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The dielectric constant tensor is determined for semiconductors with electrons with an aniso-
tropic mass in a strong magnetic field. The Faraday effect is considered for the case of hex-
agonal crystals with an energy minimum in the center of the Brillouin zone and for a cubic
crystal with a minimum which does not coincide with the center of the Brillouin zone. The
refractive indices evaluated for different directions of the magnetic field relative to the main
crystallographic directions in these crystals are found to depend strongly on the magnetic
field direction. This enables us to determine the effective mass tensor by measuring the

angle of rotation of the plane of polarization.

A large number of theoretical and experimental
papers have been devoted in recent years to a study
of the energy surfaces of the conduction electrons
and to a determination of the effective mass tensor

in semiconductors (see, for instance, reference 1).

One possible method of investigation is a study
of the optical properties of semiconductors, in par-
ticular, the Faraday effect, i.e., the rotation of the
plane of polarization in a magnetic field.

The Faraday effect in the microwave region can
give information about the mobility of the conduc-
tion electrons;?™* the Faraday effect in the infrared
region enables us, as was shown by Mitchell,® to
determine directly the electron effective mass
since one can in that region neglect the collisions
between the electrons (wT > 1, where 7 is the re-
laxation time). Experimental investigations by
Moss, Smith, and Ta,ylor7 gave values for the ef-
fective mass for InSb which agreed with the re-
sults of Spitzer and Fan® who determined the ef-
fective mass from the coefficients of reflectivity
and refraction.

The theoretical part of references 2 —5 is based
upon a classical model of free electrons with an
isotropic mass in weak magnetic fields (eHt/mc
< 1). Lax and Roth studied an electron with an
anisotropic mass for the case of a magnetic field
H in the [111] direction of a cubic crystal. This
study referred, however, only to the case of a weak
magnetic field. The phenomenon becomes essen-
tially a quantum one in a strong magnetic field,
showing up in a dependence of the chemical poten-
tial ¢ on the magnitude and direction of the mag-
netic field. When there are several energy mini-

943

ma this leads to a non-equilibrium propagation of
the electrons at those minima. The study by Lax
and Roth is, however, insufficient even in the case
of weak magnetic fields. The fact is that the fre-
quency dependence of the Faraday effect depends
in an important way on the direction of the mag-
netic field H. Generally speaking, the dielectric
constant in a cubic crystal with several energy
minima contains, for different directions of H,
two resonance terms with sharp resonance fre-
quencies. These frequencies coincide if the field
is parallel to the [111] direction, and only this par-
ticular case was considered in reference 9.

It is the aim of the present paper to study the
Faraday effect in the infrared region (w7 > 1)
for a conduction electron with an anisotropic mass
and for different directions of a strong magnetic
field.!® We shall then obtain a solution of the prob-
lem of an electron with an anisotropic mass in a
strong magnetic field which is considerably more
convenient than Klinger and Voronyuk’s solution.!!

1. AN ELECTRON WITH AN ANISOTROPIC MASS
IN A STRONG MAGNETIC FIELD

We take the magnetic field along the z axis and
choose the vector potential in the form

A’ = (—Hy, 0, 0). 1)
The Hamiltonian is then
— Sk (Pj—%A(;) (\pk— % (Il), 2)

where the Mjk are the dimensionless components
of the inverse mass tensor, and S is the symmet-
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rization operator for non-commuting factors. We
can use an effective mass representation since we
are interested in the behavior of the electrons in
a uniform field or in fields that vary sufficiently
smoothly in space.!?

The eigenfunctions and energy eigenvalues of
the Hamiltonian (2) are of the form

0 i . H
Vioeee = exp {5 (pux + p2) —i B2 o (v —00)?}

)
ook

x exp =2 g} [V I =) |, @

E(n, ps)=hQ(n-+ 3) -+ np2/2m. )

Here 3C, is the wave function of the harmonic os-
cillator with frequency
Q = (eH/me)V My = @,V M,
Y1 = —(c/eH) (pzires/t12 + Px),
Yo = — (c/eH) (p2M31/Mss + px),
N = (M1 Msz — M) /praeMss,

®)
(6)
(7)
®)

where Mjk are the cofactors of the components of
the inverse mass tensor.

We shall express the Mik in terms of the prin-
cipal values of the inverse mass tensor M (=1,
2, 3). To do this we perform a rotation from a co-
ordinate system (xyz) where H is along the z
axis to the system of the principal axes of the Hik
tensor (XYZ). Such a transition can be realized,
for instance, using two rotations: a) a rotation
around Z through an angle ¢ such that Hyr =0
in the new coordinate system, and b) a rotation
around Y’ through an angle ¢’ such that in the
new coordinate system Hyx =0, Hy =0, Hz=H
(see the figure). The table of rotational cosines
can be written in terms of the angles ¢; between
the direction of the magnetic field and the princi-
pal axes of the Hik tensor.

