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We consider the relaxation of the magnetic moment and the equalization of spin and lattice
temperatures of ferrodielectrics with a weak magnetic anisotropy in weak magnetic fields.
We show that the magnetic dipole interaction establishes the equilibrium of the magnetic
moment, both as to its magnitude and as to its direction. The relaxation time of the abso-
lute magnitude of the magnetic moment is in this case of the same order of magnitude as
the characteristic time of rotation of the magnetic moment to its equilibrium direction.
The relaxation time for the equalization of spin and lattice temperatures is also evaluated.

].. Akhiezer, Bar’yakhtar, and Peletminskii® pre-
sented a general theory for the relaxation of the
magnetic moment in ferrodielectrics; this theory
was based upon the fact that there are two types
of interaction between spin waves: the strong ex-
change interaction and the weak relativistic inter-
actions (magnetic dipole interaction and interac-
tions caused by the magnetic anisotropy).

The exchange interaction leads to the establish-
ment of a Bose distribution of the spin waves with
a non-equilibrium value of the magnetic moment,
but the weak interactions lead to the establishment
of an equilibrium value of the magnetic moment
both in absolute magnitude and in direction. In the
cited paper this scheme was applied to an evalua-
tion of the relaxation time of the magnetic moment
in those circumstances where the magnetic aniso-
tropy constant S and the external magnetic field
H, were sufficiently large. Under those circum-
stances one can easily check that spin waves with
wave vector k=0 cannot split up into two spin
waves with wave vectors k and —k. The strong-
est of the “weak” interactions, which describe the
processes of the combination of two spin waves
into one and the splitting of one spin wave into two,
can therefore not cause a change in the number of
spin waves with k = 0, which determines the com-
ponent of the magnetic moment of the body perpen-
dicular to the axis of easiest magnetization.

Because of this, one invokes the relativistic in-
teractions, which describe processes involving a
large number of spin waves one of which has a
momentum k =0, to explain the relaxation of the
transverse component of the magnetic moment.

The situation is different in crystals with a

small magnetic anisotropy constant S in weak
magnetic fields (B + Hy/M, < 47/3), since under
those conditions the splitting of a spin wave with
k =0 into two spin waves now turns out to be pos-
sible. Because of this it is not necessary, when
describing the relaxation of the magnetic moment
in such crystals, to take the interactions describ-
ing spin wave-spin wave scattering into account,
and it is sufficient to restrict ourselves to the
magnetic dipole interaction which describes the
splitting of one spin wave into two and the amalga-
mation of two spin waves into one.

We note, finally, the following fact: it is well
known (see Néel?) that many ferrites, which at
low temperatures can be considered to be dielec-
trics, have a complicated magnetic structure, i.e.,
they are described not by one but by several mag-
netic sublattices. This leads to the occurrence of
high-frequency branches of the magnetic energy
spectrum with a large activation energy, as well
as a low-frequency branch (without an activation
energy). The contribution of these high-frequency
branches to the thermodynamic and transport prop-
erties of ferrodielectrics at low temperatures is,
of course, exponentially small. One might think
that the strong exchange interaction y(M;*M,)
between uniformly magnetized sublattices could
essentially change the interactions between low-
frequency spin waves. This would thereby lead
to an influencing of the magnetic structure of the
transport and relaxation properties of a ferrodi-
electric at low temperatures.

A detailed analysis (see Appendix) shows that,
indeed, the interaction between low-frequency spin
waves, which is caused by the energy of exchange
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between sublattices, turns out to be of the same
order of magnitude as the relativistic interaction
describing spin wave-spin wave scattering. This
enables us to neglect the magnetic structure of a
ferrodielectric with weak anisotropy when we study
its relaxation processes.

