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The interaction of an oscillating disc with rotating helium II is examined. An expression is
obtained for the torsional moment acting on the surface of the disc, taking into account the
presence of vortex lines, mutual friction between the normal and superfluid components, and
the possibility of sliding of the vortex lines along the solid surface. A calculation of the
damping of oscillations, which neglects sliding and is in linear approximation with respect
to the mutual friction coefficients, is in qualitative agreement with the experimental data.

It seems that quantitative agreement can only be obtained if sliding is taken into account.

].. The aim of the present work is the explanation
of the dependence of the damping of torsional oscil-
lations of a disc on the speed of rotation for helium
11,1:2 which is completely different from the behav-
ior of a classical liquid.® A preliminary investiga-
tion showed that this dependence cannot be explained
by taking account of mutual friction alone.* The
corresponding effect is less than that observed by
at least an order of magnitude.

2. We use Hall’s relation® to describe the rotat-
ing superfluid component

?_;L;_ + (VSV)VS'\LVS [mx curl %]
=antx[Vi—Vs]+ Pn [% ox[v, — vs]} + VO. (1)

In this the existence of Onsager-Feynman vortices
is taken into account by the additional (third)
term which distinguishes this equation from the
usual one for the velocity of the superfluid com-
ponent. In equation (1) vg denotes the velocity
of the superfluid component, averaged over a
volume of linear dimensions considerably greater
than the distance between the vortices: vg = ¢/pgT’,
where € is the energy per unit length of vortex
line and T is the circulation; w =curl vg; ap
and B are the coefficients of mutual friction,
related to the coefficients of Hall and Vinen* by
the equations ap =0.5(pp/p) B’ and Bp =-0.5
X (pn/p) B; the expression V& contains all
gradient terms.*

The normal component is described by the re-
lation

*L. D. Landau has shown that (1) follows from the laws of
conservation of energy and momentum. The value of 75g, equal
to dE/dw (where E is the energy per unit volume of rotating
helium), is related to v¢ by the relation s = pg¥s.

ov,
ot

+ (VaV) Vv = vV, — s Ox[Vy— Vs]

— psw-1 wx[wx [vn_‘ vs]] + V\F- (2)

Here vp is the kinematic viscosity of the normal
component, ag=0.5(pg/p)B’, Bg=-0.5(pg/p)B,
and V¥ contains the gradient terms.

As the relevant effect has been observed at con-
stant temperature, the independent equations of
continuity have been used for the superfluid and
normal components:

divv, =0, divv,=0.

3

3. The system (1) — (3) has been linearized for
small oscillatory additions to a velocity distribu-
tion of the type vg =vp = Wy Xr =V, (w, is the
angular velocity of rotation) and solved for the
boundary conditions corresponding to adhesion of
the normal component to the surface of the disc.
The boundary conditions for vg were obtained in
the following way.* Equation (1) is rewritten in
the form of an equation of conservation of vortices

4)

0v;/0t =v.xw- gradient terms

where vy, is the velocity of the vortex lines. It
can easily be shown that

o
Vi x® ={vs + VSCUI‘I% — o (Vi — Vs) — pn;X[Vn-— vs]}xw .

®)

The boundary conditions for the r and ¢ compo-
nents of vg can be found from (5) by substituting
the boundary conditions for the ¢ and r compo-
nents of vy . Taking account of partial sliding of

*This method of obtaining the boundary conditions for vg

is due to L. D. Landau.
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the vortex lines along the surface of the disc, we

obtain*

Wsr (0) — 2009, = % (dwsr [ d2)z=0,

o (0) = 5 (dwse/d2)sms - (6)

In these equations wg(z) denotes (vg—V,)/r

X exp (iQt); @ and ¢, are the frequency and am-
plitude of the oscillations and a is the coefficient
of sliding. We assume that the z axisisina
direction at right angles to the surface of the disc,
which corresponds to z = 0. We have, finally, the
natural boundary condition

w;z (0) = 0. (7)

4. If we consider the oscillation of an infinite
disc in an unbounded liquid, the solution of the
system (1) — (3) consists of the sum of four plane
waves with wave numbers determmed by the rela-
tions

k= L (kD + 2% + g + g2

+ —;— (R — B3 + 7 —qs)2 + 4 (P gf Py,

Fya= 2 (k" + kG + 7 +487)

__ [( (—)2 —k 0—)" . qi—) ( ))2 L 4q(—) (-)]1/2;
k‘*” = — i (Q & 20) v, k‘i” = F (Q %20,/
(+) = F 2(1)0 1 (pn F tot,,)/vs, (i) = 2‘1)0 ([35 las)/vn (8)

The penetration depths corresponding to these
wave numbers are sufficiently small for the walls
of the beaker to be considered to be located at in-
finity.¥ In addition to the boundary conditions al-
ready given, there must then be no oscillatory ad-
dition to vy at infinity.

5. The moment of the force, acting on the sur-
face of the disc is given by the formulai

4M = -:R.l ['Y]n (dwn@/dz)z=0 + 'YZS (del‘/y:dz)Z=0) exp (th)’ (9)

with the values

*The physical interpretation of the boundary conditions im-
posed on v, is that the difference in velocity between a vortex
line and the surface is proportional to the force exerted on the
vortex: F = €0, o is the tangential unit vector of the vortex
line at the point of contact with the surface of the disk.

tThere are, therefore, no resonance effects connected with
the accommodation of a whole number of half wavelengths into
the distance between the disk and the top or bottom of the
beaker.

tEquation (9) is derived by using the expression for the
flow momentum tensor, given by L. D. Landau in the derivation
of (1), which has already been mentioned. To explain the phys-
ical meaning of the second term of (9) we point out that it can
be obtained by a direct consideration of the force acting on the
surface of the disk by the vortex lines attached to it, which
have a tension €.

Q (taky — Maky) + 20005 (Ry—F1) +akiks(x3—x1)
Ry — Ny — A (%oke — W1ky)/Q

E (dw,w )
Do dz z=0
Q (wske — weks) — 200q57) (kg — ks) + aksks (%5 — %3)

%g— %3 — @ (Rakq — %aks)/Q
3 ()
Po \ 42 Jz=0

+ i 2(1)0 (K‘k‘ —_ Kaks) -+ Qq

1

| 20 (%oks — vak1) — Q4D (ko — k)
N —%1 —Qa (szz —_ Xlkl)/Q

) (ke — ka)
ng-— Rz — @ (%gkg — R3ka)/Q
In (10) we have introduced the notation
kit 4057, e = — kR g7,
(11)
6. In view of the unwieldiness of (10) for making
comparison with experimental data, we will only
consider the case a =0 (perfectly rough surface)
and carry out the calculation to linear approxima-
tion with respect to the mutual friction coefficients
(which is justifiable for relatively small values of
wg). The results of this calculation are shown in
the figure together with the experimental results.
The ordinate is A =06 — Q¢0)/Q, where & and &,
are the logarithmic decrements in helium and in
vacuum respectively, and @ and £, are the cor-
responding frequencies of oscillation. We are now
carrying out the calculations without the restric-
tions mentioned.
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Dependence of A on the speed of rotation of helium II.
1 — Result calculated from Eq. (9) with the coefficients corre-
sponding to T = 1.78°K, not taking account of sliding; 2~ The
same with a correction for edge effects to first order [Eq.(9)];?
3 — Damping due to the viscosity of the normal component;
the experimental points were obtained at 1.78°K with a ‘‘heavy’’
disk (Q?=Q,), the surface of which was covered with granules.®
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