X cose;cot 93
Y | —cospq/sings
2z [N

cos@, cot s
cos@y/sings
cosPz

—sines
0

cos®Ps
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Using this table Egs. (5) and (8) can be rewritten

in the form

Q=0 [ " <c052 Q1 cos? @y cos? 3
o [ Mathatts 191 + 2 + t3

e

10)

cos?
I ( P1

cos? @, cos? @3 \—1
+ )
H1 (] ]

2. THE EVALUATION OF THE DIELECTRIC
CONSTANT TENSOR

When light is propagated along the magnetic
field, the perturbation energy is

pie [ A1 (e — 5 A2) + (o — 5 A2) 41], (1)

A'=—

e
2inc
where

Al — % [Eoei(fz—wt)__E'*o'e—i(fz‘ut)] (12)

is the vector potential of the light wave.
The current density
([i)n = gn— {T;Hik (Pk - % A';E’) ¥, — Tmu'/‘k <p/z + —Z- Ag) ‘I’:,}
2 .
— e AV, (13)

(n indicates here the set of values n, px, pz)
evaluated using the first-order perturbation-theory
wave functions, must be averaged over a statistical

electron distribution exp { (¢—E)/T }. Taking into

account that E (n, pz) is independent of px and
that f < p/i and comparing the results of the

averaging with the relation
1,' = (wE} (ejp — S?k)/‘ln, (14)

which is well known from electrodynamics, we get
for the dielectric-constant tensor

0%, — i (e/me) 03, M) H — {e/me)*AH H,

o 1 4meN
€jp =€

ik ma? (e/me)y*H ,HM, g — w?

(15)
where egk is the dielectric-constant tensor caused
by the bound charges, 5jkl the antisymmetric unit
tensor, and A the determinant of the inverse mass
tensor. The conduction electron density N =

exp (£/T)Z/V must be determined from the neu-
trality condition. Here, ¢ is the chemical poten-
tial and Z the partition function:

Z = Z, Q2T V papatts Sinh (AQ/2T),

Z,=2(2x)3 2rmT k)", (16)

One should note that Eq. (15) remains valid for
an arbitrary orientation of the light wave relative
to the magnetic field.

Hexagonal crystals. We shall consider the case
where the bands are unconnected, where the energy
minimum corresponds to the center of the Brillouin
zone, and where the energy surface is an ellipsoid

’
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of revolution. If the axis of revolution is along Z,
we must put in (15) py = ug. In hexagonal crystals
the principal axes of the €jk and the Mjk tensor
are the same. If there is no magnetic field egk
will have three non-vanishing components ey

= eg,y # €%7. We get from Eq. (16) and the neutral-
ity condition for the electron density in an impurity

semiconductor (in the limiting case hQ > T)

N=

Tz Zo Q1 oA Ae  HQ
Vo= (ﬁz‘r‘m% )" exp {2 —r}
a7
where N; is the impurity concentration and Ae
is the energy gap between the impurity level and
the bottom of the conduction band.

Using the table we can write €jk in a coordinate
system where the z axis is chosen along the mag-
netic field H and the optical axis of the crystal
makes an angle ¢3 with H:

v? v? .
Exx = (sg + o _lez) cosp;+ <eg + o _ljswz) sin2 gs,
’ 0 I sz.l
Cyy = (sx T 0z —we?)?

Vi viug
0?2 — @2

€2z = (eg + gr— u)2> sin® @3-+ (sg +

v‘*Q%A
X COS Ps — "7 — B’

Exy = — V2QY Q0 (Q — w?),

, v2 v2 .
Exz = [sg + QTP(—,,T —— fsmz ] Cos @3 sing;,
&yz = — IVEQu (1 — [41) COS @3 Sin g/ (Q% — w?), (18)
where
4me?N sin2 @g cos? g \ =
2 — 2
Vi=Em Q= QO [E’-lﬁs( 1 + s )]

We consider two cases:

a) @3 =0, the magnetic field is along the optical
axis. Then exy = €yy; €xz = €yz =0, Q= Qguy.
The refractive indices for left and right hand polar-
ized light are n} = exx + iexy (see reference 13).
The angle of rotation is determined by the formula

p= ¢ (BF=)d, (19)

where d is the thickness of the layer.
b) @3 =90°, the magnetic field is perpendicular
to the optical axis.

Q= Q, Vs

There are now two elliptically polarized waves with
refractive indices

Exx T Byys Exz = Eyz = 0,

1 1
57 (S + eyy) 1/ % (exe — &xy)® + Exy8ux  (20)

n

2
*
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which pass through the crystal and we measure
the angle between the major axis of the ellipse of
the transmitted wave and the direction of the po-
larization of the incident wave.