2. The Hamiltonian of a ferrodielectric with
cubic symmetry can be written in the form

%= A+ %",

1 oM, oM
29 = [ G- 5 + 2fw2(M M+ MEM:
+ MyMY) + g do,
1 0,a oM, oM, oM, oM,
5P — zuMoS[a o R Tk v ukk]dv, (1)

where M is the magnetic moment density, H the
magnetic field acting in the crystal, uji the de-
formation tensor, a a constant connected with

the exchange integral [a = (@c¢ /uM,)a?, where
®c is a quantity of the same order of magnitude

as the Curie temperature, a the lattice constant,
M, the saturated magnetic moment, and u the
Bohr magneton], and 6; and d, are the magneto-
striction constants. The first term in Eq. (1) is
the magnetic energy of the ferrodielectric and the
second term the exchange part of the magnetostric-
tion energy which is connected with the inhomoge-
neity of the magnetic moment. Kaganov and Tsu-
kernik® have shown that one can neglect the energy
of relativistic origin, which describes the magneto-
striction effect when there is a uniform magneti-
zation, when one considers relaxation and transport
processes in the temperature range T > 2muM,

~ 1°K.

If we now make the well-known transition (see
Holstein and Primakoff! and also Kaganov and Tsu-
kernik®) to the creation and annihilation operators
of the spin waves, cy and cy, we get

%(S) %(0) + %(3) + %(4) (2)
H =Y ecron, &=V A —|Bil’, 3)
k
HP = D) g ¢ cah (k-Hko—k,) + c.co, @)
1,2,3
%(d) = 2 Dy, 54 C; C; C3C4A (kl+k2—"k3_— ka), )
1,2, 3,4
where we have used the following notation
Ap = pM, (ak® -+ B+ Hy/ M, 2z sin?0y), 6)

Bk =2r E}’MO sin? eke_2i¢k,
1y, . g, * i1, ¥y, * *
Dy, 5 = — 7u(2uM,) V™" [sin 20, (e~ uy -+ €¥'0;)(ustty~ -v5vs)

4 5in 20, (€7 % uy -+ € %*vy) (uqu5 - v1U5)--sin 20, (€,
-+ emw'vs)(vl u-z - vzul)l'

(7
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Dyy, 5 = — (0% / 2V) (ki + kska), (8)

o = — ek} (Ax —ew) / 2k,
)

uk = V (Ax + &) / 2k,

cj = Ckj » 05 and ¢j are the polar angles of the

vector k. Since &y, 3 is very small for small k
(~ akz) the main role in the collisions caused by
the operator 34’ will at not too low temperatures
(T > 2muM,) be played by spin waves with large
wave vectors: €k~ T, ak®~ T/uM, > 1. One
sees easily from (6) and (9) that for such values of
the wave vector |vk| < |uk| =~

The considerations given above refer also to
the Hamiltonian describing the interaction between
spin waves and phonons, 3P), The Hamiltonian
3¢(P) expressed in terms of creation and annihila-
tion operators for the spin waves and the phonons
is of the form

HP = D) iy, 501 CobsA (ky — ky — ) |- c.c. (10)
1,2, 3
where
. a%e,
Wi, 3 =1 — Vo ( > (31 (k1e5) (kafs)
-+ 81 (koes) (Kify) - 28, (ki ks) (e5f5)], 11)

the index 3 indicates the wave vector f; and the
polarization s of the phonon, e; and wj are the
polarization unit vector and the frequency of the
phonon, b3 and b; are the creation and annihila-
tion operators for the phonons and p is the den-
sity of the medium.

Using Eqgs. (4), (5), and (10) for the Hamiltonians
33, 3¢, and 3P), we can now write down the
transport equation for the number of spin waves n4
with wave vector k;

coll

n = ny = L {n}y + L&) {n} ++ L {n, N}, (12)
where
e 967 . ,
L( ) {n} = ;l 1 Do ]2 [(ny 4 1) (n, - 1) nyny
.3, 4
— mn, (’73 + 1) (ng -1 1)1 8 (&1 - 82 — &3 — 24) A ((ky -- ko
— kg — k;). (13)

