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We have obtained a dispersion relation that determines the propagation of plane electromag-
netic waves in a plasma beam moving in a fixed plasma along the lines of force of a constant
and uniform magnetic field. We have found the damping (or build-up) coefficients of the
rarefied plasma moving along the magnetic field in a non-dispersive dielectric.

RECEN TLY several papers have been published
on the propagation of electromagnetic waves in
interpenetrating moving media, in particular in
plasma beams moving in a fixed plasma or in a
non-dispersive dielectric.!™® The range of prob-
lems for which suitable solutions have been given
in sufficient completeness and for which expres-
sions have been obtained for the damping (or
build-up) coefficients of the waves is all the same
very limited. We attempt in the present paper to
remedy this situation partly by solving the problem
of the build-up (damping) coefficient of plane
electromagnetic waves propagating in a plasma
moving in a non-dispersive medium along the lines
of force of a constant and uniform magnetic field.

We shall determine the damping coefficients of
the waves by a phenomenological method proposed
earlier.? The main point of this method is that we
first find the phenomenological equations that re-
late the electromagnetic fields in the interpenetrat-
ing media. By combining these equations with the
Maxwell equations describing the propagation of
plane electromagnetic waves, we can obtain a dis-
persion relation of the form f(w, k) =0, where
w is the frequency of the electromagnetic wave
and k its wave vector. Solving the dispersion
relation we find the required damping coefficients
for the wave.

We shall derive the dispersion relation for the
case where a non-magnetic, anisotropic, and gyro-
tropic medium I moves in a fixed non-magnetic
medium II, which is also anisotropic and gyro-
tropic. (A plasma in a constant magnetic field
has such properties.) The medium II is at rest
in the laboratory frame of reference, and its elec-
trical properties are characterized by its dielec-
tric-constant tensor €ij- The medium I, which is
related to a frame of reference K’, moves uni-

formly with respect to the medium II and in a
straight line along the x axis of the frame K with
a velocity v, so that the x and the x’ axes co-
incide and are parallel to the lines of force of the
external magnetic field H, while the y’ and z’
axes are parallel to the y and z axes.

The electrical properties of medium I in the
frame K’ are characterized by the tensor ei*
Since we have assumed that media I and II are
gyrotropic, the tensors €jj and eij are Hermitian
and thus €;;5 = €} and €j; = €. As we have in
view a plasma in a constant external magnetic field,
we shall also assume! that €, = €;3 = 613 = €1y = 0.

Once we know the tensors €j; and €i;» we can
determine the tensors of the moments ( tgle polari-
zation and magnetization tensors) M;;(II, K) and
Mij(I,’K') in the fixed and the moving media. The
components of the electromagnetic fields D, B, E,
and H which are defined in the frame of reference
K, enter, of course, also into the tensor Mi-(II, K),
and into the tensor Mij(I, K’) the components of
the fields D’, B’, E’, and H’ in the frame of ref-
erence K’, which are found from the unprimed
fields by a Lorentz transformation. Using a Lorentz
transformation to transform the tensor of the mo-
ments Mij(I, K’) to the frame of reference K, we
can find the resulting tensor of the moments in the
frame K

Mii (Iv II’ K) =
+ My (1, K) =

(Hij— Fuy) [ 4, (1)

*We assume that the effective electrical field in the pres-
ence of two media is equal to the average macroscopic field,
since the polarizations are additive only in that case. It is
well known that the effective and the average macroscopic
fields are equal in a plasma and also in any other sufficiently
rarefied medium.*
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where Hjj and Fjj are the electromagnetic field
tensors in the frame of reference K (refrence 5;
cf. footnote on preceding page).

After substituting into the Maxwell equations
which contain the curl operator the expressions
for plane waves, these equations become

()

where n is the refractive index of the medium in
the frame of reference K, and v is a unit vector
in the direction of propagation of the wave. The
condition that there be a nontrivial simultaneous
solution of the algebraic equations (1) and (2) for
the 12 components of the electromagnetic field
vectors means that the determinant of the set (1)
and (2) must vanish. The 12-th order determinant
easily reduces to a 4-th order one. Writing the
latter out in detail we can get, after straightfor-
ward, though tedious transformations, the follow-
ing dispersion relation

(B2 F o — 1) [(822 + £31® — 1% c0520) (e55 + 357 — 11?)
+ (e2s + ea57%)?| — n?sin®0 [(eg2 + €00 — Beaness)
X (ss3 + e3a7® — 1%) + (e25 + £357)?
— B (e0s3s + Ea00287?)] = 0;
s = (s — 1)/ (1 —B?), o3 = €03/ (1 — B?),
B=v/c.

