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We have used a transport equation without a collision integral to consider nonlinear problems 
of oscillation modes of an electron plasma and of the interaction between plasma beams. We 
have obtained relations between the wavelength and the frequency and the amplitude of the os­
cillations. We determine the maximum field for which periodic processes are possible in a 
plasma. We have found the conditions for the propagation of large amplitude waves both for 
a plasma at rest and for a plasma of moving beams. 

THE Boltzmann-Vlasov transport equation, 1 which 
is based upon a model of particles that interact 
through a self-consistent field, is a good approxi­
mation to describe an electron plasma. The field 
describes the so-called long-range collisions of the 
particles, i.e., the interaction of the particles which 
is connected with the slow decrease of the Coulomb 
forces. The short-range interaction is described 
by the collision integral. 

This paper is devoted to a study of stationary 
processes in an electron plasma using this equa­
tion. We consider in the paper the propagation of 
electrostatic waves with a constant phase velocity 
both in a plasma at rest and in a plasma of moving 
beams in the nonlinear approximation. Similar non­
linear problems have been solved earlier by anum­
ber of authors;2- 4 they considered the interaction 
of beams in the hydrodynamic approximation2 and 
the interaction of a hydrodynamic beam with a 
plasma described by a transport equation.3•4 

For the sake of simplicity, we consider in this 
paper an unbounded plasma. We assume that all 
quantities depend on one coordinate x only. The 
ion motion and effects of short-range collisions 
both with charged and with neutral particles are 
not taken into account. The first neglect is based 
upon the large difference in mass between ions 
and electrons, and the second one can be assumed 
to be fulfilled if we consider a high temperature 
plasma with a high degree of ionization. 

To consider solutions of the type of moving 
waves we shall go over to a system of coordinates 
in which the wave is at rest. Under the above as­
sumptions the electron plasma is described in this 
system of coordinates by the equations 

~ -+- _!!____ '!!£ ~ = 0 d2<p { \ } ax , m dx dv , {[X2 = 4;re ) f (x, v) dv- n 0 , (1) 
(·p) 
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where f ( x, v) is the electron distribution func­
tion in configuration space, cp ( x) the self -con­
sistent field potential, e and m the electronic 
charge and mass, and n0 the constant positive 
charge density. We must say a few words about 
the domain of integration over the velocities in 
the Laplace equation. One usually integrates be­
tween the limits - oo < v < + oo, i.e., one assumes 
that at every point in space there are particles 
with zero kinetic energy. We shall consider an 
electron plasma in which there are no bound par­
ticles, i.e., where there are no particles for which 
the region of motion is limited on two or on one 
side by the electrostatic potential barrier. The 
limits of integration are in that case determined 
as follows. 

Let <f)o be the total energy of that plasma par­
ticle at x = x0 which possesses a minimum energy. 
The other particles at that point will then satisfy 
the relation 

mv2J2- erp (x0 ) > i80 • 

Since the particle with minimum energy performs 
an infinite motion during which its energy is con­
served, the relation 

mv2j2- erp (x) > i80 

must be valid for all particles at any point x. This 
relation determines the domain of integration over 
the velocities. 

A particle may be captured if it loses energy 
through an interaction that is not connected with 
the self-consistent field. The capture of a particle 
leads to a decrease of the depth of the potential 
well of the self-consistent field. This is the normal 
mechanism of damping of the field when short-range 
Coulomb collisions and collisions with neutral atoms 
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are taken into account. These processes are not 
taken into account in the present paper, since we 
have assumed that the interaction takes place only 
through the self-consistent field E ( x). 

The presence of captured particles is connected 
with the character of the establishment of a station­
ary state in the plasma. In the present paper we 
assume that it occurs without capture of particles. 
For waves whose phase velocity is much larger 
than the average thermal velocity of the electrons, 
this assumption is well justified. 