L tny = 5312 Dy [ + 1) (e - 1)1
2,3

D 8 (51 + &2 — =) A (ky =+ ko — ko)
1 Dy P[0 4 1) n2m1y —

—ny (ny -+ 1)(nf;J— 1)]8 (25 -+ 3 — 1) A (ks - Ky — kyp)},

— mny (ny -+

LE n, Ny =2 2,{|11Q,,,| ((ny = 1) N, 14)
2,3
—ny (My -+ 1) (N =4 118 (g — 20 — ho3) A (ky — ko — 1)
A+ W es 2y = D) ny (N3 4+ 1) —ny (ns 4= 1) N3l 8 (51 - haoy

— &) A (k- f; —ky)}, (15)
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N3 is the number of phonons with momentum f;
and polarization s. The operator Lf{e) describes
the spin wave-spin wave scattering processes
caused by the exchange interaction in the transport
equation; the operator Lf{r) describes the recom-
bination of two spin waves into one and the splitting
up of one spin wave into two, which are caused by
the magnetic dipole interaction; the operator Lf{p )
describes the emission and absorption of a phonon
by a spin wave. Starting from Eqgs. (13) to (15) for
the operators L{®), LX) and L{P) one can show
by a treatment similar to the one in reference 1
that in the temperature range @®¢ » T > @

X (UM, /®,)¥" ~ 10°K the main role in the trans-
port equatmn is played by the operator Lf(e)

(L(e) > Lg) Lf{p)) To a first approximation
one can thus use the equation

L (ny =

to determine the spin wave distribution function.
The solution of this equation is of the form
{' ng, k=0,

K= Mexp (e — 1) / T} — 1)1 » (16)

where y and n; are arbitrary constants which
can be connected with the mean values of the ab-
solute magnitude of the magnetic moment <|2>
and of the dispersion of the component of the mag-
netic moment <§D?i> perpendicular to the axis
of easiest magnetization (the z axis)

@ =<[{m, 1) dol" >
= MV [MV — 20 Do — 2 D]
k k

() = (MO + (MW = 2uny MV,

e = Ak /e = — Oz / OH. @7)

The presence of weak interactions (Lf(p), L{cr))
causes the quantities y, Tg, Tp, and n; to
change in time, but slowly compared to the estab-
lishment of the distribution (16).

Proceeding as in reference 1, we can obtain the
following equations to determine the quantities v,
ny, and AT = Tg-Tp

AT 4 Gy — 50’.10/0 =By 1+ Byony,
AT - Gz"f - eoﬁo/'cs = Brr AT, ’io =—ny/7., (18)
where
_ 158G V[ T \% eV (T
B ONAES R YA

are the spin and phonon specific heats, €, the en-
ergy of a spin wave with k=0, and
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T o s T C
= ; L (auzno/ar 2""”)
T 9
G, = "S—T% (19)
oL SnA
Z( k) —hRT 2[@123' (1 4 2 — 125)
k 123
Xndng(ng + 1) 8 (14 ea—25) A (k; + ka—ks),
PR
BYJ Af“'k (6'10 )0
= O S O, o2 (1+ 20 B (2 — 25),  (20)
k
(1 1 oL,
B””(—S“LT,,)Z (dAT)
2nh CptC ,
i lelfmt*wa(nh 1)
XngNgS(sl—sz—hw3) A (ky — ky — T3), (21)

1 oL
N <6n: )
A = (1es + 1/cp)T/Gop.
Assuming the quantities AT, vy, and n; to change

with time as e M we find the following expressions
for the relaxation constants

G1Brr+ By, + V (Gi Brr — By)* + 4B B, Gs
2(Gz— Gy) ’

he = . (23)

8
= 25 D Ou, —s o[ (1 + 272) 8 (2, — 2¢4),
k

(22)

)‘1,8 =

pMo (uMg\'s T T eM,

= ('e—c‘) 8 lnlp.M , <<B+M <1
)\lz{

My (pMo\'s T Hy

U7 (e e P~ @)

s 2
(i) [52 + 2(3: + 52)?] (TTC) ATy e—D

2 2
R )82 T ) ex ( _6, ) T _OD
P{— 4 << ’
(pa5 1 ( 0, iTe, 6,

where @®p is the Debye temperature, @ = sthi/a,
and st the velocity of a transverse sound wave.