The most interesting case of propagation of
electromagnetic waves, which can be studied by
using Eq. (3), is the case where a plasma moves
in a fixed plasma along the lines of force of a
constant and uniform magnetic field. In the fol-
lowing, however, we study the simpler case where
the plasma moves along the magnetic field in a
non-dispersive dielectric. The dispersion rela-
tion (3) simplifies then considerably and one can
obtain relatively simple solutions after a few ad-
ditional assumptions.

Assuming that the fixed medium is a non-dis-
persive dielectric (€53 =0, €jj = € ), we get by
rearranging the terms in (3)*

D = —n[wxH], B = n[vxE],

v=1—nBcosh,

@)

*The expressions for €%, €%, and €% were obtained by
taking into account the fact that in going to the system of
reference K’, which moves with the plasma, we must substi-
tute in the expression for the components of the tensor E’i,-
the frequency o’ transformed according to the Doppler formula
o = (1 -nBcos 6)/V1~ 2. The frequency w}; = wyV1 - B2
is the gyro frequency in the plasma beam from the point of view
of an observer in the frame of reference K. The occurrence of
the factor V1~ B? is connected with the Lorentz transforma-
tion of the time.

G. G. GETMANTSEV and V. O. RAPOPORT

e(e—nY)? + e (e —n?) (o + %) + 7 (613 + 29)
+ &1 [(€ — n2) (e — n2cos? 6 + e5072)
+ €572 (e — n? cos? 0 + 5;272) + e2qt] = 0;

where

)

=y — 1l = —0f(1—B)/(0—0)
e3s = —0} / ((0 — 0P— w}2),

eas = — 030} [ (0 — @) [(0 —0) — 0],
wp = wp V' T—B%

® = kv cos 0 = wnBcosb.

X =¢&v?—n?sin?0 (1 — ep?),

The dispersion relation (4) establishes a con-
nection between the frequency w of the electro-
magnetic wave and its wave vector k. In order
to establish the presence of damped (or growing)
waves and to find the damping coefficient it is
necessary to solve Eq. (4) for w with real wave
numbers k. The presence of plane electromag-
netic waves which are damped in time is indicated
in this procedure by the existence of complex solu-
tions for w.*

We study in the following the solutions of the
dispersion relation (4) for a rarefied plasma beam,
i.e., under the condition that the plasma frequency
wy = ( 41e?N/m)Y? is small compared with the fre-
quency of the wave w and compared with the char-
acteristic frequencies @ = kv cos 6 and wl"(I.
When, however, we go over to the limiting case of
no magnetic field (wI"fI = 0), we shall assume that
wy < w, @. In solving Eq. (4) we must distinguish
between two cases. In the first case none of the
denominators in the expressions for the ei"j tends
to zero as wy— 0, while in the second case at
least one of the denominators in the e’i"- tends to
zero as wy— 0. We study first the character of
the solutions of Eq. (4) for the first case.

We look for the solution by the method of suc-
cessive approximations, writing for the refractive
index n= Ve + An. Substituting this expression
into (4) we find

4e? (Any2 — 2 Ve [eg (572 + %) + ennesin? 6] An
+ 1% (225 + 23)
+ exenye sin? 0 + exe;y7t = 0.

*If we solve the dispersion relation for k for real values
of w, as was done in reference 3, the solutions for k can
in principle also be complex. For the case of infinite media,
considered here, the selection of solutions with complex k
which correspond to a true build-up is difficult, since complex
solutions for k can result from the ‘“‘entrainment’’ of waves by
the moving medium.
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If we separate explicitly the factor containing w,
from the coefficients of (An)%, of An, and of
the constant term, this equation becomes

a,An? + 2a,05An + aywy = 0,

where the coefficients a;, a;, and a, no longer
contain the parameter w,. The solution of this
equation, which is quadratic in An, is such that
An ~ wj. Since w, n, and the wave number Kk,
which we fix and assume to be real, are connected
through the relation wn = kc, we can assert that
the correction to the frequency w of the wave, due
to the presence of a plasma beam, must also be

of the order w3.

We shall show in the following that in the second
case, when the denominators in the ei"j tend to
zero as wy— 0, i.e., when some peculiar reso-
nance takes place, we obtain a correction to the
frequency of the order w,, or an even more appre-
ciable one. This means that if the solutions of the
first kind include complex solutions, the damping
of the waves determined by them will for rarefied
plasma beams be negligibly small compared with
the damping of the waves as determined by solu-
tions of the second kind. When solving the disper-
sion relation (4) for resonances in the e{'}, we
must again distinguish between two different cases.

