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It is possible to deduce the energy dependence of the coefficients in front of the products of
various form factors in the expression for the probability of leptonic decay of hyperons, and
also to predict when part of these coefficients vanish by making use of the invariance of the
four-fermion interaction matrix element under some formal transformations, no straight-
forward calculations being required for this purpose.

1. FORM FACTORS

THE matrix element of the four-fermion interac-
tion H corresponding to the leptonic decay of
hyperons

Y—N+414, 1)

have, in the most general case, the form (we shall
omit the bar over v in the indices)

INBVHYY = DT uy) @0,u,) + @nlur) @0prsu)l,
(2
where ui is a spinor of the k-th particle, and
0j= 1, T T [‘\{}L.‘,5v 'Ti?s:w (]: S, P, V, A, T) (3)

Because of the presence of virtual strong inter-
actions, the vertices I'{*) can have a complicated
structure. The most general expression for [qu

= (py — PNyl follows! from relativistic invariance:

[§'=C5, I'¥ =CFYs

DV = G & By '5g, + DV g

() (=) -pl(=) (= .
I = i vuys + B 50945 — D qu1s;

I = o + BF (14, — 1.02) + DF 5 (Yults — 7.472)
- iFE) (Dyopny — PivDrs — ZunasPyaPy )- (4)
The form factors C(i) BJSi), ngi), lFr(fF) are
functions of the invariant
Q* = — (pr — pv)*. (5)

In the work of Weinberg,' the coefficient of F{
has a somewhat different form; however, the
transformation properties of the expression de-
scribed in (4) are much simpler.

Calculation of the energy correlation and the
asymmetry of the decay (1) are given in reference
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2, and also of the spectrum and polarization of the
nucleons, either with T'{#) and T'§ left in (2)

(since C‘S*) is equivalent to —D‘*)/ m;, while
C$ corresponds to D§’/m;, then essentially
only the tensor vertex I'Y is not considered in

this calculation), or with all five variants consid-
ered, but without form factors. Calculations with
all (including the tensor) vertices would be too
cumbersome; however, certain information on the
interference of the form factors can be obtained
without calculation by studying the behavior of the
matrix element (2) — (4) in certain formal trans-
formations which are considered in Sec. 2. In
this case, as is shown in Sec. 3, a prediction of
the energy dependence of the coefficients in front
of the different products of form factors is pos-
sible, as is also the vanishing of part of these co-
efficients. The absence of the interference of cer-
tain variants or of form factors, for example, in
the ordinary B decay, is a well known fact; its
explanation from the general formal point of view
has a certain interest. Moreover, the relations
that have been obtained can serve as a control of
the results of calculations.

2. TRANSFORMATIONS

In calculations with the matrix element (2), it
is necessary to calculate an expression having the
structure

N ReRG (s Frattls) (@iaGis ), (6)

where F)g and Ggpg are any of the spinor oper-
ators (matrices) written down in (4); Ry and

Rg are the form factors standing in front of them
in (4); uy; and uy are spinors, either Y and N,
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or v and I. As arule, G* =+G. It seems that
the expression (6) should be multiplied by (u,F’us)
x (u3G’*uy); however, inasmuch as the spinors ug
and u, do not take part in the transformations (12)
(see below), this factor is not essential for our
consideration.

Strictly speaking, one should compute not the
expression (6), but

RFRG Sp {Fp:Gos)}, (7)

because only in the case of a pure state is the den-
sity matrix pgo expressed in terms of ugy:

Ooa = ugtly, (8)
and (7) reduces to (6). In the general case, the den-
sity matrix of the i-th particle pj, as is well
known,? has the form

oi = (1 4 insls) (m: — ips) | 4E:, (9)

while if we introduce a unit vector nj = p;/|pj |
in the direction of the momentum p;, and the
vector ¢; of the spin of the i-th particle in its
rest system, then

U= Gm) mE; [ m; + (G — Gn)nl; Cupp =0, (10)
i.e., (the notation is obvious),
o= E&ap/mi Gy =51 Go= (G )/ ma. (11)

Let us consider further three types of formal
transformations:
Loowy— sy,  Uy— Uy

I s — ysuty, Uy — uy;
Uy — 1l = Cu,. (12)

In transformations I and II, we have

1. 4, — u = Cu,,

pi—> — Yspits = (1 — inse) (— m:— ip) [ 4Es,
(i=1,2),
i.e., my—-my; (or p; —-p;), & ——¢.
If we consider (11), then this means

