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The equations of the phenomenological Ginzburg-Landau theory near T have been deduced
from the Bardeen-Cooper-Schrieffer (BCS) theory. As in the case of pure superconductors,
a double charge is encountered in the equations. The relation between the constant k of the
alloy with k, of the pure superconductor has been found under the assumption that the shift
in T¢ is small. For a sufficiently “impure” alloy, k depends only on the coefficient in the
linear law for the electronic specific heat of the metal. Agreement between the theory and
experiments has been found to be satisfactory.

IT has been shown by us! that it follows from the
superconductivity theory of Bardeen, Cooper and
Schrieffer (BCS)2 that, close to the critical tem-
perature, the behavior of pure superconductors in
a magnetic field is described by the equations of
the phenomenological theory of Ginzburg-Landau.?
Below we shall carry out a similar consideration
for superconducting alloys. As usual, we assume
the concentration of the impurity to be so small
that we can neglect any change in the critical tem-
perature. This can be done, for while the shift of
Tc is a comparatively slow effect, the magnetic
properties of the superconducting alloys depend
very strongly on the concentration of the impurity.
The role of the impurities in a superconductor,
as is well known, lies in the fact that the scatter-
ing of the electrons by the atoms of the impurity
leads to the disappearance of the correlation be-
tween electrons which is established in the transi-
tion to the superconducting state. For appreciable
concentration of impurity, the role of the correla-
tion length will be played by the mean free path.
For sufficiently “impure” superconductors, the
penetration depth is greater than the mean free
path; consequently, its behavior in the magnetic
field will be described by local “London” equa-
tions. As is known, one can distinguish two groups
among pure conductors which differ, according to
their properties, in a weak magnetic field.®* The
so-called “London” superconductors are charac-
terized by the fact that for them the penetration
depth over the whole temperature range is larger
than the characteristic correlation parameter of
superconducting interaction. Such a parameter
in the BCS theory is the size of the pair coupling
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&y ~ hv/kT¢. To this case there correspond the
electrodynamics of London. A “Pippard” metal
represents the opposite limiting case. For such
superconductors, at almost all temperatures, the
penetration depth is much smaller than £,. Most
of the known superconductors belong to the Pippard
type and to the intermediate type. The ordinary
Pippard metal has a London interval of tempera-
tures only in the immediate vicinity of the critical
temperature. This region is very small. A super-
conducting alloy like a London or intermediate
metal has a much larger region of temperatures
close to T, where their properties in a magnetic
field (as is shown) can be described by equations
corresponding completely, to the equations of the
Ginzburg-Landau theory.

As in reference 1, we shall in the derivation
begin with the equations® for the Fourier compo-
nents of the thermodynamic Green’s function:
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A (r) is the vector potential (below we shall use
everywhere the standard div A =0), V(r) is the
potential energy of interaction with all atoms of
the impurity:
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where the sum runs over all atoms of the impurity
arbitrarily distributed over a lattice. The small-
ness of the concentration means that the mean dis-
tance between atoms of the impurity is large in
comparison with the interatomic distances in the
lattice.

Repeating the derivation of reference 1, expand-
ing  and &' near T¢ in powers of |A|, we
obtain the following equation:

A*(r) = gTZS@VQ r, 1) By_s (r, 1) A* (r'yd®r' — gT

X 0 8 (s, 1) Grma (5, 1) Bre (m,]) Gy (m, 1)

X A (s) A* (I) A* (m) d®sd®md-l. ®3)

This equation differs from Eq. (8) of reference
1 by the fact that the Green’s function @‘Vw appear-
ing in it represents the Green’s function of electrons
in a normal metal in the absence of impurity atoms.
The corresponding quantity in the pure metal @‘w,
as was found in reference 1, depends on the mag-
netic field in simple fashion:

®, (r, r’) = exp {ie (A (r). r —1')/c} By (r —1), (4)

where @, (r-r’) is the Green’s function of nor-
mal electrong\‘ in the absence of a field. The de-
pendence of Gy, on the field has precisely the
same form

By, (r, r') = exp {ie (A (r), r —1)c} By, (r, 1), (4)
where Gy (r, r’') is the Green’s function in the
normal metal in the absence of impurities, but
without a magnetic field. Actually, the twisting

of electrons in a magnetic field is very small,

the radius of twisting being much larger than the
free path length. Therefore, scattering on im-
purities takes place independent of the motion in
the magnetic field.

