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The problem stated in the title is solved using many-electron wave functions. The external
electric field is taken into account exactly, but the Coulomb interactions of the electrons and
holes are neglected. In the region of the intrinsic absorption edge, the absorption coefficient
is obtained for all values of the electric field and frequencies of the absorbed light.

THE change in the shape of the intrinsic absorp-
tion edge of non-conducting crystals has been con-
sidered by Keldysh.! He used the approximate
wave functions obtained by Houston? for the elec-
tron moving in the periodic and uniform fields. As
a result, Keldysh concludes that there is a shift of
the absorption edge in the red direction. An ex-
plicit form was obtained for the absorption coeffi-
cient as a function of electric field E and the fre-
quency of the absorbed light w, for frequencies
sufficiently far from the limiting frequency w, of
intrinsic absorption without any external field (or
for a sufficiently weak electric field). A previous
paper by the author® was devoted to the same prob-
lem; however, it referred only to the case of for-
bidden transitions and did not contain the bases of
the method used. -

In the present paper we give a more general
discussion. The result obtained for the absorption
coefficient holds for all values of E and w. In
the limiting case E — 0 it goes over to the known
expression for the intrinsic absorption by the crys-
tal without an external field.*

We assume that our crystal contains N valence
electrons and an optical transition involves this
system as a whole. The conduction and valence
bands we take as simple and non-degenerate. Elec-
tron spin is not taken into account. Further, we
use single-electron orthogonal localized Wannier
functions of the valence band (cf. the review by
Haken®):

a(n, r) = N~ Derf (k, r). (1)
k

where f(k, r) is the Bloch function of the valence

band corresponding to the wave vector Kk, and the

sum is taken over the first Brillouin zone. Wannier

functions for the conduction band & (n, r) are con-

structed in a similar way.

We write the wave function of the initial ground
state of the crystal in the form

) =A@0;ry, ..., ry) = N"ldet|(n,, rg)l.
(2)

The index =1, 2,..., N, labels the Wannier
functions. The index B8=1, 2,..., N, labels the
electrons. The wave function of the final excited
state are taken in the form

TO (rl, | CTI

¥(ry,...,rn) = Z"c(m, nAm,n; ry, ..., rx).  (3)
|an
The determinant A (m, n) entering into (3) is
similar to the determinant A (0), except that the
valence-band Wannier function numbered m is
changed into the conduction-band Wannier function
numbered n. The wave function (3) describes the
excited state of the crystal, where in the absence

of an external field the coefficients ¢ (m, n) are

 determined from the Wannier equation.® We shall

show that the presence of an external electric field
only affects the equation for ¢ (m, n) if the proc-
ess of direct transfer of electrons by the field into
higher bands is considered as improbable. Then
the optical transition from the state ¥ (ry,...,rN)
to the state ¥ (ry,...,ryN), when the function
c(m, n) corresponds to the continuous spectrum
of the Wannier equation, also gives the intrinsic
absorption of light by the crystal.

We calculate the matrix element of the transi-
tion. The perturbation operator has the form

N
H== El p: A (r2), ()

ri, pj are the coordinate and momentum of the
i-th electron and A (r) is the vector potential
field of the light wave. Using (2), (3), and the re-
lation between the Bloch and Wannier functions,
we can obtain
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(F|H| %) = — 2L Ay Semn e’ (m, n) Selen-mM (k), (5)
mn k
k is the wave vector of the photon; A, is the am-
plitude of the vector potential. Here
M (k) = (@ (k, 1) yu (K, r)dr, (6)

u(k, r), G(k, r) are the periodic factors of the

Bloch functions of the valence and conduction bands.

The integral is taken throughout one cell.

We now obtain an equation for the functions
c(m, n). We assume that c (m, n) changes little
in a distance of the order of the lattice constant,
so that it is possible to transfer from discrete
vector arguments m and n to continuous r,
and ry, which correspond to the coordinates of
holes in the valence band and electrons in the con-
duction band. We do not take into account their
interaction. If there were no external field, the
equation would contain only terms corresponding
to the free motion of electrons and holes. Its solu-
tion c(ry, r,) would be a product of plane waves,
and (3) would give the usual band states. The ab-
sorption coefficient calculated thus by our method
will agree with that obtained in reference 4. We
will now include the external field. It is not dif-
ficult to find in our system the matrix element of
the interaction operator of the electrons with the
electric field using the functions A (m, n):

oo (5 )

—Bnn'ga‘ (m’, r) (Er)a(m, r)dr.

n’, n’) zamm,ga‘ (n, r)(Er)a(n’, r)dr
(7)

Finally, under the assumptions made, the equation
for the functions c (ry, ry) takes the form (field
along the z axis):

/ 2
(— 2—"—,; vi— z'h—m v: + eEz, — eEzg)C(rl, ry) = ec (ry, 1'2)-( )
8

Here m; and m, are the effective masses of
electrons and holes.