It is clear from Egs. (22) and (23) that the re-
laxation time of the quantity n; is determined by
the process where a spin wave with wave vector
k = 0 splits into two spin waves with wave vectors
k and —-k. This process can occur when the en-
ergy conservation law

(25)

€y = Qek,

where €, is the energy connected with the uniform
precession of the magnetic moment, is satisfied.
Kittel” has shown that the uniform precession fre-
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quency w, and thus €;=hw, is strongly shape
dependent. If we consider a ferrodielectric occu-
pying one half of space bounded by one of the crys-
tal planes with the field H, in this plane, then

go=wuV (Hy,+BM,) (Hy+ BM, + 4zM,) . (26)

We can obtain the expression for ¢, from Eqgs.
(3) and (6) by putting k=0 and 6y = 7/2 which
corresponds to a quantum mechanical considera-
tion of uniform oscillations of the magnetic mo-
ment.

In evaluating the energy spin wave € we neg-
lect the influence of boundary effects* which is
permissible provided the spin-wave mean free
path ! is much shorter than the dimensions of
the specimen L

[=0jW9=@,/TYa<L. (27)

When condition (27) is satisfied, the average spin

wavelength A ~ (®¢/T )Y/24 is at the same time

much shorter than the dimensions L of the body.
Using (26) one sees easily that the energy con-

servation law €, = 2¢x is satisfied, provided
B+Hy/My<idrm/3. (28)

We do not give here the detailed calculations, but
quote the final results for A

My (pMg\'s T H,
) 1 J( h(6c> 6’ B_|_M—o<<1’
\g = — ==
T_L ‘,LM M\ T /4 H, \/2 4 H,
o () (5 am) T et
c / [4
(29)

The quantity 7, tends in this approximation to
infinity for B+ Hy/M, = 47/3, as should have been
expected. This means that it is now necessary to
take the relativistic interactions which describe
the spin wave-spin wave scattering into account
to evaluate 1), as was done before.! Using Eq.
(18), and also Eq. (19), we get the following for-
mulae which describe the change in time of the
quantities <®M?>, <M}>, and AT

S A

T T AT CR)C B G \ T (MV)?
M (et — ety - G2 vM, (”—M">‘/2
- V26 h(As— M) (2r + B4+ Hyf M)\ T
M2 > .
< (Moto)z [e_zzt — et _,A;i (et — e—"*’)] , (30)
T @R AL < M )2 T )’/z
MV (M ¢ T T e Ay ( 6, )
ATy (ot praryy ST C)ECL) ©Mo
(e )T T gm Al @ + 5 ¥ Ayl
'rJ.MO‘ Yo/ T <9)?2J_0> e—7.1f . e—7v3f S 31
x(@c) (‘9—> e : ey
(ML) = (Mop e, (32)

*We are indebted to M. 1. Kaganov for this remark.
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where ATy, < >, and <M{> are the initial
values of the temperature difference, the trans-
verse components, and the magnitude of the mag-
netic moment of the body, while M:Z is the aver-
age value of the absolute magnitude of the mag-
netic moment at the given temperature.

It is clear from the formulae given here that
2/X3 is the relaxation time of the transverse com-
ponent of the magnetic moment of the body.

To elucidate the physical meaning of the relax-
ation constant A; we assume that AT, = <$5)?2lo_>
= 0. We have then

(M) — M2 = [(My) — M2] et (33)

Under those initial conditions 1/ Ay has thus the
meaning of the relaxation time of the mean square
of the magnetic moment of the body.