Equation (3) should be averaged over the posi-
tion of each atom of the impurities at distances
large in comparison with interatomic distances.
The function A (r) is slowly changing since the
functions ®vy, oscillate rapidly at atomic dis-
tances (~ 1/py); therefore, averaging in (3) leads
to an average of the corresponding combinations
of functions @Vw(r, r').

In accordance with what has been said about
the dependence on a magnetic field, one can take
the phase multipliers in (4’) out from under the
averaging sign. After averaging, Eq. (3) has a
much simpler form. Getting ahead of ourselves,
we can point out that the essential distances in the
integration will be distances of the order of the
free path length [ if I < &, =hv/2nkTe, and of
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the order &, if I> ¢). Further, close to Tg the
change of A and of the field takes place at dis-
tances much larger than when the same quantity A
is small. Repeating the discussions of reference 1,
we can, for example, take all A and A* in terms
of third order in (3) out from under the integral at
the point r and neglect the dependence on the field
(4’), after which it is shown to be necessary to
compute the constant

B =T 2 \{|8ra . 1) Gva 6, 1) Gra (m, 1) By (m, 1)

X d3sd®*md®l,

(5)

in this term, where the bar indicates averaging
over the position of the impurity atoms.
If we introduce the notation

Qr—r)=T 28, (r, 1) By_, (r, '),

(6)

then, by consideration of (5) and (6), we can write
Eq. (3) in the form

g 1% (1) = { Q(r — ') exp (2ie (A (r), r —1')/c}
X A* (') &3’ — B| A (r) |PA* (r)

Expanding the expression under the integral in the
second term on the right side in terms of second
order in r — r’, we get

g1A% (1) = A% (1) [ Q (R) &R + - (51 + 2ieA (1)) &% (1)

«{ QR R*a* R — B| (1) |2 A% (n). )
To obtain the constants in (7) it is consequently

necessary to calculate the average in (5) and (6).
A diagram technique has been developed in the

work of Abrikosov and the author, and also in that

of Edwards,® by means of which it is convenient

to perform the averaging over the location of the

impurity atoms. Each scattering of an electron

by an impurity atom leads to a factor u(q)

x exp {iq-ry } in the expression for the Green’s

function in the momentum representation, where

q is the forward momentum, and u(q) is the

Fourier component of the potential of the impurity

atom. In averaging over ry, inasmuch as |q|

~ py essentially, this factor vanishes only if there

is no term in the averaged expression correspond-

ing to scattering by this very atom, but with

Q' = —q; in this case there appears |u(q) |?

— a quantity proportional in the Born approxi-

mation to the probability of scattering with ex-

change of momentum ¢q. Thus, in the averaging,

it is necessary to throw away pairwise all scat-

terings by identical atoms. If we represent scat-

tering by each atom by a cross on the diagram,
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then in the averaging it is necessary to connect
two crosses, corresponding to scattering by iden-
tical atoms, by a line. In the matrix element
n|u(q)|* corresponds to such a line, where n

is the number density of the impurity atoms. Ac-
cording to reference 6, if the dotted line on the
diagram includes a vertex with a large transferr
of momentum, then the corresponding contribution
from this diagram is small (~ 1/pyl) and it can be
discarded.

Averaging of the Green’s function itself leads
to the factor exp {-|r-r’|/2l}, which must be
multiplied by the Green’s function of the pure
metal. Here the mean free path I =vT in the
Born approximation is directly connected with
the potential of the impurity atom:

2
— = {lu@pd.