Let us find the electrical field distribution in 
the plasma in its dependence on the form of the 
distribution function and the magnitude of this 
field in an arbitrary point x = 0; i.e., let us solve 
the Cauchy problem for Eq. (1) under the following 
initial conditions: 

cp(O) = 0, -dcp(O);dx = £ 0 , 

f (0. v) =A exp {- m (v- vph)2/2T} if mv2/2 > mvp;2, 

f (0, v) = 0 if mv2;2 < mv~/2, 
(2) 

where % mv~ is the minimum energy at the point 
x = 0, Vph the constant phase velocity of the wave, 
T the electron temperature in ergs, and A is de­
termined from the normalization condition 

A ~ exp {- tn. (v- vph) 2/2T} dv = n00 (3) 

v2>v~ 

The form of f ( 0, v ) and the normalization condi­
tion are chosen in such a way that the electron 
velocity distribution in the laboratory system of 
coordinates goes over into the Maxwell distribu­
tion for E (x)- 0. 

The quantities v5 and E0 are connected with 
the character of the establishment of the self-con­
sistent field. One may assume for the oscillations 
of a free plasma that the field E0 is caused by the 
density fluctuations of the electrons. In the follow­
ing we shall assume that v5 ~ 0. Analysis shows 
that if v5 = 0 a perturbation connected with the 
density fluctuations of the electrons will be con­
centrated in a bounded region. Its dimensions 
are determined by the perturbing field. The de­
tailed problem of the choice of v5 is considered 
later on. 

The distribution function satisfying the trans­
port equation and the initial conditions is as fol­
lows 

[ m ( "I~~. :!.c~- ')2] 
A exp - 2T \ -L= v v - m- Vph 

mv• mvg 
if 2 -ecp> 2 

0 (4) 

The ± signs in front of the radical correspond 
to v > 0 and v < 0. 

It is convenient for the following to introduce 
the dimensionless quantities 

mv2 I 2T = u 2, ecp / T = z, x V 4rce2n0 j T = x! }.D = C, 
mv21 2T = u2 • mv2 1 2T = u2 (5) o o• ph ph' 

The Laplace equation takes on the following form 
in this notation 

(X) 

~ {exp [- (l-lf,~2 ] + exp [-(I+ !f,h)2)} (12 + z)-';, ldl 
d2z 
d~• = u, oo - I. 

\ {exp (-(I- u )2) + exp (-(I+ u \2)} dt (6) J pW pW 
u, 

Here u0 = + v'Uf. Integrating this equation twice 
and taking the initial conditions into account gives 

z 

C= ~dzjVE~-2V(z), (7) 
0 

where 

E~ = (dz (0) I dq 2 = E~j 4rrn0T, 

V (z) = z 
00 

~ {exp [-(I -zt,h)2 ) + exp [-(I+ t~J2 ]} cVt• + z- I) ldt 

-2~u, ____ ~oo~---------------------------

~ {exp (-(I- Lf,J2l + exp [ -(1 + zt,J2 ]} dl (8) 
u, 

V ( z ) is defined in the interval - u~ :::::; z < co • V ( z) 
decreases monotonically in the section - u~ :::::; z :::::; 0, 
and increases monotonically in the section 0 :::::; z 
< co • The point z = 0 is a minimum of V ( z ) . It 
is well known ( see, for instance, reference 5 ) that 
(7) defines z as a periodic function of t for those 
z which satisfy the condition 

2V (z) < lt (9) 

This relation, however, defines for Z = - u~ the 
maximum field strength Eo,max for which station­
ary processes are possible in a plasma which is 
described by Eq. (1). 

The period ~ of the function z is determined 
by the usual expression 

~ ~~· dz ),=2 -=-, 
J/. £ 2 - 2V (z) z, 0 

(10) 

where z1 and z2 are the roots of the equation 

£~- 2V (z) = o. (11) 

The difference z2 - z1 determines the amplitude of 
the self-consistent field potential in its dependence 
on the magnitude of E0• 

Equations (7) - (11) solve the given problem 
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about the propagation of electrostatic waves of 
constant phase velocity in an electron plasma. 
All required results can in the general case be 
obtained by numerical integration of the corre­
sponding equations. 

