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Triplet nucleon-nucleon scattering phase shifts are computed at nonrelativistic energies in 
the two-meson approximation. A comparison of the two-meson and one-meson phase shifts 
shows that the one-meson approximation is excellent for all mixing parameters (starting 
with 3S-3D ). This permits the use of theoretical values of mixing parameters in order to 
obtain a unique solution in a phase-shift analysis. The peripheral part of the two-meson 
potential, which corresponds in first Born approximation to the correct scattering ampli­
tude, is also derived. 

GALANIN et al. 1 have proposed a method of cal­
culating nucle.on-nucleon scattering phase shifts for 
large orbital angular momenta l in the two-meson 
approximation. The method makes it possible to 
obtain, for two-meson phase shifts, the lowest or­
der term in a series expansion in the parameter 

where Ji. is the pion mass and p is the nucleon 
momentum in the barycentric system. Specific 
calculations were carried out in reference 2 for 
the singlet state, in the nonrelativistic approxima­
tion including corrections of order "' p2 /m2, where 
an expansion in a second parameter ?; = E.fL/2 

' was simultaneously introduced ( E = JJ.Im, m = nu­
cleon mass ) . Thus the singlet scattering phase 
shifts are obtained in the form of a double series 
expansion in the parameters 1/L (lowest order 
term) and ?; (first three terms) which insures 
good accuracy in the intermediate region 1 « L 
« 4/ €2. 

In the approximation indicated, calculations can 
be performed in an analogous fashion for the triplet 
state which makes it possible to find the nucleon­
nucleon scattering operator due to the exchange of 
two mesons. For comparison with theoretical in­
vestigations and phenomenological models we also 
calculate the nucleon-nucleon potential correspond­
ing to the two-meson scattering operator obtained 
in this work. An expansion in 1/L of the phase 
shifts corresponds to an expansion in 1/x of the 
potential, where x is the distance between the nu­
cleons in units of 1/JJ.; i.e., the present method 
makes it possible to obtain the peripheral part of 
the two-meson potential for distances x > 1 with 
an accuracy of order "' 1/x. 

l. SCATTERING AMPLITUDES AND PHASE 
SHIFTS 

The calculation of the scattering operator 
M<2> ( q2 ) in the vicinity of the nearest singular 
point* q2 = - 4JJ.2 differs from the corresponding 
singlet amplitude calculation2 only in the replace­
ment of the singlet matrix elements w, w1, w2, 

and w3 [see Eqs. (1.7), (1.16), and (1.23) in ref­
erence 2 ] by the corresponding spin operators; 
Also, in the calculation of the contribution from 
one of the perturbation theory diagrams ( B4 in 
the notation of reference 2) it is necessary to in­
clude terms of order "' s2, where s2 = 1 + q2 I 4JJ.2• 

The nonexchange part of the scattering operator 
near the point q2 = - 4JJ.2, with corrections of order 
"' p2/m2 included, may be written as follows: 

M 2> (q 2 ) = Ms (q 2) + ,;1, (S lp'xpl) MLs (q 2) 

(1.1) 

where 
•A { 2) - - 3g4 J ...!_ I (c -- 2 ; 3 + 2i,, ES 

.YlS q - S £\COSS , C1SE 11- , S) 1 ----m 1 6 • + 2s 

+ 3-2A, • [I 2Es + ~v i1t .]} 
~v 11 E(1+v)!-'IP- 2V1-s• ' 

Cos= (oc-1)2, c 1s = oc-1; 

0 3g4 { , , 3 + 2A, ES 
MLs (q-) = -Sm£ Co(LS)s + C1 <LS) E In (s -; · 2s)-;- - 1-2 - • + Zs 

.J_ 3- 2i., •m' (~ _ v 2_) [In 2Es + w 
1 12.E p2 v i"" + p2 E (1 + v) !-'I p 

•J •> , 3- 2i., !-'2 I 2 , J 

Co(LS) ' -- -T (ex -·· I)- _,_ -~ p2 + !-'2 -,- 3 A,~2• 

*We use the notation introduced by Galanin et al. 1.2 except 
for a change in sign of the momentum transfer q2 • Our choice 
has the convenient feature that q2 = q". 
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i 3-21-T m2 
Ct(LS) =--IX- (J- 2s2) -----

2 12£ p2 + l-'2 

}, (· . s•) - 3 ~2 -.- 2~ E2 ; 

3 4 . 