Averaging of the product of several functions,
which takes place in (5) and (6), is somewhat more
complicated. Let us first consider the averages:

Ko (r—s, r'—s) = Gy, (r,8) Gy_nm (', s). (8)

We introduce the Fourier components
Ko (x,y) = @2 (| e+ Ko, by, pa) d° 1P

The product of the two Green’s functions in (8)

AVAVAVAS

is shown graphically in Fig. 1, where the crosses,
as indicated above, express scattering by individual
impurities. In the averaging, in correspondence
with the program that we have outlined, we shall
connect the crosses with one another pairwise in
all processes by dotted lines, which corresponds

to scattering by one and the same impurity atom.

AT AVAS AVAVA .

FIG. 2

In Fig. 2 diagrams are shown of lower orders
which arise as a result of such averaging. As
has been pointed out, diagrams with an inter-
section of dotted lines are not important in this
group. All dotted lines joining points together
that are located on a single electron line evidently
give the following Green’s function for the corre-
sponding line:

L. P. GOR’KOV

G (r—r)=exp{—|r—r[2} 8, (r—r).  (9)

Taking this into account, it is easy to write
down the integral equation which K¢ (py, Py)
satisfies:

Ka (p1, P2) = G5 (p1) G (p2)

><[1 + @ ) 14 (01— 1) [* Ko (P2, DY) py).
where p; +Pp; =pj + P} =q. This equation sums
the set of diagrams shown in Fig. 3, where the
electron line must now be compared with the av-
erage Green’s function &7 (p).

/f "/‘-/"\‘\ + /"[{—}\t"

FIG. 3

(10)

The kernel Q(r —r’), in terms of which the
first two coefficients in Eq. (7) are expressed, is
evidently connected with (8). We write down the
expression for the Fourier component Qq in
terms of K,(Py, Py):

Q=T @) X Ko (b p—0) d%p;

Then, as is seen from (7), the constant which we
must determine is simply

Q= SQ(R) @°R, — 0%°Qq/0G% |g=0 = SQ\R) R2d3R.

Therefore, in the calculation of Ky(p, p—q) we
must consider ¢ to be small and limit ourselves
in the expression for Ky (p, p—4) to terms of
second order in q.

For the solution of Eq. (10), it is useful to in-
troduce the notation

Log.p =1 @0~ u(p—p) Ko (0, p' — @) dp".

The equation for this quantity is obtained in obvi-

ous fashion after multiplying (10) by n (2m)3

X |u(l1-p)| and integration over p:

Loqp=n@r) S! ulp—p) S, ()G, (@ —p)
XM +L, b qpldp.

In accordance with reference 6, we have the fol-
lowing simple expression for the components of the
Green’s function G7,(p):

(11)

G (p) =[imo—Et, E=0v(p—py), m=1+12t]0]

The product of the two Green’s functions under
the integral in (11) quickly falls off upon increas-
ing distance from the Fermi surface. Integration
over ¢ can easily be completed. It is evident that
because of the slow dependence of u(p—-p’) on
the quantity p, only the dependence on the direc-
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tion of the vector p (Ipl = pg) enters intd Ly q.p-
The equation takes the form

L"’v u.p = nUS (dc/dOP') Vo, a. p’ [I -+ Lw, q, p'] dOpl (12)
where
Vo,q.p = (2|01 )7 [I — qp/2imom]~! (12’)

is the result of integration of the product of two &
functions in (11) over £.
We limit ourselves only to calculation of Q.
In (11), =0, vy,p’ =3|wn| and Ly, p
=17|w]|. Then, in accord with (10),
Ko (p. p) =18 (p) 87, (). (13)

In the calculation of Q;, before summing over
all frequencies in the expression

Q=T @n) (a6 (0 &, (p)7

we must satisfy ourselves, by integrating the dif-
ference G7,(p)®T, (p)n - G,(p)G_,(p), that
Qp for alloys coincides with the corresponding
integral for the pure metal:

Q=T X (2r)? S @*p®., (p)S_. (p) = ’%& QZQ 0%552

(0= =T (2n + 1)).

