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Electromagnetic corrections to the electron angular distribution have been obtained for the 
V-A theory of 11--e decay. 

BEHRENDS, Finkelstein, and Sirlin1 have calcu
lated the electromagnetic corrections to the elec
tron spectrum in the 11--e decay. The electron 
angular distribution in the decay of a polarized 
11- meson has been obtained by Kinoshita and Sir
lin.2 However, as was shown by Berman,3 the in
frared divergence was removed by the above
mentioned authors1•2 incorrectly; Berman also 
gives the corrected energy spectrum of the decay 
electrons. In the present paper the corrected 
electron angular distribution is calculated. 

We start from the interaction Lagrangian in
troduced by Feynman and Gell-Mann4 (we use 
units such that ti = c = 1) with an additional term 
describing the interaction with the electromag
netic field: 

Lint= 2G (~2iiL ~ ( 1 + io) ~I)('PaiiL f (I +io)<h) 

(the subscripts 1, 2, 3, 4, refer to the 11- meson, 
electron and the two neutrinos respectively). 

(1) 

The electromagnetic corrections consist of 
coherent radiative corrections and corrections to 
the 11--e decay with the emission of a photon (in
ternal bremsstrahlung, see Fig. 1 ). The radiative 
corrections consist of corrections to the vertex 
part and the proper self energy part of the elec
tron and 11- meson. The contribution of the vertex 
part has the form 

ex {1 1 fi 
J\p=2G2n 2iP(1+r.)A(fJ, w)+2iP(1-rs)sinhe 

1 i [ -e 2. 
+;r(l+r5) 4ml PP(sinhtl-sinheF2(fJ,w)) 

+ 2qp (s:nh e- 3 ~~ew) + (coshw-cosh.fJfi 

X ( 1- =~~ F2 (fJ, w)- F3 (6, w)))] 
1 i [ ( e 2 + T (I- i 5) 4mz Pp sinh6 +sinh e F 2 (fJ, w)) 

- 2q 0 (-e-. -. + 3 F: (e, w) + (COShuJ- cosh fJfi 
smh e s1nh 0 

(2) 
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Here we used the convenient abbreviations intro
duced by Behrends et al1 

p = PI + P2.' q = PI - P2 ' 

where m 1 and m2 are the masses of the 11- meson 
and electron, L is the upper cutoff on the mom en
tum of the virtual photon and A. is the photon mass. 
The functions A(O, w) and Fi (0, w) are 

A(fJ, <u)=(fJ-FI(fJ, w))cothfJ 

+ (l-fJcoth6)(w-2w<) + F3 (fJ, w) + 'A• 

where 

F ( fJ w) = L ( 2sinh e) _ L (' 2sinhe) 
1 ' tJ) -6 6 -(r) e -e e -e 

. h [(w-e)] Sin --

+ (w-6)In . [(co!e)J, 
Slnh - 2-

co sinh 6 - e sinh w 
F 2 (fJ, w) = 2 h . . (cos co- cosh e) ' 

(J) sinh "' - e sinh e F 3 (fJ, w) = --n-7=:---~=:-:-2.(coshco- cosh e) ' 

(3) 

X 00 k 

L (x) = ~ In(\- t) dt = - 2J ~2 • (4) 
0 k=l 

The terms "'Yp• 1 in (2) correspond to the vector 
and the terms "'YpY5, y 5 correspond to the axial 
vector interactions. 

After mass renormalization the radiative cor
rections corresponding to the electron and 11-
meson self energies give a contribution equal to 

In the absence of transitions ( e = w = 0 ) the com
plete matrix element for radiative corrections 
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FIG. 1 

should vanish. This is the case for the vector in
teraction. For the axial vector interaction there 
is a finite remainder - ( aG/27r) 'Yp'Y5• It may be 
interpreted as a change in the axial vector coup
ling constant. It is of order a/27r, i.e., 0.1%. 
Consequently second order radiative corrections 
leave the ratio of coupling constants in the V-A 
theory practically unchanged. 

Second-order electromagnetic corrections, ac
curate to terms of order a/27r, turn out to be 
equal for the V and A interactions in the approx
imation m2 /m1 « 1. The infrared divergence in 
the radiative corrections is compensated by the 
infrared divergence in the internal bremsstrahlung. 
The probability per unit time for decay with the 
emission of a photon of a polarized J.t meson 
(with polarization four-vector a satisfying 
a· Pt = 0 ) is given by 

x{[; (mi-m~)- Q2 (Q2 + + (mi- m~))}D 

- 4Q 2 + (kQ)• (m2 + m2 2Q2) 
(Ptk) (p.k) 1 2- . 

-ml [<mi- m~ + 2Q2)[ <D (ap 2) + (Ptk~~~•k) 

[ 1 ( 2 2 2 (ka) ] 
X 2 m1 + m2 + Q ) (kpt) -(ap2) 

(ka). m~ (kQ) J 4 2 (ka) ]} 
- (kPt) (kp.)2 - Q (kpt) ' 

(6) 

where k and Ey are the four-momentum and en
ergy of the photon and 

<D = [P2P I (p2k)- PIP I (plk)]2 ' Q = Pl- P2- k. 