Cubic crystals. To be specific, we shall con-
sider the Faraday effect in silicon. It is well
known from cyclotron resonance experiments?
that the conduction electron energy surface in
quasi-momentum space consists of six ellipsoids
of revolution which are situated along the fourth
order axes of the cubic crystal.

The dielectric constant tensor has the form (15)
for each ellipsoid, if we put egk = eoéjk, Hy = Mg
and determine the electron concentration from the
neutrality condition:!' ZNj + Ny = N;, where N;
is the density of electrons in the impurity levels,
N; the impurity concentration, and

Z Q) \z o . wQ
N: = (7° - V1 (sin® @i/ 4 cos 264/us) exp (—Tri) / 2
3
%
X ) (sin® gy/uy + cOS? py/ihg)'l €Xp (— —jj‘—)
t=1

is the electron density for the i-th ellipsoid.

Since the electromagnetic field cannot transfer
electrons from one energy minimum to another be-
cause the wave vector is small, we get for the di-
electric constant of a cubic crystal a sum over all
ellipsoids taking their relative position in the
Brillouin zone into account. We shall take the
coordinate axes along the four-fold axes of the
cubic crystal, and then

2

2 2
1 P1Vg P1vy HaVy Qo \2
p— —_ . —_— —
Exx = & + 3<92_m2+ o T 0E_ o2 (m )
3 2 1
V2
X A cos? —
Ps 12 le 2’
2,2 2 2
. Q MV, P1thaVy PapaVy
Exy = i 2% 13 + 2 + 3 = COS @3
3 Q2 — ? Q% — o Qi —o
2
1 Qo 2 ' V‘-
— T(T) A cos ¢, cOs ¢y o
4

All other components of the €jk tensor can easily
be written down from symmetry considerations.
Here

4me?N,
m

9 sin? g, cos?g; \ ]
Vi = , Q=9 [PlPs( ™ +T .

Using the rotation determined by the table we can
write down €jk in the coordinate system where
the z axis is taken along the magnetic field. We
shall consider the following cases:

a) H | [001], ¢3=0. We have then
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ey, =, 1 pavi i {1 + pa) V2
Cxx = Eyy = €, 3192_‘02 O — o )
3 1
. 2
S Q§v§ i 291\:? ‘
Y 3Q0 | 02— 2 Q—o’

Cxz = €y = 0, Q= Q, 4 alrs, Q, = Qo«“'l'

In this case the angle of rotation is given by Eq.
(19).
b) H || [111], ¢;=¢; = ¢3. Then

Exx = Byy = § =+ (29'1 -+ P'z) V§/3 (Qg - (‘)2)1
ey = — (i/Qyw) Q25/(Q} —0?),
1 1
€xz = Byz = 01 'Qs = Qo [’g‘ (2[1'1{"3 -+ p'zl)] le,

Here again the angle of rotation is determined
using (19) and the expressions for the refractive
indices n} = €xx * iexy are the same as those
found in reference 9.

c) H |l [110], ¢3=90°. Then

- 2 912
1 travy 2pyv;
= — L
S =8 T 3 [ Q-0 | Q2o |’
T N Y (k14 o) Vi
=2 + 3 Q% _ o2 02 _ o? ’
3 1
PO U L S
Cay = — 1 3Qo0 Qg_ 2 Qf" w |’

1 a2 —_—
ee=¢z=0, Q =Q [‘2“ (s + Pq)] y Q= V(’-ll-'-a-

The refractive indices are determined in this case

from (20), and we measure the angle between the
rotation of the ellipse of the transmitted wave and
the direction of the polarization of the incident
wave.

We see that in all cases considered, the depend-

ence of the indices of refraction and thus also of
the angle of rotation of the polarization ellipse on

the frequency of the light has a resonance charac-
ter, and that the magnitude of the resonance for the

frequencies depends on the direction of the mag-

netic field. In the case H || [111] there is one res-
onance maximum. If, however, the field is parallel

to the [001] or the [110] direction there are two

resonance maxima. This makes it possible to de-
termine the effective mass of conduction electrons
both at the cyclotron resonance of the angle of ro-
tation and also outside the resonance.

We need only take the quantum motion of the
electrons into account for the evaluation of the
electron concentration Nj, which leads to an ex-
ponential dependence of Nj on H.

In the limiting case of an isotropic mass our
formulae go over into those of Rau and Caspari,
if we neglect in the latter the collision frequencies.
In strong magnetic fields there is an additional ex-
ponential dependence of the electron concentration
on the field.
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