Completing the summation, we find

Qo = ,Z-f:'z) S dEtanh'(gﬁZT)
The divergence in this integral for large ¢
must be eliminated by a cut corresponding to the

fact that only electrons found in a layer within a
distance @ from the Fermi surface interact in the
model under consideration.? In accordance with
reference 2.

mp
Q_ 0

207 mpy [ 1 T
)= 20y _"r__Pg(__._ln_c)‘

nT ~— 2m2\g ' T

No difficulty arises in finding — aqu / qui |q=0;
differentiating Eqs. (10) and (12) with respect to q,
we obtain, after some calculation,

— 0°Qq [ 042 lqg—o = (mpy/27) (=0?T/2) D} =3m1,
where
M = 1+ 1|24 |0]|, % =no 3 (ds/do) (1 — cos 9) do.

Finally, the average (5) is computed in the fol-

lowing fashion. The product of the four Green’s
functions in the integral (5) is drawn in Fig. 4.
Their average over the position of the impurity
atoms, in accord with the method employed, leads
first to the diagram of Fig. 4a, in which now the
average Green’s functions appear. There will be
other diagrams such as those in Fig. 4b, for ex-
ample. These diagrams represent a modification
of the corresponding vertices and are summed by
means of Eqgs. (10) and (12). In addition, there are
two types of diagrams shown in Figs. 4c and 4d.

It is not necessary to consider other diagrams,
inasmuch as the diagrams with the intersection

of dotted lines make a small contribution, accord-
ing to the results of reference 6, while diagrams
such as those shown in Fig. 4e contribute nothing
in the integration over the internal momentum I,
since the product of two @& functions appearing
under the integral has a pole for ¢ only in a single
halfplane.

FIG. 5

Figure 5 shows the final form of the diagrams
which are to be computed; the heavy dots at the
vertices correspond to summation of all correc-
tions to the vertex according to Fig. 3. Inasmuch
as the momentum q =p; +P; =0 in Eq. (5) at all
vertices, this means that the heavy dot corresponds
to the factor 7, as was found in (13). The ini:egral
and sums over the frequencies are easily computed:

B = (mpy/2=2) (75 (3),/8 (=T)?),

where ¢ (x) is the Riemann function,
Substituting the results obtained above in Eq. (7),
we find the following equation:

T,—T

o (2 —2ieA () '+ 1 {——Tc o

8 (=T,)?

A@E]sm =0,

which differs from the corresponding equation of
reference 1 only in the expression for Ar:

A = Koy (o), (14)

where A, is the corresponding coefficient for a
pure superconductor, Ay =7Z(3)€F /12112T%3, and

£(3) =1.202. .
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:7t8(3)<::)[ +29{¢() ¥+ )] (15)

(for p—0, x(p) —1, while for p—o, x(p)
~ 1/7¢(3)p). Here, p = $n1TeTtr, ¥ (X) is the
logarithmic derivative of the I' function.

For the determination of the value of the elec-
tromagnetic current, it is necessary to know the
contribution of second order in |A| to the Green’s
function. Repeating the derivation given in refer-
ence 1, we obtain

88, (r, 1) = S@V‘“ (r,s)A
X A* (1) Gy, (1,8)d31d5s.

S) @pw(l r )
(16)

As above, the averaging over the sites of the
impurity atoms of a combination of three Green’s
functions of the normal metal does not show any
dependence of the integrand on the magnetic field.