1. The case of strong perturbations. a) Putting
w-3=£, weassume that £, w) < w, wjfj and
we retain in the dispersion relation (4) terms with-
out w, and terms containing w}/&%, dropping all
other terms, since they are small compared with
the terms retained. Then Eq. (4) becomes

(s —n?) — w2 (1 — 82) (s — n%cos?b) = 0. (5)

Solving Eq. (5) for ¢ and taking into account that
ng cos 6 =1, we find*

=, <(1 — 3M>l/ cos 8. 6)

e (1 —e82cos®0)

It follows from (6) that the correction to the fre-
quency turns out to be of the order w,. If et >1
and €p? cos? § < 1, the quantity £ turns out to
be imaginary, which indicates the occurrence of
waves that are damped or are building up in time.
There is instability outside the cone determined
by the Cerenkov condition €p? cos? 6 = 1. This
case and the two next cases discussed below could
perhaps be called cases of strong perturbations,
as the difference € —n? is generally speaking not
small and does not tend to zero as wy— 0. That
€ —n? does not tend to zero as wy,— 0 is, of
course, a consequence of neglecting in all expres-

*The equation nf3cos 6 = 1 follows immediately from the
condition &/w < 1 since w — @ = w(1 - nfcos 0)=¢&
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sions given above the corrections necessitated by
taking into account thermal motion in the plasma
beam. It is physically evident that when thermal
motion is taken into account the refractive index
n must tend to Ve when the concentration in the
plasma beam is reduced. We shall formulate the
condition for the validity of the results given here,
which are obtained by neglecting thermal motion,
at the end of the paper.

b) In the limiting case of no magnetic field
(wff = 0) we put, as before, w —w=2¢ and as-
sume that £, wy < w. Retaining in the dispersion
relation (4), as before, terms without w; and terms
with w% /&%, and dropping all other terms which
are small compared with the ones retained, we get

e (s — n2) — wpE 2 [(1 — B?) (¢ — n2cos? 0)
— n?sin®0 (1 —<B2?)] = 0. (7)

Solving Eq. (7) for ¢ under the condition npcos 6
=1 we find

£ =+ [(1 —eB?) (1 —B2cos?8) /e (1 — eB2cos? 6)]:. (8)

The correction to the frequency is found to be of
the order w,, as in the preceding case, and insta-
bility occurs when €?>1 and €¢g®cos? 9 <1, i.e.,
outside the Cerenkov cone. We note also that the
solution (8), as is the case for the solution (6), is
not valid in the neighborhood of the Cerenkov cone
(ep? cos? 6 — 1), for then £ — o,

c) We assume now that the resonance occurs
at frequencies near @ * wjfy and we put w -
+ wjy = £. Proceeding as in the preceding cases,
we get from the dispersion relation (4)

s(;—nz)—wﬁ(sy2—}—x)/(w—C):Fw;,)E:0 9)
and hence

E:wﬁ(sxz-{-x)/s(s——nz)(w—(;?w;.,). (10)
The correction to the frequency turns out to be
real and proportional to w%. There is therefore
no instability in this case. The solution found
here is invalid when € —n? ~ 0, i.e., when €g?

x cos? 6 ~ n?p? cos? 6 ~ @/ (@ ¥ wi)?. The solu-
tion when € —n? — 0 is studied below.

2. The case of weak perturbations combines
the solutions of the dispersion relation (4) under
the condition € —n?—0 as wy;— 0.

a) We put w—-@ = ¢ and assume as before
that £, wy < w, wfj. Under the condition ep?

x cos? § = 1, which is the same as the condition
for Cerenkov radiation of a single charged par-
ticle,

5 -n?0?3? cos? 0 cw? ?
n' = =

—————— = = & —
%3 cos® 0 w? (

o+ &)
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or
e—nt=c(l —@?/(@+ b= e%/0.

