derivation of (13), and making use of
the identity
f(Ez) — f(Ey) = [1 — exp (Bway)] f (Ea) [1 — f (EY)],

Bf (E)I1 —f(E)] = df (E)/ dC,
we get

Y5)v(Ea), 0yx = — n.e?| mo,
(21)

Oxxy = Oyy =

e de Eia) 12 (ng +

where v (E) is given by Eq. (16).

In the limiting quantum case 1 < B(¢-w/2)
< Bw, all the electrons are found in states with
n =0, and we get

1 npe*fio

xx = E‘ﬁ_'——ﬁ)ﬁ (22)

from Eq. (21) with the aid of (16).

In order to obtain the final expression for the
conductivity, it is still necessary to take into ac-
count the dependence of the chemical potential ¢
on the magnitude of the magnetic field. This de-
pendence can easily be found from the condition

1. €) = n¥ o).

Here n'd’ and g, are the electron concentration
and the chemical potential in the absence of the
magnetic field, respectively. In the case under
study,

{—o/2=4(/9%?

and the final expression for oxyx has the form
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S = 9npe?f20® [ 1673, 23)

In the case w < ¢, (21) can be reduced to the

form
_ & [2m df (E)
o = (5 wgsz 1(E)v(E), (24)
where
_\ n41/y
I(E)_%I(E/(D—n-—llz)l/z

The summation is carried out over all n for which
the radicand is non-negative.

For computation of K’ and I, we introduce the
notation E=w (N + € + %), where N is an integer,
0 < € <1, and make use of the summation formula
of Poisson, which is written in the form

“+oo
E exp (i2rnkx) = 2 3 (x—n).

k=—o0

(25)

Multiplying (25) by the function ¢(x), and inte-
grating over x from 0 to N+¢€, we get

N " 400 N+t¢
29 =390+ 2

k=—0c0 ¢

dxo (x) exp (i2nkx).

By means of this formula, it is not difficult to ob-
tain an expression for I and K’ in the case
N> 1:

1@ (e o )

x 3

cos (2nke — w/4) ]
k=1

(2 k)‘/:-

@~ en (o (e

cos (2mke — m [ 4)
X 21 (2k)72 ]

(26)
As € tends to zero, the behavior of the series
appearing in Eq. (26) is accurately described by
the function ie~¥2. This function serves as an
integrating factor; therefore in integration over E
in (24), we can neglect the departure of the denomi-
nator of (16) from unity, for all terms except the
term corresponding to the product of the series en-
tering into (26). As a result, the product I(E)v (E)
can be written in the form

[o o]

E+2E)" 2

k=1

cos (2mke — w/4) + 3o 1
(2k)'"2 4E 2s+f2/lz]

with accuracy to within a common factor.

Expanding the last component in the brackets
in a Fourier series and integrating over E in
(24) for the case 1 < Bw < B¢, we obtain
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cxxz3—7=e2npf2<%) {1 -+ g-g—lnf—lz,

4 Sj (— ) [:Ak cos <2ﬂkt — %) - B cos (21?)]} , 27
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where
Ap = 2n2k 5 <2 )1/2 (2k)_l/'-',

Swsinh(2n%k [ o) 2 \L

2n2k 3w Ci (Tckf2>

" Bwsinh(Znk [Bo) 4C =)

B, =

The asymptotic expression of the cosine inte-
gral has the form

), y=17..,

for small values of the argument; therefore the
term in the conductivity proportional to Bk can
play an important role, especially if w/¢ is not
too small.

Ciz=Inyz
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