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We consider one possible experimental demonstration of the existence of additional waves in 
a crystal, predicted theoretically in references 1-3, in the exciton region of light absorption. 
We have used the experimental data4 on the absorption of light in an anthracene single crystal 
at a temperature of 20°K, which show deviations from the Lambert-Burger law. We give an 
interpretation of the observed non-exponential dependence of the absorption of light in a crys­
tal plate on its thickness. We show the existence of two identically polarized waves with dif­
ferent refractive indices and absorption coefficients in an anthracene crystal. 

1. THEORY 

JT has been shown earlier1- 3 that a monochromatic 
wave incident on a crystal from the vacuum can 
produce in the exciton absorption region several 
waves (usually two), which propagate with differ­
ent velocities. These waves possess the same po­
larization and we are, therefore, not dealing with 
double refraction. One of these waves has proper­
ties which approximate those of the light wave oc­
curring in normal crystal optics, but the others 
are essentially anomalous and their amplitudes 
tend to zero as one moves in the spectrum away 
either on the red or on the violet side from the 
exciton absorption region. One must therefore 
look experimentally for anomalous waves near 
the exciton absorption region. In the papers men­
tioned it was also noted that the anomalous waves 
appear more pronouncedly when the crystal is at 
a low temperature. 

We suggested in reference 2 a number of 
methods of observing experimentally the exist­
ence of the anomalous waves. In the present 
paper we shall suggest still one more method, 
which enables us to use already existing experi­
mental data to determine the parameters of both 
waves ocurring in the crystal. This method re­
duces to an investigation of the dependence of the 
intensity of the light transmitted through a plane 
parallel crystal plate on the plate thickness. One 
assumes usually that the intensity should decrease 
exponentially with the plate thickness. If, however, 
a more complicated dependence is observed in the 
case of small thicknesses, it is explained by the 
interference of waves which are multiply reflected 
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from both surfaces of the plate. Such an interfer­
ence undoubtedly occurs in many cases. In the 
following, however, we shall be dealing only with 
cases of strong absorption of the light in the plate, 
when we can neglect the intensity of the beam that 
is twice reflected and which passes thrice through 
the plate as compared with the intensity of the 
beam that passes once through the plate. In those 
cases the usual crystal optics predicts a simple ex­
ponential decrease in the intensity with thickness 
and cannot explain the more complicated depend­
ence observed experimentally by Brodin and 
Prikhot'ko.4 It will be shown in the following 
that this more complicated dependence is naturally 
explained by the generalized crystal optics devel­
oped in references 1-3. 

We shall assume that a monochromatic wave of 
frequency w is normally incident from the vacuum 
onto the plate and that this wave gives rise to two 
waves in the plate, with complex wave vectors 
k+ = k~ + ik~ and k_ = k~ + ik:, respectively. 
One can then show that both waves will move in 
the plate and will emerge into the vacuum also 
normally, while the electrical field strength when 
they emerge from the plate into the vacuum can 
be written in the form 

where l is the plate thickness. Different compo­
nents of the vector E can, of course, have differ­
ent complex arguments so that (1) can also de­
scribe an elliptically polarized wave. We have 
assumed that the amplitudes of the waves a+ and 
a_ take into account the reflection of the light from 
the entrance and exit surfaces (multiple reflections 
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of the waves are neglected). The light intensity J 
when emerging from the plate will then be propor­
tional to IE 12 so that 

J ~IE 12 =I a+ J2e-2k~l + la-12e-2k~l 

+ 2J (a . .., a~) I e-<k~+k~)l cos [(k~ -k~) l + ~X0 ]. (2) 

We have introduced here the notation (a+, a~) 
= I (a+, a~) I eiao. 