The dispersion relation (4) is then appreciably
simplified

2¢% | — w2 (1 —B?) (e — ncos®6) = 0. (11)
Solving Eq. (11) for ¢ and assuming that n? ~ €
we find

E = (oo (1 —B?)sin®0/2¢)". (12)

1t follows from (12) that the correction to the fre-
quency £~ w¥3 turns out to be larger than in the
preceding cases. ¢ tends to 0 more slowly than
wy, as wy— 0. When we evaluate the root in 12),
two values turn out to be complex, one of which
corresponds to a wave that builds up in time.

b) Putting the external magnetic field equal to
ZEero (wH = 0) we assume as before w-@ = ¢
and €p® cos? 6 =1, sothat n?=ed%/(@ + &)
Upon suitable obvious simplification, the disper-
sion relation (4) becomes

2% [0 — o 2 [(1 —BY) (e —
—n?(1 —eB®sin®0] = 0.

n®cos*6)
(13)

Using the equation n® ~ ¢ and eliminating B2, we

can write the solution of Eq. (13) in the form

= (oo (e — 1) tan20/2¢%)", (14)

which shows the existence of increasing waves.
Equation (14) has been obtained earlier.? It was
shown then that it determines the build-up of an
electromagnetic wave, which has a component of
the electrical field parallel to the velocity of the
plasma beam, i.e., a wave such as occurs in the
Cerenkov effect for a single charged particle.

c) As in the case of strong perturbations, we
now assume that ¢ =w-3-wj and { < w, wf.
In order that € —n? tend to zero as wy,— 0 it is
necessary, as already noted, to put €g* cos? 6
= 0%/(Q + w}j)?. The result is

nt=¢ (@4 on)*/ (@ -+ o + 87, (e —n)? = 26 [(04wp),

and the dispersion relation is, after the usual sim-
plifications, of the form*

26%/ (0 + 0p) — 02 (2 + 1) [E(0 — © + on) = 0. (15)

Solving Eq. (15) for ¢ we find

E = g [ey2 (@ + op) — (o -+ oy) (1 — <5 sin® 0/4z0p]"

(16)
*If the plasma beam moves along a constant magnetic field
in vacuo (€ = 1), Eq. (15) for the case of the propagation of a
wave along the direction of motion of the plasma beam (6 = 0)
goes over into the dispersion relation studied in a paper by
Twiss.*
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Equatlon (16) is obtamed under the condition €f?
x cos? 6 = B/ (@ + wh ¥)2 < 1. When the veloc1ty
of the plasma beam exceeds that of light, €g*> 1,
the expression under the square root sign is posi-
tive, and the correction to the frequency is a real
quantity indicating that there is no build-up in the
case under con31derat10n

d)If £ w-@ + wj and €p? cos? 0 = W/
(w-— wH) , the sign of wH changes in the disper-
sion relation. The solution of Eq. (15) then be-
comes

E= 4w [— m;,/Qs ((:;— 03;-1)
+ {— op)(1 —eB?) sin® 0/4ewpy) ",

When Ve Bcos 6 >1, wfj<@, wehave €g > 1,
and the correction to the frequency turns out to be
imaginary showing the existence of increasing
waves. It follows from (16) and (17) that the crite-
rion for instability is in this case the inequality
Ve B cos 6 > 1. This criterion was formulated

by Zheleznyakov.!

If the inequality Ve B cos 6 >1 is satisfied,
the component of the beam velocity along the di-
rection of propagation of the wave turns out to be
larger than the phase velocity of the wave. An in-
terpretation of the phenomena that occur then and
are connected with the build-up of the electromag-
netic wave is contained in the cited paper by Zhele-
znyakov. We note that the instability determined
by Eq. (17) occurs also for 6= 10, i.e., for a wave
propagated in the direction of motion of the plasma
beam.

It was noted in the foregoing that we did not
take into account the thermal motion in the plasma
beam when deriving the dispersion relation. One
can obtain a criterion for the validity of the solu-
tions found here. Zheleznyakov! found in the non-
relativistic approximation a dispersion relation
for the case of interpenetrating plasma beams,
taking thermal motion into account. The form of
this dispersion relation is such that the thermal
correction remains inessential, as long as an
inequality of the kind

17)

(0 — 04 o0y)/kur > 1, (18)

where v is the velocity of the thermal motion of
the electrons in the plasma, is satisfied. The
meaning of inequality (18) becomes clear if one
takes into account that the required correction to
the frequency § = w—@ = wy and that when there
is thermal motion the parameter @ =kv cos § is
spread over a range AW ~ kvT. It is clear that
the thermal motion can be neglected if & = w—-@

+ WH » AD ~ kv, i.e., just when inequality (18)
is satisfied.
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In the case of weak perturbations considered
above, when € -n? ~e€t/w, the inequality Aw/¢
<« 1 can easily be shown to lead to the inequality
|c/Ve —c/n| > vp. (This was pointed out by
V. V. Zheleznyakov.) This means that the differ-
ence between the velocity of propagation of an
electromagnetic wave in a dielectric without a
plasma and the velocity of a wave when a plasma
beam is present must be much larger than the
velocity of the thermal motion in the plasma.

The authors are grateful to V. V. Zheleznyakov
for discussing the results obtained here.
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