For a= 0, (6) goes over into Eq. (17) of Behrends 
et al.1 

Integrating (6) over d3k (with k2 = -A. 2 taken 
into account) and combining the result with the 
radiative corrections we finally obtain the follow
ing expression for the spectrum and angular dis
tribution of electrons from the decay of a polarized 

J.t meson (with a polarization vector ~ in the J.t
meson rest system for m2 /m1 « 1 ) : 

dN (s, cp, 1;) = :. G2m{ (2rtf3 {3- 2s + (1% l2rt) f (s) 

-1;coscp[2s-l + (aj2rt)h(s)] 

+ 6~ ( m2 1 m1) (I - s) Is} s2dsdQ I 4rt . (7) 

Here cp is the angle between the direction of elec
tron emission and of the . J.t -meson spin vector, 
E = E2/E2max; 

2 Reg~gA 
1;=~~---,---:.-__:_::_=-

i gv 12 +I gA 12 ' 

I gA 12 -I gy 12 

jgvl2 +!gAI2 ' 
(8) 

gy and gA are the vector and axial vector coup
ling constants, t is a measure of the relative con
tributions of the V and A couplings; 

f(s)=2(3-2s)u(s)-+ ,,~] -s)lns 

+ +s-2 (I-s) [(5-; l7s- 34s2) (w +Ins)- 22s + 34s2 ], 

h(s) = 2(2s-l)u(s) + (6s-2)lns 

+ + s-2 (I-s) [(I +s+34s2) (w+lm) 

00 <k 1t2 3 
u (s) = 2 ~ 7i" - 3 + .2. w- 2 +Ins {31n (I - s) 

k=l 

1 
-21ns-2w + 1} + (2w- J- e-) ln(l-s), (9) 

These expressions are a good approximation to 
the spectrum from E ~ 0.1 on. ( For smaller val
ues of E the corrections become very large and it 
becomes necessary to consider higher order ap
proximations in the electromagnetic field.) At the 
end of the spectrum (at E = 1 ) f ( E ) and h ( E ) 
diverge. This divergence may be removed by in
troducing an experimental energy interval ~E .1 

The function ( a/27r) f (E)/ ( 3- 2E) was tabulated 
by Berman.3 We give a table of values of (a/27r) 
x h( E). In the absence of electromagnetic correc-
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The correction function to the 
angular distribution ( .t.E = 0 ) 

I ;.; h(•) I & I .;;, h(•) 

0,1 0.077 0.7 0.016 
0,2 0.038 0,8 0.0033 
0.3 0.031 0.9 -0.018 
o:4 0.030 0,095 -0,038 
0.5 o:o21 0,099 -0,076 
0.6 0,023 

tions the spectrum and angular distribution may be 
expressed as follows 

dN (s, rp, ~) = : 2 G2m~ (2~tt3 [6 (1- s) +~PM (4s- 3) 

- ~cosrp (2 (1- s) +~oM (4s- 3)) 

(10) 

where PM is the parameter introduced by Michel 
and OM is the o of Kinoshita and Sirlin.2 

Conclusions may be drawn from a comparison 
of (7) and (10) about the effect of electromagnetic 
corrections on the JJ.-e decay. The mean JJ. -meson 
lifetime (T) is reduced by 0.42%. The constants 
introduced1 to characterize the electromagnetic 
corrections are equal to A1 = 0.13, A2 = -0.022 
(for an experimental interval .t.E = 0 ) . Thus we 
find for the p -parameter p = % ( 1 - 0.0042) 
= 0.747 (defined in reference 1 as p = 3T/4T0 

where To is the mean lifetime in the absence of 
electromagnetic corrections ) . The p introduced 
in this manner depends only weakly on the magni
tude of the electromagnetic corrections to the 
spectrum since even if the spectrum should change 
significantly the area under the spectral curve, 
which is equal to the mean lifetime, may remain 
unchanged as it did in the present case. Since 
the spectrum, including electromagnetic correc
tions, when divided by E2 may be approximated 
by a straight line for E in the range 0.3 ~ E 

~ 0. 95, another means of introducing p is made 
possible by relating p to the tangent of the angle 
of inclination of this line: tan a = 6 + 16p/3 (see 
reference 2 ) . This yields p = 0. 7 0. For this defi
nition of p the comparison with experiment should 
be made only in the middle part of the spectrum, 
whereas with the previous definition the compari
son is possible over the entire spectrum (see 
Rosenson5 ). For the angular part we similarly 
approximate the quantity 2€ - 1 + ( a/21r) h ( €) 
by a straight line and obtain o = 0. 74 (in the ab-

FIG. 2. Curves 1 and 2 give the asymmetry coefficient 
a(E, ~.()(introduced in reference 2) without electromagnetic 
corrections for~"" -1 and~"" -0.76; curves 3 and 4-the 
same but including electromagnetic corrections. The shaded 
area indicates possible deviation from the equality ("" 0, i.e. 
from lgAI "" lgvl (for~ .. -0.76; 1(14 0.65). 

sence of electromagnetic correction oM = %) . 
The values of the asymmetry coefficient intro

duced by Kinoshita and Sirlin,2 including correc
tions resulting from the covariant method of elimi
nation of the infrared divergence, are shown in 
Fig. 2. 

In conclusion I am grateful to Professor V. B. 
Berestetski1 for guidance in this work and to 
Academician L. D. Landau for an interesting dis
cussion. 

Note added in proof (August 31, 1959 ). The 
question of electromagnetic corrections is also 
studied in the recent paper by Kinoshita and Sir
lin.6 
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