(13)

m——m; (or p;——pi), Gy —>—C;. (14)

In the case of transformation III,
o1 — (C0:C)" = (1 + ixsla) (— my — ipy) / 4,
p—>— (C0:0), (15)
whence
P1— P2y My My (O P12 Py, My = — my);
Qlllz—gzli ’ Ql_L ZCzJ.- (16)

If we now return to (7), it is not difficult to see
that it is invariant under transformations I or II,
i.e., upon replacement of (14) with simultaneous
transformation of the spinor operators:
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I. F— Fy;5, G— G,

II. F—» —7sF, G— —1:G; anm

and similarly in case III, i.e., in the transformation
(16), together with

1. F——(C'FO)", G——(CGC)"  (18)

(if the particles 1 and 2 are Y and N, while F or
G is equal to Py,PNy = PYVPNu ~ €uvapPYaPNB
then an additional change in sign should take place).

The transformation of the operators (17) and
(18) is equivalent to a transformation of form fac-
tors for unchangeable operators. If the particles
1and 2 are v and [, then the transformations I,
II and III in (17), (18) correspond to [RJS*’ are
arbitrary form factors in (4)]

I. R¥® R, 19)

n RE—>—RT (=S, P D), (20)
PR (=4, V)

11 change sign R(si), R(F't), R&lﬂ, Rg/_), (21)

do not change sign R(Ti), qu_), Rﬁ’

If particles 1 and 2 are Y and N, then the
form factors transform in the following fashion:

(+ ¥ + F (+ (F
L C¥'=cs”, Pz —CcY’, B =>—BY),

¥ : ¥ F (+ (F).
D(Vt)'—)——D‘(;), C(TI)-—>C(T ), B(T:t)—>D(T )’ F$ )——>FT :
. - - (22)

11. Cg:) — C$>+), C%/i) — C(+), B(Vt) —>qu+),

(+ ¥ (¥ (+ (F (+ ).
D = DY, C¥' = —C, B 2 DY, F{P 2 — Fy;

i (+ (£ (+ (+) S (£).
[1], Shange sign s, ¢, ¥, ¢, D, DF:
do not change sign C{/i)’ B(Vi’)’ B&‘i)’ C(Ti), B(Ti)’ F(ri).

The invariance of (7) means that the even (odd)
combinations of the quantities mg, pk, ¢k (k=Y,
N, I, V) relative to any of the transformations con-
sidered should be multiplied in formulas for the
probability of decay by a combination of form fac-
tors that is even (odd) relative to the same trans-
formations in (19) — (24).

3. INTERFERENCE OF FORM FACTORS

We shall now make clear how the conclusions
can be obtained.

1) Inasmuch as m, =0, while summation is
carried out over ¢, the variables v do not re-
main in (14), so that the probability of decay can
contain only even [relative to (19)] bilinear com-
binations of form factors, namely,

R§'+)R1(F;+)+R§'_)R;;_), R}-I-)R;l—)_{_R}—)R;;H.

2) If we are not interested in ¢7), then it fol-

(25)
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lows from (14) and (20) that the products of form
factors inside each of the groups (20) which must
enter into the combinations (25) should not be mul-
tiplied by m;, whereas the coefficient in the inter--
ference between the groups certainly contains mj.
In formulas with ¢7) the contrary would be true.

3) If we are not interested in ¢; and ¢§,, then
the interference of form factors inside each of the
lines of (21) should be multiplied by even [relative
to (16)] products of the quantities Ej, p;, m; and
Ey, py (my =0), while the interference between
the lines must be multiplied by odd products.

In what follows, we limit ourselves to an inves-
tigation of the spectrum, the asymmetry of emission
and the polarization N. It is then necessary to in-
tegrate over the variables ! and v. This is most
convenient to do in the system of coordinates where

Py =DpPn, Pr = —Dp,. (26)

Integration over the variables 7 and v means
here simply integration over the angles p;, after
which all the components which are linear in pj
= —p,, disappear. Therefore, the expressions that
are even relative to (16) are

8l$v, —Ppipy = p? = p\z, = 83, mlgv - mvgl = mlgv, (27)
while the odd is

mi&, + m8; = mé.. 27"