Mr (q2) =- 8!£{corS + Crrsln (e + 2s) 

3- 2/.T evm2 [ 2Es + w itt ] } ----- In - -== 
48£ f-' 2 + p2 E (1 + v) f1 i p 2 V 1 _ 52 ' 

3 + 2f,T 2 3- 2/.T m2 + f-'2/2 /,T ( s2) • 
Crr =43 + (1-2s )48 l-''+P2 -:v,}1 1-4~ , 

1 ( i l-'2 ) " ( 1 f-'2 ) 
Cor = - 8 1 + 2 !-'' + p' - U 1 - ~1 - T ~'-' + p' , 

v = V 4s2p2 + fl-2 I p.; £2 = 1 + p2 I m2; ex. = 1 ,2; 

~1 ;= 0.025, ~2 =- 0.029, ~ =- ~1- ~2; 

and A.T = 1, -3 corresponds to isotopic spin 
T = 1, 0. 

The coefficient az ( S, S~, Sz, T ) in an expan­
sion of the amplitude in associated Legendre poly­
nomials may be obtained by calculating the matrix 
elements of the operator (1.1) in the angular mo­
mentum representation and integrating over I s I 
entirely analogously to what was done in references 
1 and 2. The triplet amplitudes corresponding to a 
change in the spin projection I ~Sz I = 1 and 2 are 
expanded in terms of the polynomials P!1> and P!2> 
and the expansion coefficients are expressed in 
terms of integrals over the cut of the associated 
Legendre functions of the second kind Q}1> and Q~2>. 
Replacing the associated functions by Qz we obtain, 
accurate to order ...., 1/L, "( . )3v--· Gt(1, 1, 0, T)=-p':..J!;...l_IP 1 + ~Qt(l +2•L21 p 2) 

lTI: p I 

x ~e-Lisl'tl[M(1, 1, 0, T)jsin8JisJdJsJ, 
0 

( 1 I I T) 2 (f.' I p)' Q (I ' 2 ., . ") Gt , ' - ' = - p ~ I T (J.- I p-
co 

X~ e-Lisl'tlM (1, I, -1, T) jsJ d J sJ. 
.0 

where we denote by the symbol Af the discontinu-
ity in the function f across the cut q2 :s - 4~--t 2 

( s 2 :s 0). Finally, the various scattering phase 
shifts* are expressed in terms of the coefficients 
az ( S, S~. Sz, T) with the following result 

"if= _ Sg•el-', Q1 (I + 2tJ.2 i p2) {d~ + 2 V~~di + ~2d~}. 
'ilE Y rrpL h (1.2) 

Here it is understood that the superscript J is to 
be omitted for the singlet state. We find for the 

*For that purpose we make use of Eq. (6) of Grashin3 ac­
curate to terms of order 1/l. The notation for the phase shifts 
and expansion coefficients of the amplitude coincides with 
that introduced by Grashin; 3 only their real parts concern us 
here. 

coefficients of the powers of t appearing in Eq. 
(1.2) 

do=(:x-1)2 , d1 =cz-l + 3 - 6
2""(1- J~.)'I"(z), 

d2 = - 4 (oc- 1)--; p 2 1m2 + -}'A., (4- 2p2 1m2), 

z 

'I" (z) = ze-z' ~ e-<'dx; 
0 

(i=0,1,2); 

( p" \ m• ( 1 ) A_ 3 D1 = x- (3- 2'A.,) 1- ·J"Zj "'2 'l" (z) -- '7) - -3' t2 , 
_fn 0Ji ~- -

D2 =- 2 (2a. + 1). (1.2') 

The triplet phase shift with J = l and the singlet 
phase shift 111 coincide, and the triplet phase 
shifts 71~±1 (with J = l ± 1) differ from them by 
terms due to the spin-orbit interaction. 