In the case where the + and - waves corre­
spond to the normal double refraction, the ampli­
tudes a+ and a_ must be strictly mutually per­
pendicular, i.e., (a+· a!)= 0. The last term in 
(2) drops out in that case and the dependence of 
the intensity of the outgoing light on the plate thick­
ness l must be strictly monotonic. It is repre­
sented by the dotted lines in Fig. 1. If, however, 
the + and - waves are of a different nature, so 
that a+ and a_ are not necessarily perpendicular, 
the intensity J may, owing to the third term in 
(2), depend on the thickness l in an oscillatory 
manner, represented by the full curves of Fig. 1. 
If the wave with the smaller absorption coefficient 
has an appreciably larger amplitude, it will domi­
nate over the second wave for all l. One can then 
in general neglect the latter and obtain in all cases 
a simple exponential dependence of the intensity 
on l. The more interesting case is the other one, 
when the wave with the larger amplitude has the 
larger absorption amplitude. We have thus de­
picted in Fig. 1 the case I a_ I > I a+ I. k~ > k~. 
In that case the - wave dominates for small l; 
the dependence of ln J on l is described by a 
straight line of slope 2k~. In the limiting case 
of large l, on the other hand, the + wave domi-
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nates; the dependence of ln J on l is also de­
scribed by a straight line, but with a smaller slope, 
which is equal to 2k~. It is thus convenient to de­
termine the absorption coefficients of the two 
waves in the limiting cases of small and large 
thicknesses l. 

In the region of intermediate thicknesses both 
terms on the right hand side of (1) may be approxi­
mately equal, and the third term in (2) will then 
also be of the same order as the first two. A 
sinusoidal oscillation must then take place in the 
dependence of J on l. The cases when the am­
plitude of these oscillations is a maximum are 
depicted in Fig. 1; this takes place when the vec­
tors a+ and a_ are parallel (or antiparallel). 
The maximum possible deviation of the peaks of 
the oscillations from the dotted curve is equal to 
ln 2 above and infinite below the curve. Such de­
viations are, however, realized only if the cosine 
takes on the values + 1 and -1 respectively just 
for those l for which the absolute magnitudes of 
the two terms on the right hand side of (1) are 
exactly equal. 

We have plotted Fig. 1 not in l and ln IE 12, 

but in dimensionless relative magnitudes, so as 
to reduce the number of parameters of the family 
of curves. 

One can determine the change in the phase of 
the wave when it passes through a plane parallel 
plate, as a function of l, using a normal interfer­
ence method. For the limiting cases of small and 
large l this function must be linear, as can be 
seen from Eq. (1). The slopes of these lines en­
able us to determine k~ and k~. We can deter­
mine k~ - k~ also from the period of the oscilla­
tions in the dependence of J on l. The oscilla-
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FIG. 1. The dependence of the absolute 
square of the amplitude of the electrical 
field of the transmitted wave on the ctystal 
plate thickness; (k~- k~)/k~ ~ 10; k:;k~=3. 
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tions themselves are convincing proof of the fact 
that the two waves under consideration do not rep­
resent double refraction. 

The results and conclusions enumerated in the 
foregoing can be obtained merely from the depend­
ence of the transparency of the plane parallel plate 
and of the phase shift on the plate thickness. One 
can obtain additional information about the nature 
of the two waves from the frequency dependence 
of the parameters of these waves. If the above­
mentioned waves are identical with the ones pre­
dicted, in references 1-3, the frequency depend­
ence of their parameters considered in reference 
2 must be valid. We shall not repeat here the dis­
persion of the refractive index, which was evalu­
ated there, but only introduce the frequency de­
pendence of the amplitudes a+ and a_. The re­
sults following below are only valid in the case 
when there is an isolated exciton absorption band. 