In the determination of the current,

i) =
+[ L =) Ol )+ EAMC ()] L )

a Green’s function appears with coinciding argu-
ments; therefore, in the averaging of (16), it is
sufficient to limit ourselves to this case. Consid-
ering the field to be weak, and A (r) to be of the
order of I, changing slowly with distance, we
carry out the corresponding simplification in (16)
and (17). We shall not linger over the calculations,
limiting ourselves only to the scheme of averaging
over the impurity in Fig. 6, which represents the
corresponding diagram which must be summed.

bw
£
‘w
FIG. 6

We note that the corrections to the vertex into
which enter two Green’s functions with the same
frequency are absent, inasmuch as such correc-
tions lead to the integration of products of two &
functions with poles located in one halfplane. After
computation we obtain the following expression for
the current:

0 ={x (805 —a %)

— R A® 8@} EEE

me 167272

If we introduce the “wave function”
nected with A (r) by the relation

Y(r) con-
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¢ (r) =[x (o) 7C (3) N/16=2T2]: A (r),
then the resultant system of equations can be writ-
ten in a form corresponding to the equations of the
phenomenological theory of .Ginzburg—Landau:3
—T
(o (3 —2ieA )"+ [Z——,ﬁ 40 F] Lo =0,
i) =2 (4% —¢rF)—CA@gP. 18

The most interesting part of this result is the
two-fold charge which figures in the equations. The
existence of bound pairs of electrons in the BCS
theory makes this result entirely understandable.
In this light, the meaning of the wave function ¢ (r)
of the Ginzburg-Landau theory as a quantity propor-
tional to the wave function of a bound pair (more
precisely, the coordinates of its center of mass)
becomes clarified. An identical result was obtained
by us for a pure superconductor.!

The difference of alloys from the case of a pure
metal lies, as is well known, in the constant k
which appears in the phenomenological theory of
Ginzburg-Landau, and which is determined (with
consideration of the double charge) by the relation

» = V2 2eH 13%/hc, (19)

where HeT is the critical field, and 6T is the
penetration depth close to T which is tempera-
ture dependent.

The equations (18) permit us to find the connec-
tion of the constant k for alloys with k, of a pure
superconductor, and to express it in terms of the
parameters of the BCS theory. The constant k
for alloys is equal to

x = %o/% (P),

where the function x (p) has been introduced
above in (15), while k; for a pure metal is ex-
pressed (according to reference 1) in the follow-
ing form:

%o = (3xTeme, ) YV 2=my7C (3) p3 (£ (3) = 1.202). (20)

In the relations that have been obtained and in
the determination of p = §7ToT¢y, four parameters
generally appear: T,, m, p, for the pure metal,
and the “transport” time of the free flight 7¢y. For
pure superconductors of the London type and for
intermediates, i.e., such for which throughout the
whole temperature range the penetration depth is
larger or comparable to the correlation length £,
=hv/2nT¢, an appreciable temperature region
close to T exists where one can use the relations
(19) with the experimental values of H; and §,
for the determination of k;. The theoretical ex-
pression® for &, close to T¢ has the form
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8 = 8oL /V 2 (I —T/Te) (o =V me%4xNe?) (21)

In the isotropic model under consideration, the
time between collisions Tty can be expressed in
terms of d;1, and the conductivity o:

T = 4nady [ (22)
In terms of these quantities
p = he?/8n?kT 08, . (23)

The function x (p) is shown graphically in
Fig. 7. We also give the formula which connects
the penetration depth of a weak magnetic field for
an alloy with the penetration depth for the pure
superconductor

8 = 3o/V 7. (p)- (24)

If the quantity of impurity is sufficiently large, so

that I < &, the equations are simplified. In this

case, k for alloys can be expressed only in terms
of the parameters of the normal metal: the coeffi-
cient in the linear law for the heat capacity y and
the conductivity o:

% = (ecy'l/okn®) YV 21C(3)/2r = 0.065ecy2/sk  (25)

For metals of the Pippard type, i.e., those for
which at low temperatures the penetration depth
is much smaller than the parameter &, chief in-
terest lies in the latter formula. This is connected
with the fact that for a pure superconductor of the
Pippard type, the London region of temperatures
close to T¢, where the Ginzburg-Landau equa-
tions hold, is very narrow (for aluminum, AT/T¢
~ 107%). The presence of impurities enlarges this
region. In order that this region be experimentally
accessible, it is necessary that I <« &,.

