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IN three-dimensional cascade theory, the functions,
of angular and spatial distribution of particles are
usually calculated under the assumption that the
energy of the primary particle is infinitely large.
However, the energy of the electrons and photons
near the axis of the shower is comparable with the
energy E, of the primary particle, and therefore
E;, cannot be assumed infinite. We give here a
convenient approximate method of calculating

these functions, which yields a sufficiently accu-
rate account of the influence of the finite E; on
the form of the distribution function. Let, for ex-
ample, Np(Eo, E, r, t)dr be the number of elec-
trons with energy greater than E at a depth t and
a distance r, r+dr from the shower axis, due to
a primary particle with energy E;. If we introduce
x = Er/Eg, where Eg =21 Mev, then when Ej;= =
the function Np (Ey, E, r,t) can be represented
in the form*!

NP (Eo, E, r, ) =[5 (x, YN, (Es, E, hE2E;, (1)

where Np(Eo, E, t) is a function that describes
the one-dimensional development of the shower.
The function of lateral distribution fp (x, s) is
normalized as follows:

g F2 (v, s)xdx = 1.

0

In one-dimensional cascade theory, the quanti-

ties Ey, E, and t are related as follows

—NG)E =y, (2)

where s is the cascade parameter, y =1In(E,/E),
and A{(s) is a tabulated function. In three-dimen-
sional theory for a finite value of E;, the quantities
Ey, E, x and t are related by

—h(@E)t=y+Inx, (3

which holds when 1 >x > E/E,. It is seen from
(3) that at a finite value of E; and a fixed depth t,
the quantity x is a function of s, and as r de-
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creases s increases, reaching a limiting value

s = when xXpmin = E/E(. If we let E; approach
infinity in (3), then the dependence x =x(s) be-
comes weaker and weaker, and in the limit Ej, = «
it disappears entirely. In this case the parameter
s is constant for 0 < x < < and coincides with the
parameter s of the one-dimensional theory. Tak-
ing this into account, the function of lateral distri-
bution of particles at a depth t in a shower, in-
duced by a primary particle of energy E,, can

be represented in the form

N, (Eo, E, x(s). t(s))
= fs*(x, )N, (Eqo, E, s, t (s5)) EYE2, C

where the dependence x(s) at constant E,, E,
and t is determined from (3), while t(s) is de-
termined from (2). To calculate Np[ Ey, E, x(s),
t (s)], we can use the functions ff,° (x, s) which
were previously calculated? by the method of mo-
ments. Actually, the moments 6" (Ey, E, s) and
ro( Ej, E, s) of the functions of angular and spa-
tial distribution depend little on E, if s is con-
stant and E,/E > 10, (reference 3). Consequently,
one can assume approximately that at constant s
the functions fgo (x, s) depend little on E,/E

> 10, i.e., fgo (x, 8) ~ ff,°(x, s). Therefore, if
we determine the variation of x(s) from (3) at
constant Ej, E, and t, we get

Ny (Eo, E, x(s), t(s))

~f5(x, YN, (Eo, E. s, t(s))E*EL (5)

We introduce the function of spatial distribution of
electrons for a finite value of E;, normalized to
one particle:

fo(Eos E; x(s), 1)

= N,(Eq, E, x(s), t(5)) E}/N,(Eo, E, s, t(s)) E2.  (6)
We then obtain finally
fo(Eg, E, x, 1)

= [ (x,s) Ny (Eg E, s, )/N,(E,, E, s, t). (7)

It is easy to calculate analogously the functions
of spatial distribution of photons with energy greater
than E, and also the corresponding distribution
functions of particles with energies E >0, with
allowance for ionization losses. The method used
for the calculation can be applied to the calculation
of angular-distribution functions.

Let us obtain the lateral distribution function of
electrons with energy greater than E for the case
of equilibrium. In reference 4 it was shown that if
the electrons and photons of energy E, are gener-
ated over the entire thickness of the substance in
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accordance with the law e #t5(E;—E), then s,
t and y are related by

—NE) =1/ () + W=y, (8)

where pu is the coefficient of absorption of the
component that generates the primary electrons
or photons. The integral energy spectrum of the
electrons has the form

Np(Eo Eo ) = 28 exp 536t — I §) + u]}

s

N () [ (5) = w] — N2 G5) }]"’=

- 9
[Ay(s) + ul? ©)

S [2:: {)1 (st —
It can be shown that in the case of continuous gen-
eration in depth, the quantities s, t, y, and x in
three-dimensional theory are related by

—MNE =1/ 6) +w)l=y+Inx.

We used the foregoing method to calculate the
following functions: the laterial distribution func-
tion of electrons and photons with energy greater
than E (approximation A) at s = 0.4, 0.6, 0.8,
1.0, 1.2, 1.4, and 1.6 for various values of the
ratio E¢/E =108, 104, 103, 102 and 10; the func-
tions of lateral distribution of electrons with en-

(10)
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ergy E >0 (approximation B) for s =0.6, 0.8,
1.0, 1.2, 1.4, 1.6 and for values of the ratio Ey/B
=105, 104, 103, 102 and 10. We also calculated the
equilibrium functions of angular and lateral distri-
butions of electrons for several values of the pa-
rameters. ‘

*The condition E, = = is used here only for calculating
the function f:(x, s).
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PRESENT experimental possibilities have allowed
a rather close approach to a measurement of the
cross section for scattering of a neutrino by an
electron.! This process is a very important one
for testing the theory of the universal weak inter-
action.

In the laboratory system, in which the electron
is at rest, and for incident neutrino energy w; > m,
the cross section for scattering of a neutrino by an
electron is

¢y = (g2'3%) may, 0

i.e., a linear function of wj.

There is another process, v +Z —v +Z +e*
+ e~, for which the laboratory system coincides
with the center-of-mass system. On one hand, it

could be expected that the cross section for this
process would be smaller than that for scattering,
since it contains the factor (Ze? )%, and the phase
volume gives an additional numerical factor (2w)~2.
On the other hand, the phase volume is proportional
to w?, since there are three particles in the final
state.

This process is described by two second-order
diagrams. The calculation of the contributions of
the two diagrams to the cross section leads to ex-
tremely cumbersome formulas. We shall, how-
ever, get the right order of magnitude for the total
cross section if we confine ourselves to the con-
tribution of one diagram. The differential cross
section for the process then has the form

dp_dp_ dk,
P

16g2 (Ze2)2

Wywre__ € _
v

(k1ks)
m*— f*

d62=

. 22 —m?—(fp_) 1
X [-‘Zs+s— —(p.p-) +2fp. -

m— 2
X6 (0 — 0y — 2 — &), (2)
where
f=hk —ks—p_, Gg=k—ks—p. —p_.

Here ky, ky, p,, and p_ are four-vectors that
refer respectively to the neutrino in its initial and