Reference 2 was devoted on the whole to an iso­
tropically polarized medium and was applicable to 
cubic crystals, since we considered waves the 
wavelength of which was appreciably larger than 
the crystal constant. The results of that paper 
are, however, also applicable to some crystals 
of different symmetry, but only for selected di­
rections of propagation and polarization of the 
light waves. The expressions for the refractive 
indices of the + and - waves and the formulae 
for the transparency of a plane parallel plate 
[ Eqs. (60) and (61)] can, for instance, be obtained 
for a wider class of crystals. These results and 
all conclusions derived from them remain valid if 
the electrical field strength vector of the wave is 
parallel to one of the principal axes of the tensor 
a determined by Eq. (14) of reference 1. In those 
cases where this direction is defined by the sym­
metry of the crystal itself (as, for instance, for 
rhombic, tetragonal, or cubic crystals) it is fre­
quency independent. The fact that the electrical 
field strength is parallel to the principal axis of 
the tensor a means that the latter can be re­
placed by a constant factor and after that the cal­
culations take on the same form as in the case of 
an isotropic medium. We shall restrict ourselves 
to just such cases in the following. 

The transparency of a plane parallel plate is 
determined by Eqs. (60) and (61) of reference 1. 
These formulae take automatically into account 
multiple reflection from both surfaces of the plate. 
We shall simplify these formulae using the above 
assumptions about the large absorption of the light 
in the plate and the possibility to neglect mul­
tiple reflection. From this assumption it follows 
that 

I e21k± 1 I< I, cot k±l =- i, sin k±l = (i 1 2) e-1k±1• (3) 

As a result of this Eq. (60) of reference 1 takes 
the form of Eq. (1) of the present paper with 

a = + 
4An+ I (1- q) a = 4An_j [1- (1! q)] 

( 1+ 1 ~ q + 1 -n{1Jq)y ' - (1+ 1 ~ q + 1 -n(11qJ 

(4) 

Here A is the electrical field strength amplitude 
of the incident wave in the vacuum, n+ and n_ 
are the complex refractive indices of the + and -
waves, and q has the same meaning as in refer­
ence 2: 

= 2Mc2 (!·-~) 
(1- 1iw 1iw ' 

(5) 

where M is the effective mass of the "transversely 
polarized" exciton in the direction of propagation 
of the beam, £ 0 is the energy of exciting this ex­
citon in the limit where its quasi-momentum tends 
to zero, and s the asymptotic value of the square 
of the refractive index when one goes away from 
the exciton absorption region either to the red or 
to the violet. 

It follows from Eq. (4) that a+ and a_ are 
parallel. Then 

(6) 

If the lifetime of the exciton is sufficiently large 
and if we can neglect the small imaginary correc­
tion to c30 (see reference 3 for details) we can 
take the frequency dependence of n+ and n_ ap­
proximately from reference 2. If M > 0 one can 
see from Fig. 1 of reference 2 that in the whole 
exciton absorption region n+ is real and n_ purely 
imaginary and q real and negative. In Eq. (6) we 
have then a 0 = - 1r/2. In the frequency region 
where In± 12 » 3 we get approximately q ~ n~ /n~ 
and g = I a_ /a+ I ~ In+ /n_ I; g is a steeply in­
creasing function of w. The equality g = 1 oc­
curs when w ~ w0 = c30 /n. Hence g > 1 in the 
frequency region w > w0 and just in that region 
one must expect a well defined oscillatory be­
havior of ln J vs. l, if k~ > k:. 

Let us now consider the case M < 0. The fre­
quency dependence of n+ and n_ is given in Fig. 
2 of reference 2. Here one must consider sepa­
rately three frequency regions. In the first (red) 
region n+ and n_ are both real and positive, 
q > 0, and the right hand side of Eq. (6) is negative 
so that a 0 = 1r. g > 1, but decreases with increas­
ing frequency w and becomes equal to 1 at the 
violet limit of this region when n+ = n_. In the 
first region the oscillations must thus appear dis­
tinctly when k~ > k:. In the second region (in-
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termediate frequencies) we have according to 
reference 2 n_ = - nt. It follows from this that 
I q I = 1, g = 1. If we introduce the quantities k0 

and k' such that k+ = k0 + ik', then k_ = - k0 

+ ik'. Equation (2) then takes the form 

1 E \2 = 41 a+ 12 e-2k'l cos2 (koz + et.0 1 2). (7) 

In that case a0 is a function of w. The oscilla­
tions must thus be observable for all Z, and on a 
plot such as Fig. 1 one will not observe the straight 
sections at large and small Z. We must, however, 
note that the dependence (7) was obtained assuming 
the lifetime of the exciton to be infinite. Taking 
the finite lifetime into account leads to some devia­
tions from Eq. (7). 