We need an explicit expression for E and u0 

for further evaluations. One can see from (8) that 
Eo is determined by the ratio of the energy density 
of the electrostatic field to the average kinetic en­
ergy density of the electrons. For fields which are 
caused by fluctuation processes this quantity is of 
the order of unity. We shall choose u~ from ther­
modynamic considerations, assuming that an elec­
tron plasma in its equilibrium state is a perfect 
gas described by the distribution function 

f (u) du = ~t-';, exp {- (u- uP1?} du. (12) 

The factor rr-112 corresponds to a normalization 
to one particle. The most probable value of u~ 
will be the average value u2. One can then write 

(13) 

where ~u2 is of the same order of magnitude as 
the average fluctuations in energy ..J ( ~u2 )2 . Fr'om 
the physics of the problem, u3 corresponds to the 
minimum energy so that we must take for ~u2 a 
quantity somewhat larger than ..J (~u2)2, or, 

t.u 2 =A V(t.u2)2 , A ;r1. 

From these considerations, however, it follows that 
we must choose the minus sign in front of ~u2 . 
From (12) we get 

u2 = 1h + !£.~· V(t.u2)2 = V u4- (u2)2 = V 2u;h;t 1/2· (14) 

We see from (13) and (14) that if u~h ::5 1 the 
magnitude of u~ is basically determined by fluctu­
ation processes, i.e., for phase velocities less than 
or of the order of the thermal velocities, the oscil­
lations have a purely fluctuation character. In that 
case u~ « 1. Calculation shows that the frequen­
cies of these oscillations are much less than the 
Langmuir frequency w0 = ( 4m0e2 I m) 112, their 
wavelength much less than the Debye screening 
radius ll.n and the energy density of the electro­
static field much less than the energy density of 
the thermal motion of the electrons. When Uph 
» 1 we get from (13) 

The coefficient for the fluctuation correction is 
dropped since the magnitude of A is defined up 
to a factor of that order. 

(15) 

One can linearize Eq. (6) when· E0 « 1. It 
goes over into the equation for harmonic oscilla­
tions with a dispersion relation 

which is practically the same as the well known 
results of the linear theory. For the maximum 
field we get from (8) and (9) 

(16) 

The ratio of the terms omitted in the last equation 
to those retained is of the order of magnitude 
(T/mv~h)l/4 • 

Electrostatic waves of large amplitude (the 
term "large amplitude" must here and in the fol­
lowing be taken in the sense of E~/n0T » 1) can 
thus be propagated in a plasma if the phase veloc­
ity of the wave is much larger than the thermal 
velocity of the electrons. One can neglect the in­
fluence of fluctuation processes on these waves. 
Physically this result is completely understandable. 
For processes which take place with velocities 
larger than the thermal velocity of the electrons, 
one can consider the plasma as a collective medium, 
the behavior of which is completely determined by 
the average value of the density n0, the temp.era­
ture T and the law of interaction between the 
particles. 

It is not difficult to generalize this to the case 
of the propagation of waves in a plasma of moving 
beams. We shall again give our considerations in 
the system of coordinates in which the wave is at 
rest. We shall assume for the sake of simplicity 
that the temperatures of the beams are the same. 
We take as the equilibrium distribution functions 
of the beams Maxwell distributions. The statement 
of the problem and the solutions of the transport 
equations for the beams are exactly the same as 
before. 

The Laplace equation in dimensionless quanti­
ties is of the form 

00 00 

d2z I d~2 = oc1 ~ F 1 (t) (t2 + z)-'1, tdt I~ F 1 (t) dt 
U 0 U 11 

00 00 

+ oc2• ~F2 (t) (t2 + z)-'f,tdt j~F2 (t) dt- I, 
a;, Uo 

F 1.2 (t) = exp I- (t- u1.2) 2] + exp [- (t + u1.2) 2] (17) 

and together with the notation (5) we have intro­
duced the new symbols 

OC1 = n1 I no, OC2 = n2 /no, u~.2 = m (v1.2 + Vph) 2 1 2T, 

where n1 and ~ are the equilibrium densities of 
the first and the second beam; v1 and v2 , there 
average velocities in the laboratory system of 
coordinates. Positive values of v1 and v2 corre­
spond to a motion of the beams against the wave, 
i.e., Ut and u2 characterize the relative phase 
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velocities for the first and the second beam. 
The condition for the existence of stationary 

solutions of Eq. (7) is the condition for electrical 
neutrality of the plasma: a 1 + a2 = 1. Integrating 
(1 7) twice leads to 

z 
~ _ \ dz 

- ~ V£~-2W(z) ' 
(18) 