By transforming to relative coordinates R and
r, it is easy to separate the motion of the center
of gravity and the relative motion in the plane

transverse to the field
9)

Here K is the wave vector of the center of gravity,
Ay and A, are the components of the two-dimen-
sional wave vector of the relative motion in the
transverse plane, and L is the side of the normal-
ization cube. The solution of the equation then re-
maining, normalized in the energy interval, is well

c(R, 1) = L=":¢/KR [“lehxtia g (2).
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known:$

9(2) = ADP(9),  g=(2—=cs/eE)(2ueE [ ¥,
A == (2u)'h [ e (eE)e in, (10)

€, is the energy of the relative motion along the
field, p is the reduced mass of the electron and
hole, and & is the Airy function.’

We consider here the case of allowed optical
transitions when

M (0) = M, 5=0. (11)

Using the properties of the sum over k in (5), it
is easy to show that the many-electron matrix ele-
ment of the optical transition in this case is equal
to the product of the usual one-electron matrix
elements in the value of the function ¢ (R, r) at
the point r = 0. The probability of the transition
is determined from the known formula of quantum
mechanics by summing the square of the matrix
elements over all possible states. We introduce
the expression thus obtained into the usual formula
for the optical absorption coefficient:?

o = 4rnhow / nc&?, (12)

where w is the probability of an optical transition
in unit volume and unit time, n is the refractive
index and & is the electric field of the light wave.

We will express the Airy function entering into
(10) in terms of Bessel functions of order 1/3.7
After carrying out the calculation indicated, we
obtain the following results.

In the region w < wy, in which the crystal is
transparent in the absence of external field, the
absorption is now different from zero and is given
by the formula

Vil
e eMo 2 2 ekt ) a,

nnm2cw

(3;,)’/.

X

xo = (2V 2 | 3heE) (hw, — hw)'. (13)

Here e is the polarization vector of the light and
K is the MacDonald function. For sufficiently
large values of wy—w an asymptotic formula can
be given:

[enesra

Xo

2ue? ¥
— 4‘-: |eM0 |2 (9953
nm2cw (3h) /s

(14)

If it is assumed that in this case the exponential
is the most important, formula (14) is close to
the corresponding formula in Keldysh’s paper.
For w = w, the absorption coefficient is equal to

g & K2, (6) dt.

0

pe?
nm2cw

ey 2 L2

(3h)2/’ (15)

4
=2 e
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In the range w > w, the absorption coefficient
takes the form

Yo
e _pe? (peE)" (" g,
+F rmden | Mo [* 5 § Bh Ly, () + Ju, (B)1° &,

X = %,

Yo = (2 21 | 3heE) (ho — hwg)'. (16)

We will now take our formula to the limit E — 0.

Then x5 — «, and it is seen from (13) that the ab-
sorption tends to zero for w < wy. From (15) it is
apparent that «, is also zero in this case and the
absorption starts at the limiting frequency w,. By
substituting into (16) the asymptotic expression
for the Bessel functions, we verify that it is pos-
sible to select the terms tending to zero with the
external field and the terms not depending on the
field. These latter terms give the correct value
of the absorption coefficient for allowed band
transitions without an external field

. _4]/2‘ P.'/ze‘z |
" n mlhco |

eM, |2 (ho — hoy)™ (17)
Expression (17) agrees exactly with the result ob-
tained by Bardeen, Blatt, and Hall.* Similarly, it
is possible to show that the usual band formula is
true also for sufficiently large w—w,), which
agrees with Keldysh’s conclusion.

We shall not present here the results for the
case of forbidden transitions (they are given in
reference 3). The basis of the method used there
follows from a consideration of formula (5) of the
present paper. The matrix element in this case
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will contain the derivatives of the function c (ry, ry)
at the point ry=r,. We note that the formulae
thus obtained contain several integrals more com-
plicated than Bessel functions of order %;. The ab-
sorption coefficient is different from zero for w
< wy, depends on the polarization of the incident
light relative to the electric field, and for E — 0
transforms to the usual band expression varying
with frequency as (w —wg)¥2.4

In conclusion I express my deep gratitude to
Professor P. P. Pavinskil for interest in the work
and discussion.
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