In the third frequency region (violet) n+ and 
n_ are purely imaginary and both must be taken 
with the plus sign. q > 0 so that the right hand 
side of Eq. (6) is real and negative. Thus a 0 = 1r. 

Moreover, g is a decreasing function of the fre­
quency. g = 1 at the red end of the third region, 
where n. = n_. Thus g < 1 in the third region. 
Therefore I a_ I < I a. I and since lC. is still 
greater than k~, the + wave will dominate over 
the - wave. The l -dependence of J must thus 
be expressed by a simple exponential formula with 
a damping coefficient k~. 

We note in conclusion that Eqs. (3) to (6) are 
applicable for an exciton absorption band isolated 
in a wide frequency interval, while the qualitative 
analysis given in the foregoing is valid only for 
In± 12 » .3, i.e., in a narrow frequency interval 
near the maximum of the band and only for large 
exciton lifetimes (which are, for instance, realized 
at low temperatures). 

2. EXPERIMENTAL RESULTS 

We chose for the object of our experimental in­
vestigation an anthracene crystal at 20° K. The 
long-wave band of light absorption in the electronic 
phototransition region was studied. The maximum 
of this band lies approximately at 25300 em - 1• This 
absorption is real, since it is very intensive in very 
pure crystals. The polarization of the absorption 
and the corresponding luminescence along the crys­
tal axes5 are some arguments in favor of the idea 
that this band corresponds to the excitation of a 
fast moving exciton (with a small effective mass). 

Single-crystal layers of anthracene were grown 
by the method of sublimation from a pure prepa­
ration. The most perfect among them, plane par­
allel and with smooth surfaces, were chosen for 
the measurements. They were put in optical con­
tact on plane parallel plates of quartz. Because of 

the strong absorption we chose thin crystals ( 0.1 
- 0 AIL). The crystal was placed in a cryostat 
filled with liquid hydrogen for cooling. 

The surfaces of the crystal coincided with the 
crystallographic (a, b ) plane. The light was per­
pendicularly incident upon this surface and the elec­
tric field strength vector was parallel to the mono­
clinic b axis. The direction of b was the second­
order crystal axis and coincided therefore with a 
principal axis of the polarization (and also with a 
principal axis of the a tensor, mentioned in the 
first section of this paper). The directions of the 
incidence of the light and of the polarization were 
thus just such that the equations of reference 2 
were applicable. It is of particular importance to 
stress that the normal double refraction cannot 
occur in this case. 

Brodin and Prikhot'ko6 measured the dispersion 
and absorption in an anthracene plate of well de­
fined thickness. The results of their measurements 
were evaluated using the formulae of the normal 
crystal optics. Similar investigations were per­
formed on stilbene toluene, and 1,2-benzene-anthra­
cene. In all four crystals essential deviations were 
noted from the general Kramers-Kronig dispersion 
relations7 between the refractive index and the ab­
sorption coefficient.8 These deviations increased 
when the crystals were cooled, but in anthracene 
they were already observed at room temperatures. 
They could not be explained in the framework of 
the usual crystal optics. 

A little later4 the absorption of light in an an-
"thracene crystal was measured in more detail and 
in that case crystals of different thicknesses were 
used. The results were again evaluated by the 
usual method. The imaginary part of the refractive 
index was evaluated using the equation 

x = in(J0 jJ)j2wl. (8) 

The values for K obtained from crystals of dif­
ferent thicknesses are not reproducible. The 
Lambert-Bouguer law is this violated. It is impos­
sible to explain this violation by interference phe­
nomena, since one can neglect multiple reflection 
because of the strong absorption. Indeed, within 
the absorption band, even away from the maximum 
and for very thin plates, the intensity of the beam 
that passes th:dce through the plate is some tenths 
of a per cent of the intensity of the beam passing 
once through the plate (see the third section of 
this paper). 