In order to distinguish the system py =py from
the system py =0, all the energies in the first are
denoted by the letter &, and in the second by E. It
is not difficult to see that here
lpy|=|pv|=my VEN—m} [Q, &= (Q*+ m})/2Q,
8r=my(my—En)/Q, Ip:/|=]|p]=8& = (Q*— m})/2Q,
&v = (myEy — mi) [ Q, Q*=my+m} —2myEy.  (28)

If now the form factors in (20) are found in one
line, i.e., they should not be multiplied by my, but
in (21), in different lines:

R(s:t)R(T:t) R(Pj:)R(Ti) Rfsi)R(TI) R%t)R(T?)
R{/i)R‘(/-T—) RSAi)RSF), R‘(/i)R(A?)’
then (the signs must be chosen either both upper

or both lower), by virtue of (27) such interference
is forbidden. Since C§” and C{? can be reduced

(29)

to —D%’/ml and DX“)/ml and conversely, then

the forbiddenness of the interferences
C.(si)cgt), Cfsi')cg:)’ Cg__‘i)c‘(‘f), D{}i)R(Ti)’ D{/i)R(T:F),
DRF, DR (30)

also follows from (29).
From a comparison of (27) and (21) with (20), it
is further clear that the product of form factors

from one line both in (20) and in (21), i.e., (the
expressions REF'RPF), etc, denote products both
of identical and also different form factors, in
this case of the vector type

R(S-_L-)R(S:t)’ Rﬁ)i)R(P:t), R{/:t)R{/i), Rfjt)R(jt),

R(Tj:)R(T:t)’ Rg:t)R‘(D:F)’ R(Ti)R;_:F), R{’i)RSQI), (31)

should be multiplied by &;&, or pj= §2. If the
form factors in (20) are found in different lines,
then they interfere with the factor m;&,,:

RsRa, RsRy, RpR4, RpRv, RrR4a, RrRy.

In the case of electron decays, one can neglect
m;. This means an absence of interference both
in (29) — (30) and in (32). This result was obtained
in somewhat stronger fashion by Weinberg,! who
used only the invariance relative to the transfor-
mation III, and obtained forbiddenness for the in-
terference of two groups in (21). The vy invari-
ance leading to Eq. (20) gives the additional infor-
mation here.

Thus, in the case of electron decays, the R’
interfere only with one another; in the group
V, A, only the expressions

RWPRP + RORY, RIPRYP + RTRYY,
RYPRE - RYVRE,

(32)

can be encountered, while in the group S, P, only
R§"RE™ + RSPRS?, REVREY 4- RERE,
REPRE) + REIRGD.

When only the form factors C; remain, this
conclusion is confirmed by direct calculation.?:*
Inasmuch as the form of the matrix element
(unT'juy) has no effect on the considerations
given here, all the above results are applicable
to the case of ordinary B decay, where they are
generally well known.

Application of the transformations (22) — (24)
to the baryon part of the matrix element (2) gives
new relations. If in this case one calculates the
probability of decay with given energy E,, angle
between ny and {y, and polarization ¢y
(lenl=1) then

AW ~ dENdQnSn (En) {1 + on (EN) (Q yy) }
X {1 -+ Py (En) Gann) = P2 (En) (Gann) (3510)

-+ Py (En) [(BrE8) — Ganw) (Syny)]}, (33)

where SN characterizes the spectrum, ap — the
asymmetry of the flight, and Py, Py, P3 — the
polarization of N. The quantities oy ‘and P; can
be different from zero only in parity nonconserva-
tion.

A discussion completely analogous to that given
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above shows that in Sy and SyP, (Syy = SyI[1+
an (¢y-ny)] the following expressions are mul-
tiplied by ¢y &y and P (RjRp= R{"R{ +
R{RE); the form factors Bj and Dj have the
a(iditional factors ¢y —én=Q while Fp has
the factor ¢y&y or pk; Cg and Cp behave
as —Dy and Dp):

Cy +- C%, By + B%, Dy+ D%, C%, BY + D7,
F%, BrDr, CtFr  CyBr —CaDr,
(By — Ba)Cr, (By— Ba) Fr. (34)

The factor mym) multiplies

Ch— G4, BY— BA, Dy— Di, BY— D3, CuBr — CaDr.
(BV - BA) Cr, (Bv = B,) Fr. (35)