If the initial data are such that <9)2_2|_0> =0
and <M3>=M2 then

AT = AT e, (34)

and we must treat the quantity 1/\, as the time
for equalizing the spin and lattice temperatures.
Let us estimate the magnitudes of Ay, Ay, and

A3. Putting
B, ~102°K, 8,~10%°K,

My~ 10® emu ,

B+ Hy/My~1,
w= 10" emu ,

o= 10g/cm3, a~2-10"%cm,
we get

Ao~ hg~ 108(T /B)sec™? 1~ 10" (T/8,):sec™?
Provided B+ Hy/M, is not too close to 4m/3, the
relaxation times of the absolute magnitude and of
the transverse component of the magnetic moment
are thus of the same order of magnitude. One
should describe such a relaxation of the magnetic
moment phenomenologically by the Bloch equation.
In this equation is contained the difference between
the relaxation for the case of a small anisotropy
and weak fields and the relaxation in the case of
large anisotropy or strong fields, when the estab-
lishment of the equilibrium value of the magnetic
moment is appreciably faster than the rotation of
the moment towards its equilibrium direction.

In the temperature range T < ®¢ (uMy/0o)¥"
the main role in the transport equation is played
by the operator Lf{r )n}. Inferrodielectrics
with a small magnetic anisotropy the equilibrium
value of the magnetic moment is thus at these tem-
peratures established at the same time as the
Bose distribution of the spin waves.

The authors express their deep gratitude to
A. 1. Akhiezer under whose guidance the paper
was prepared and to M. I. Kaganov and V. M.
Tsukernik for valuable discussions.



THEORY OF RELAXATION PROC
APPENDIX

We consider a ferrodielectric with two magnetic
sublattices, the Hamiltonian of which can be written
in the form

o ({1 oMy oM, | 1 _ 0M, OM, oM, oM,

7 =\{z= M ax, T T %2 0r, ox, M2 Gy, 0%,
+ TMM, + 8—n} do, (A.1)
where Mj is the magnetic moment of the j-th

sublattice, H the magnetic field acting in the fer-
rodielectric, and o4, @y, @49, and vy quantities
which are connected with the exchange integrals

Ay~ Ay~ &g~ Oca ) uM,, Y~ 0/ uM,.

We do not write down here the anisotropy en-
ergy which is inessential for the following.
Putting

M; =M, - H=H, -+ h,

mj,
where Moj is the equilibrium value of the mag-
netic moment of the j-th sublattice, H; the con-
stant magnetic field, in the direction of the z axis,
and m and h small corrections to Moj and H,,
we find

7%=\l
h?

+ My m - 7 Map mi 4 ymymy — Hy (m + m3) + o

om; Oms

om, Oms .
12°0x, ox;

omy omy 1
2 0x, Ox,

Lox; ox; +?ac

Going over from m and h to their Fourier com-
ponents

:,;l_zk‘l pzkr

and using the equations of magnetostatics, we get

(A.2)

H = 2_;[ o R2my m_y, -+ %Oﬁakzmkz M_ygp + 0p R2My Mg,
47V v (Mg miy + Mg, miy) A (k) - yMig Mot
— HV" (mig 4 miy) A (k) + (27 / £2) (miy 4 M, K)
(Mg + Mok, k)]- (A.3)

We now define the operators of the magnetic mo-
ments m; and m, by the equations

m; = (Qp.MI)"""(] —-{Laf al/QA/Il)"/*a1
=~ (2(11141)‘/2 (a; — {MI; a,a; [ 4M,),

my = (2uM)"af (1 —pa;a/ 2M,)"
z(?yMl)'ﬁ(aI —'f‘a;a:al [ 4AMy),
= M — My = —palian,

my = (QILMz) 2(1 —pag az | 2M,) " a,
=~ (2uM,)":(a: — na) aa, | 4M,),
= (2uMs)2a; (1 —paj az /2M,)"
= (2uM,)(ay — ua} aj a, [ 4Ms),

=1dv
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+ .
mi = M5 + M, = pa, a,, mF = my =+ imy;,
M, = M5, >0, My = — M3, >0,

laj(r, t), aq (', £)] =8/ 8 (r — ). (A.4)