The authors decided to evaluate the experimen­
tally obtained results on the absorption, using the 
generalized theory of exciton absorption, 1- 3 as ex-
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plained in the first section of the present paper. 
It was first necessary to consider the dependence 
upon the plate thickness l of the intensity of the 
light J which had passed through the crystal. The 
observed dependence of log ( J/ J 0 ) on l for the 
frequencies 1/ll. = 25100 and 25425 em -t is given 
in Fig. 2. The points on the curves are given with 
their probable experimental errors in the ordinate 
and abscissa directions. An analysis of the errors 
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FIG. 2. The dependence of the optical thickness of anthra­
cene crystals on thickness at T = 20°K (the electrical field 
is parallel to the b axis). 

is given in the third section of the paper. The 
magnitude of J 0 was measured experimentally in 
relative units, which means the presence of an un­
known constant term in the quantity log ( J/ J 0 ); 

the curves in Fig. 2 may thus possibly be shifted 
vertically, retaining their form. The accuracy 
and the number of points is for the time being 
still insufficiently large. The curves in the figure 
are therefore tentative. All the same, it seems 
to us that one can reach the following conclusions 
from these curves: 

a) The Lambert-Bouguer law is violated since it 
is impossible to fit all the points on one straight 
line. It is impossible to reduce this violation to a 
consequence of interference, or to a consequence 
of the spatial inhomogeneity of.the crystal (if the 
crystal is deformed in an inhomogeneous manner, 
the dependence on l of ln ( J/ J 0 ) must remain 
monotonic ) . It is therefore not clear that this 
violation can be explained in the framework of the 
usual theory. 

b) The position of the points indicates an oscil­
latory dependence rather than a scatter. This fol­
lows from the fact that the amplitudes of the oscil­
lations here and there exceed by far the errors 
of the measurements. Apart from this, the oscil­
lations show a systematic character which may be 
observed in both curves. We have thus obtained 
qualitatively and approximately an l -dependence 
such as was predicted theoretically (see Fig. 1) 

and there is evidence of the existence of two waves 
in the crystal with different refractive indices and 
absorption coefficients. The oscillations show that 
these waves are not double refraction. Double re­
fraction is also excluded by the above mentioned 
choice of the polarization of the incident wave. 

c) According to the first section, the ampli­
tudes of the two waves must be parallel and then 
the amplitude of the deviation of the curve from 
the average behavior (see the dotted curve in 
Fig. 1) on the positive side cannot exceed log 2. 
It can be seen from Fig. 2 that this is approxi­
mately observed. The deviations from the aver­
age behavior on the negative side can according to 
the theory have any value. 

The experimental data confirm thus qualitatively 
the generalized theory of exciton absorption. 1- 3 We 
shall perform shortly more extensive measurements 
for a larger number of thicknesses. We hope that 
they will enable us to determine quantitatively the 
parameters of both waves and their frequency de­
pendence. 

3. DESCRIPTION OF THE EXPERIMENTAL 
SET-UP AND ANALYSIS OF THE ACCURACY 
OF THE MEASUREMENTS 

To measure the optical thickness of crystals we 
used photoelectric apparatus together with a spec­
trometer of average dispersion. A block diagram 
of the optical part of the apparatus is shown in 
Fig. 3. 

FIG. 3. Block diagram of the optical part of the photoelec­
tric set-up for ml:'asuring optical thicknesses. 