Moreover, interference expressions of the form

(RiR; =+ RyRp) myéx — (RiR, - RyRp) my&y (36)
are possible in S, and SNP,, where

R;R; -~ RyR; = CaBs — CvBy, CyDy — CaD4,
CaCr — CvCr, CaFr 4+ C'Fr, B4Dr + ByBr.
ByDr +- BsBr, CrDr — CrBr, DrFr — BrFr. (37)

The components (34) in the coefficient Sing,
which determine, in accord with (33), the trans-
verse polarization, are multiplied by mymy,
while (35) is multiplied by &y¢y and pj. The
expressions (37) interfere according to the rule

(RiR; - RiRy) my&y + (RiRj — RuRy) myé&x. (38)
Besides (29) and (30), the interference
ByDy, BaDa, CyDr, CaBr. (39)

in Sy, SNP;. SNP; is shown to be forbidden.
As far as the components with parity noncon-
servation are concerned, i.e., Syay and SNP;
in (33), a similar discussion leads to the result
that the interference (35) does not enter into it
(here RiRy = R}*’R{; ) 4 R}"Rﬁ' )y while the co-
efficients for the remaining products of form fac-
tors in Syay and SNP; are simply related to
each other. For example, in the products (34)
(with the substitution of C%, + Ci, B%, + B‘ZA,
D + D4 by CyCa, ByBa, DyDa) the fac-
tors ¢y and &N appear, while the transition
from oy to P, is connected with &y ==-¢N.
In the interference (37) (with the substitution of
CAaBA - CyBy, CyDy — CADA by CaBy
- CyBp, CyDp — CpDp) we get

(RiR; -+ RyRy) my > — (R:R; — RyRy) my.  (40)

According to the general rule, one can also as-
certain that the form factors ByDp — BpDy and

CABT + CyDT should not make a contribution to
an and Py, while ByDp + BADy and CpBt
— CyDt should be multiplied by &y and &,
while in the transition from ayN to Py, ¢y = &N.
Direct calculation? shows that the coefficients for
ByDp and BpDy are equal to zero. Thus, if
ay is computed, then the expression for P; can
be obtained without additional calculation.

The results of the present section can be put
in a form suitable for comparison with the formu-
las of reference 2, where the notation

J=Q*/ (my—my)?, E=(my—my)/(my-L+ my),

m; ! (my — my)? (41)

il

]

is used.
According to (41) and (28),

& =my(1+-8)/VI( =58,
v =my (1—23) ]V I(1—2,
P = mymy (1 —J) (1 —8) /(1 — &) J,

& =5 (my—my) VI +5/0),
& =|p|=|pil=15 (tmy —mx) VI (1—m/J). (42)

Therefore, in addition to the added factors (Q or
%’Y&’N, p%q), for be’ Dj or FT’. the, expressions

(34) in Syy and S{P, [and (35) in SNP;] are mul-
tiplied by (1-J)(1 —£4J) or (1 —£232), while

(35) [(34) in S\P3] should be multiplied by (1 —£2)J.
The interference of (36) or (37) can now be written

as

VI[RR; (1 — 22]) == RyRiE (1 — ). (43)

In the transition from apN to Py, the rule
&y =F &y is equivalent to 1 —F1, £J—FEJ;
the rule (40) now means that for RiRj we have
1— -1, ¢&¢—¢, while for RhR we have 1 —1,
¢ — —¢. The factors &1, &, p% = ¢% and mjé,
in (31) and (32) are proportionalto 1+ n/J, 1-7/J
and vn/J.

Direct calculation? agrees with the results given
here, in particular with the absence of interference
of the form factors in (29), (30), and (39). It should
be noted that in the expression for the energy cor-
relation, such interference will certainly appear
with the factor

X ~E;—E,[1 -mi/Q4/[T=mi]Q?, (44)

the contribution from which vanishes upon integra-
tion over the variables I and v.

In conclusion, I express my deep gratitude to
S. V. Maleev for stimulating discussions.

1S, Weinberg, Phys. Rev. 112, 1375 (1958).



INTERFERENCE OF FORM FACTORS IN LEPTONIC DECAY OF HYPERONS 391

2 Belov, Mingalev, and Shekhter, JETP 88, 541 1250 (1958), Soviet Phys. JETP 7, 864 (1958);
(1960), this issue p. 411. Nuovo cimento 10, 359 (1958).

3H. A. Tolhoek, Revs. Modern Phys. 28, 214
(1956). Translated by R. T. Beyer

41. B. Okun’ and V. M. Shekhter, JETP 34, 108