Equations (20) and (25) permit us to determine
the critical concentration of impurities for which
the superconductor in a strong field begins to re-
veal the characteristic peculiarities of alloys. As
is well known, the surface energy on the boundary
of separation between the normal and superconduct-

ing phases vanishes for kgp = 1/V2 . At the same
time, the critical field of supercooling is made

equal to the critical thermodynamic field, while

for large k it exceeds it. Therefore, for k > 1/V2 ,
the transition in the magnetic field from the normal
to the superconducting state begins at fields larger
than the critical field HgT of the pure supercon-
ductor, namely at the field Hg; = V2 kHeT. This
peculiarity of alloys was pointed out by Abrikosov.
For Pippard superconductors, k =1/ V2 is
achieved at such concentrations of impurities that
1 «< &); therefore, it follows from (25) that for the
critical amount of impurities, the residual conduc-
tivity is connected only with the coefficient vy in
the linear law for electronic specific heat ogy

= 0.092 ecyV2/k.
The linear dependence of HgT/Hgy on the path

length 7 for contaminated alloys on the basis of
phenomenological considerations was first pointed
out by Pippard.? For I < &), the formula for the
penetration depth was obtained in the work of Abri-
kosov and the author.$

We note that, as experiment has shown,®? the
actual region k ~ 0.7 corresponds, for example,
in the case of an alloy of tin and indium, to 7~ 5
x 107%cm (or a concentration of indium ~ 3 per-
cent). For such concentrations of impurities, there
is a certain insignificant shift in the temperature®
(AT./Te ~ 5 percent). We shall neglect this ef-
fect, assuming the number of impurities to be so
small that we do not have to take into consideration
their effect on the fundamental lattice. At high con-
centrations, it appears that such an approximation
is improper. However, it is possible to assume,
that the relation (25) will still hold in such alloys,
inasmuch as there appear in it only quantities
which refer to the normal metal. The coefficient
in the linear law for the specific heat y must be
introduced in this case for the alloy itself.

The available experimental data refer to tin.
In the work of Dodge,9 the transition in a magnetic
field from a normal phase to the superconducting
phase was studied for an alloy of tin and indium.
For concentrations of indium of about 3 percent,
this transition has the usual character; for higher
concentrations, the appearance of the superconduct-
ing phase occurs at fields larger than the critical
thermodynamic field. The ratio HeT/Hey, i-e.,
the value X (p)/V2 Kk, is plotted in Fig. 8 as a
function of the mean free path length I. (We have
made use of the result of the research of Cham-
bers!® for tin: o/l = 8.5 X 10%, by means of which
one can express p in terms of the mean free path
length: p =2 %X 107%/1.) For pure tin, k, = 0.158,!
the value of k of the alloy (0.707) corresponds

1

8,9
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in the calculations to I ~ 5.5x 10 %cm, while the
experimental value is somewhat less than 8 x 1078
cm.

Taking into account the known crudeness in the
determination of 8,1, (we have used &y, = 6g9/V 2 ,
where 0y, is the coefficient in the law for the skin
depth

=200/ V1—(T]T.4,

is equal to 8y = 5.1 X 10”8 cm), one can consider
the agreement to be excellent.
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Results are shown in Fig. 9 of a comparison of
the formula (24) for the skin depth with the results
of Pippard,® which apply to an alloy of indium and
tin with a concentration up to 3 percent of indium.
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We note that the proportionality of the penetration
depth l"l/ 2 js still not attained for such concen-
trations.

In conclusion I express my deep gratitude to
Acad. L. D. Landau for his interest in the work and
for the comments that he has made.
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