Two light beams, a direct beam and a compari­
son beam, emerge from the light source, a hydro­
gen lamp ( H.L.). The first of these is incident 
upon the crystal C after which it passes through 
a polarizer P and is focused upon a slit S. The 
comparison beam is also led to the slit by means 
of the mirrors M1, M'2 , and M3 and reflection 
from a prism. The triangular reflecting prism 
vibrates with a frequency of 70 cps, letting the 
direct and comparison beams pass alternately on 
to the spectrometer slit. A photomultiplier serves 
as receiver for the light. The intensity of the di­
rect beam was measured by a null method, by com­
paring it with the intensity of the comparison beam. 
To compare the intensities we used a variable-
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aperture diaphragm D placed along the path of 
the comparison beam. 

There was no need to measure the intensity of 
the light reflected from the crystal, since the 
theoretical formulae [in particular, (2) and ( 4)] 
express the intensity of the transmitted light, but 
with account of the reflection of the light from the 
crystal. The experimental curves of Fig. 2 repre­
sent therefore only the intensity of the transmitted 
light for a comparison with the theory. 

Let us now go over to an analysis of the errors 
of the measurements. 

1. The accuracy of the comparison of the in­
tensities of the two beams. The equality of the in­
tensities of the beams is determined by the zero 
position of the galvanometer pointer. The accu­
racy of the fixing of this position for a given level 
of noise depends on the absolute intensities of the 
beams. In the most unfavorable case of low inten­
sities, the relative error in the measurement of 
log ( J/ J 0 ) does not exceed 6%, if we disregard 
the appreciable systematic error connected with 
the possible inequality of the time during which 
the basic beam and the comparison beam pass 
into the spectrograph slit. This systematic error 
may introduce a constant additive to log (J/J0 ), 

independent of l, and leads thus to a vertical shift 
of the curves of Fig. 2 without changing their form. 
This systematic error will be eliminated in a fol­
lowing paper. 

2. The influence of the apparatus function of 
the spectrometer. The half -width of the spectrom­
eter apparatus function was approximately equal 
to 1 A. Its influence can therefore be only appre­
ciable at the very steep fall at the red end at the 
left absorption maximum. As we have chosen 
points which are situated at least 10 A from the 
above mentioned red absorption edge for the con­
struction of the [-dependence of log ( J /J 0 ), we 
can neglect the influence of the apparatus func­
tion. 

The crystal thicknesses were measured in two 
ways: by birefringence using a Berek compensator 
and a microscope, and by using a Jamin interfer­
ometer. The maximum error in the thickness 
measurement was less than 4%. 

There remains the task of estimating the influ­
ence of the interference effect due to a possible 
multiple reflection of the light at the crystal sur­
faces. Its role changes along the spectrum and 
depends strongly on the reflection and attenuation 
coefficients. One can see from Fig. 2 that the 
majority of the experimental points correspond 
to values of log(J/J0 ) equal to -0.6 or less. 

Let us therefore consider the case log (J/J0 ) 

= - 0. 6 which is far from being very favorable 
from the point of view of the possibility of neg­
lecting multiple reflection. When the coefficient 
for reflection of light from the vacuum -anthracene 
surface is equal to 0.3 and the reflection coefficient 
from the anthracene-quartz surface equal to 0.1, 
it turns out that for a beam twice reflected and 
thrice passing through the crystal the intensity 
is 0.003 times the intensity of the beam passing 
once through. We can therefore neglect the mul­
tiply reflected beams. 

The authors express their gratitude to A. F. 
Prikhot'ko for his assistance with this experiment 
and for discussing the results. 

Note added in proof (December 14, 1959). 
A source of appreciable errors may be a break in 
the light polarized along the a axis of the crystal 
because of the imperfection of the polarizer and 
the inaccuracy of its adjustment relative to the 
crystal. When emerging from the crystal the am­
plitude of the a -component may turn out to be 
comparable to the amplitude of the b -component 
as the first is absorbed much less than the second. 
To exclude the influence of the a -component we 
have now introduced measurements with two par­
allel polarizers, placed before and after the crystal. 
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