The mixing parameter is given by 
3g4e3l-' ( •< 2\ 

~J = 8 E V rrpLJ' QJ+r , I -!._ 2 ~) 

r p .. 2 u. V ., I 2) 
\I+ 2P" + 2 ~ 1 + !1·" P {h 0 -l- 2li;;CJh 1), 

h0 = 1 -- -f 'f..,~I• 
9 + 2i._ (:3 -- 21-T) (1- p2f 2m•) m'' 'Y (zJ) , /.T ~1 

hr = - ~ - 12 (!-'• + p•) ?-- -t- 6 fi ' 
J 

LJ=(J+2)/V1 +P2 /tJ.\ CJ=sVD/2, z}=LJ[J..~j4p2 • 
(1.3) 

Equations (1.2) and (1.3) represent the first 
terms of the expansion of two-meson phase shifts 
in 1/L and ?;. Therefore we omit corrections of 
order E2 in the calculations since such terms are 
of the same order of smallness as ...., 1/L correc­
tions to higher order terms in the expansion in ?; 

(note that E2 = 4?;2 /L). An interesting feature of 
our results is the strong cancellation in the phase 
shifts 1Jl• 11i of the contributions from perturba­
tion theory and from the "smooth" part of the 
meson-nucleon amplitude containing the coefficient 
a (the main terms contain a - 1 « a, 1 ) . The 
contributions from the meson-nucleon amplitude 
containing {31 and {32 are small and may be neg­
lected in rough estimates. 

Expression (1.3) for the mixing parameter does 
not contain the coefficient a. This is explained by 
the fact that the corresponding part of the meson­
nucleon amplitude is spin-independent and does not 
contribute to the tensor forces. Since the coefficient 
{3 1 entering into (1.3) makes a small contribution, 
the mixing parameters are approximated well by 
perturbation theory. This makes it possible to ob­
tain more accurate expressions for them than Eq. 
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TABLE I 

Etab• Mev 10 40 1 100 200 300 400 670 

ID, 0.04 0.1 0.25 0.5 - - -
tG, 0 0.01 0.04 0.1 0.2 0.3 -
spo 0.06 0.03 0.02 - - - -
spl -0.07 -0.1 -0.15 - -- - -
sp2 1 2 2 - - - -
~2 -0.001 -0.003 -0.01 -0.02 -0.04 -0.05 -

Sf2 0.02 0.04 0.06 0.07 0.08 0.07 -
Sfs -0.01 -0.02 -0.04 -0.08 -0.1 -0.15 -
sp, 0.05 0.2 0.4 0.7 1 1 -
~4 0 0 -0.002 -0.008 -0.015 -0.02 -0.04 

sH, 0 0.01 0.03 0:06 0.07 0.1 
3Hs 0 0 -0.01 -0.03 -0.05 -0.07 I 0.08 -0.1 
3He 0.01 0.02 0.1 0.3 0.4 0.5 0.9 

TABLE II 

10 40 100 200 300 400 670 

tpl -0.15 -0,2 -0.2 - - - -
1Fs 0 -0.02 -0.04 -0.07 -0.1 -0.1 -
1Hs 0 0 -0.01 -0.02 -0.03 -0.04 -0.1 
~1 -0.005 -0.02 -0.02 -0.01 -·- - -

8Dt -0.07 -0.01 0.05 0.07 - - -
3Dz 0.02 0.03 0.03 0.04 - - --
3Ds 0.3 -0.6 -0.8 -0.8 - - -
fs 0 -0.003 -0.006 -0.006 -0.005 -0.002 -

sas -0.01 -0.02 0.01• 0.03 0.05 0.06 -
sa, 0 0.01 0.01 0.02 0.02 0.03 -
sa. 0.02 -0.08 -0.2 -0.3 -0.3 -0.4 -

(1.3) by taking into account higher order terms in 
the 1/L expansion.* 

Tables I and II show the ratios of the two-meson 
phase shifts, Eqs. (1.2) and (1.3), to the correspond­
ing one-meson phase shifts calculated by Grashin.3 

Ratios smaller than 1% for 1ll• 1Jf, and smaller 
than 0.1% for the mixing parameters ~J• were 
replaced by zero. The ratios were not calculated 
for the cases when 1/L » 1. However, the ratios 
given in the tables also correspond to rather large 
values of 1/L ( 0.4- 0.8) and therefore the results 
should be viewed as rough estimates only and may 
be used with sufficient reliability only to establish 
the limits of applicability of the one-meson approx­
imation. 