00 00 

W (z) = z- 2<X1 ~ F 1 (t) <V t2 + z- t) tdt I ~ F 1 (f) dt 
u, u, 

00 00 

- 2<X2 ~ F 2(t)(y't 2 + z- t) tdt I~ F2 (t) dt. (19) 
u 0 U 0 

We shall put, as before, the quantity u~ equal to 
the sum of the average value u2 and a fluctuation 
correction for a particle described by the distribu­
tion function 

f (u) du = [<X1:t-'l•exp {- (u- u1) 2} 

+ <X 2:r-'/, exp {- (u- U2)2}] du, 

i.e., 

u~ = U2 (1- A V(6u2) 2 1 ii2). 

We get from (20) 

(6u2) 2 = T + 2<X1U~ + 2<X2U~- <X~U~- <X~U~ + <X1U~ 
+ <X 2U~- 2<X1<X2Uiu;. 

(20) 

(21) 

Solutions describing stationary processes of 
large amplitude with characteristics that depend 
weakly on the fluctuations are of interest. For 
them the conditions 

(22) 

must be satisfied. We shall assume that a 1 ~ 0, 
a2 ~ 0, and v1 ~ v2 • These cases go over into 
the one considered earlier. Let a1u~ be the 
larger of the quantities a 1ui and a2u~; we can 
then write the conditions (22), using (21), in the 
form 

<X1Ui ~ 1, Jl <X2 I <X1 11 --'--- u~ / ui I < 1. (23) 

For beams with equal density we obtain the follow­
ing conditions for the propagation of large ampli­
tude waves: 

m (v1 - v2) 2 I 2T ~ I, vph=- (vi+ V2) I 2. (24) 

In particular, there can exist a standing wave with 
large amplitude in two beams going in opposite di­
rections with the same velocity. If the densities 
in the beams are very different there is only one 
condition for propagation: 

m (v1 + ~h)2 I 2T ~ I, 

where v1 is the velocity of the denser beam. 

The maximum field for which stationary proc­
esses are possible can be determined from (19). 
An estimate for u1 » 1 and u2 » 1 gives 

E~ max I 8:t = + n1m (vl + ~J2 + ~ n2m (v2 + ~~Y· (25) 

The character of the stationary processes oc­
curring in a plasma at rest or in motion is thus 
determined by the relative phase velocity. If the 
latter is equal to zero the field of a perturbation 
is screened by the electrons of low energy and is 
localized in a bounded region of space (in our 
considerations this corresponds to u0 = 0 and 
Uph = 0). When the phase velocity increases the 
number of electrons which can screen the field of 
the wave diminishes and for phase velocities much 
larger than the thermal velocities the screening 
action of the electrons can in general be neglected. 
The maximum fields which can then occur are de­
termined by the relative phase velocity of the wave. 
The order of their magnitude is given by (16) and 
(25). 

In a plasma of two beams of comparable density 
with different velocities there exist waves of two 
kinds. One has a phase velocity equal to the arith­
metic mean of the values of the beam velocities. 
It is propagated along the faster beam. The con­
dition for its propagation is a large relative veloc­
ity of the beams. The phase velocity of the second 
beam must be much larger than the velocity of 
either beam. With regard to this wave the beams 
may be considered to be a plasma at rest. 

For small fields, waves with a large phase ve­
locity have a harmonic character and their fre­
quency is practically the same as the plasma fre­
quency w0, while the dispersion law of these waves 
is determined by the well-.,.known relation from the 
linear theory. 

In conclusion the author expresses his sincere 
gratitude to Ya. B. Fa'lnberg for suggesting the 
topic and for valuable discussions and to A. F. 
Popov for a discussion of the results. 
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