Using these formulae one can express the Hamil-
tonian 3C in terms of the variables ay; and al‘;j

+
KT

Za“ (r, t)eikr,
(A.5)

1\ ;
Wi = Qa;(r, t)e—ikr, a
K

We then get

H=H+F+ F?, (A.6)

where
\ + + « + +
— D1 (Aky Gy Qg + Ak Gz Oxs + Bk g G- + Bi 02 Qi)
k

Ay = (B> My+ Y My + H), Age = p(agk® My, +~ yM, — H),
By = p (My My) (g5 B® + 7). (A.7)

We have neglected here the influence of the mag-
netic dipole interaction on the spectrum; taking it
into account does not change the result, but com-
plicates the calculations greatly.

The Hamiltonians 3® and 3*) contain, re-
spectively, three and four operators ay; and aj;.

The Hamiltonian JCO which is quadratic in the
operators akj and ak can be dlagonahzed by a
Bogolyubov canomcal transformatlon

Qg = U1 Ck1 + 012 _km Qo = Uszp Cko + v:,l ¢y " (A.8)

where the operators Ckj and ckJ satisfy the
commutation relations

[ewr ] = 8 A (k — k)

and where u and v satisfy the usual conditions

fun?— v = [Ue P —lva "= 1.

If we use the equations of motion
aw; = (i | B) [, ax)],

we can obtain another four equations to determine
u and v, and also the eigenvalues of the Hamilto-
nian 3¢,. These equations are of the form

Uss Ske = Akatlas + Bk vy,

Uy Siq = Agg iy -+ Br Va1,
— Usy ey = Ako V21 + Br i1, — Upa 2k = Ak V12 -} By,
and hence

ek 1,0 = [(Aky + Axe)?/4 — Bi]‘/l’ + (A — Ak2) /2,
= (A — ska) ' [ B — (Ake — 2x2)?1s,

Uyy == Ups = — By [Bi — (Aks — =k2)?]:

Uz == Upy

(A.9)

Since y > 1, we have*

*We note that the expression for €, given in reference 8
is incorrect.
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o1 () M) (o b M + o B Mi — 20, k> My M) + uH,

ey =~ uyM — uH + (WM My | M) (g + otp — 20y,) k2,

Ve = Uy = (Mz | M), Uy = Usy = — (My [ M),

M= M, — M,>0.

We see that one of the branches of the energy spec-
trum has a large activation energy caused by the
exchange interaction between the sublattices. The
contribution from the oscillations of the magnetic
moments described by the variables cg, and cg,
to the thermodynamic and transport properties of
the ferrodielectric at low temperatures is thus ex-
ponentially small, and when one studies these prop-
erties of the ferrodielectric one need only take into
account the low-frequency spin waves, described
by the operators cy; and cg,.

The interactions between the low-frequency
spin waves themselves, caused by the exchange
energy connected with the inhomogeneities of the
magnetic moments and by the magnetic dipole en-
ergy, have the same structure as in the case of
a ferrodielectric with one magnetic sublattice.

As regards the interactions caused by the ex-
change energy between sublattices when the mag-
netization is homogeneous,

20 [/ Mg\
Tt = —T%S [(/Ti) (af af aya} + a] a,a,a,)
Y, 1
+ (TT;) (af @} a} ay+ a,a} a,a,) + 44} a,a] 02J dv,
one can use (A.5), (A.8), and (A.9) to show that that
part of it whichdescribes the interactions of the

low frequency spinwaves with one another does not
contain the large parameter 7y and is of the form
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it = D) ik, Ch 1 Crent Ckat Cka A (ki + Ky — K3 —ky).

K;kokok,

where
O ik, ~ 12/ V,

i.e., 3(3%% is a small correction compared with
33, This makes it possible to neglect the mag-
netic structure when studying the low-temperature
properties of ferrodielectrics.
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