It can be seen from the tables that the ratios are 
very large for the phase shifts with J = l + 1. As 
was already pointed out3 this is due to the fact that 
the one-meson contributions to these phase shifts 
are anomalously small since at low energies they 
have the "anomalous" energy dependence p2l+ 3• 

An interesting feature of our results is the high 
accuracy of the one-meson mixing parameters 

*To this end it is necessary to obtain higher order terms in 
the expansion of the perturbation theory amplitudes in powers 
of s 2 • For one of the diagrams, which gives an anomalously 
large contribution to Eq. (1.3), the exact singular part (all 
powers of s 2 ) is calculated in reference 2. 

(beginning with ~ 1 ), which is very important for 
a comparison of theoretical and experimental data, 
since polarization data make it possible to obtain 
the mixing parameters with sufficient accuracy ex­
perimentally. Thus a comparison of the theoretical 
and experimental ~ 2 for pp scattering at 310 Mev4 

makes it possible, from just this one parameter, to 
reject two of the eight solutions of Stapp et al., 
namely the second and the fourth. The subsequent 
more accurate analysis with higher phase shifts 
taken into account in the one-meson approximation5 

showed that the two solutions become one (No. 2 in 
the notation of Cziffra et al. 5 ). 

One is inclined to believe, as suggested by one 
of the authors3 and by Cziffra et al., 5 that fewer 
solutions will also be found at other energies if 
use is made of peripheral one-meson phase shifts 
(for example, those for which Tables I and II give 
ratios smaller than 10%) in the phase shift analysis. 

We next discuss briefly the analytic properties 
of two-meson phase shifts as a function of p2• All 
present calculations, as well as those of Galanin 
et al., 1•2 were carried out for physical energies; 
however it is trivial to generalize the method used 
to arbitrary energies and therefore Eqs. (1.2) and 
(1.3) are also valid for complex p2 accurate to 
order 1/ I L I , I t 12• In the unphysical region the 
two-meson phase shifts have a branch point at 
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p2 = -11-2 and a cut from -11-2 to - oo. The func­
tion Qz ( 1 + 211-2 /p2 ) is single-valued in the entire 
cut p2 plane, and for an analytic continuation of 
the function 'IF (z) which appears in Eqs. (1.2') 
and (1.3) it is convenient to use an expansion in 
the neighborhood of p2 = 0 ( z = oo ) : 'IF ( z ) = 1/2 

+ 1/4 z -2 + . . . However the integration over dq2 

by the saddle-point method used in the calculation 
of the two-meson shifts, as well as the expansion 
in s2 for one of the perturbation theory diagrams, 
are only valid under the condition I p2 + 11- 2 I » 11-2/ 

I L I, and consequently Eqs. (1.2), (1.3) cannot be 
used in the vicinity of the singular point p2 = -11-2• 

2. NUCLEON-NUCLEON POTENTIAL 

The calculated two-meson phase shifts are de­
termined by the interaction in the peripheral re­
gion x > 1, which may be considered as weak. 
This makes it possible to use the Born approximation 
to construct a potential* corresponding to the scat­
tering amplitude. By inverting the usual Born for­
mula we find for the potential 

V=--1-\eiqrM(q2)dq (2.1) 
~n2m ~ • 

We introduce the scattering operator (1.1) into Eq. 
(2.1) and write the two-meson potential as follows: 

U =Us+ (LS) ULs + (a<1>V' x) (a<2>V' x) Ur, (2.2) 

where ( LS) is the spin-orbit operator with eigen­
values % [ J ( J + 1 ) - l ( l + 1 ) - S ( S + 1 ) ] and the 
functions Us, ULS• and UT, after integration 
over the angles of the vector q, are given by 

+co 
Us =--;}-- \ eiqr Ms (q2) qdq, 

--mr .) 
-00 

+oo 
U LS = ~ _aa ..!.. \' eiqr MLs (q 2) qdq, 

nm r r r j 
-co 

-co 

(2.3) 

To integrate over dq we close the contour in 
the upper half-plane going around the cut on the 
imaginary axis 1m q :::: 211- in the manner shown 
in the figure. The integral over the semicircle at 
infinity may only give a delta-function-like contri­
bution in those cases when M ( q2 ) does not fall 
off sufficiently rapidly as q2 - oo. Therefore the 

*We note that, strictly speaking, a potential in the conven­
tional sense (local) describing the nucleon interaction does not 
exist. This is reflected in the fact that our equivalent potential 
depends on p2 and is therefore nonlocal. Furthermore, in higher 
orders of smallness in our expansion the operation of construct­
ing a potential is not even unique. 

lmq , ___ __, 
/ I 

1/ I 
I I 
I I 
I I 

I 
I 
l 

r-- ....... 
I ' I \ 
I \ 
I \ 
; I 

0 

2 Ljl I 
I 
I 

---~-' 
Req 

peripheral part of the potential is determined by 
the integral over the cut only and for x » 1 only 
a small portion near the singular point q = 2i1J. 
plays an important role. Going over to the vari­
able s and using the saddle point method we ob­
tain accurate to order ~ 1/x: 

--00 

The remaining integration over dIs I in Eq. (2.4) 
coincides with the integral of the discontinuity in 
the amplitude, ~M ( s2 ), which was encountered 
in calculating phase shifts and differs from it by 
the formal replacement of L by x. Making use 
of the previous results and denoting by d1 (x), 
D1 (x), and h1 (x) the functions obtained from 
d1, D1, and h1 [see Eqs. (1.2') and (1.3)] by the 
formal substitution L - x, we obtain for 1 « x 
« 4/E2 

3g4E4f'- E -2X v­
Ur=-~~-.,-{ho+S -rtXh1(x)}. 

16 y;- X" 

(2.5) 

(2. 7) 

In accordance with the expansion of the phase shifts 
in 1/L and ?;, the coefficients of the exponentials 
in the potentials are lowest order terms in an ex­
pansion in 1/x and e:-/X /2. Therefore only lowest 
order terms in 1/x should be kept when differen­
tiating with respect to x the tensor or spin-orbit 
parts [see Eq. (2.3)] of the potential (2.2) [e.g., 
differentiation in Eq. (2.3) is equivalent to multi­
plication by - 2 ]. 

The two-meson potential (2.2), (2.5), (2.6), and 
(2. 7) represents the next correction to the well­
known one-meson potential (see, e.g., reference 6 ), 
and consists of a central, spin-orbit, and tensor 
part. Interactions of the type umu<2> and ( u<1>L) 
x ( u<2>L) give corrections to the phase shifts T/Z, 
T/J of order e:2, 1/L, and are therefore not in­
cfuded in our approximation. The tensor interac-
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tion contributes to Til• Tl{ corrections of the same 
order, but, in contrast, fully determines the mixing 
parameters. For this reason we kept the tensor 
terms in the scattering operator (1.1) and the po­
tential (2.2), but ignored interaction terms of the 
form u0 >u<2> and (u<0 L)(u<2>L). A character­
istic feature of the two-meson potential is its sub­
stantial energy dependence contained in the function 
'¥ (J.J.Vx /2p ), as well as its dependence on isotopic 
spin. 

We emphasize in conclusion that this potential 
is equivalent to the scattering amplitude only in the 
first Born approximation. The question of a more 
correct construction of the potential will be dis­
cussed separately. 

The authors are grateful to L. B. Okun' and 
I. Ya. Pomeranchuk for useful discussions. 
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