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One-dimensional motion of a perfectly conducting medium under the action of a magnetic field
prescribed at the boundary is considered. Confinement of the plasma by a high frequency mag-
netic field is investigated. Some aspects of the problem of heating the plasma by magnetoacous-

tic waves are discussed.

I T is well known that a magnetic field acts on a
perfectly conducting medium as a sort of piston.
The peculiar feature of a magnetic piston compared
to pistons encountered in ordinary gas dynamics is
that at the boundary of the medium the pressure
H%/8T is prescribed, while in gas-dynamic prob-
lems the speed of the piston is given.

If the magnetic field is specified at the initial
moment inside the medium as well, then this ex-
tends the conditions of applicability of the theory
under discussion to an actual hot plasma (for de-
tails see reference 1), in which in this case mag-
neto-acoustic waves may occur,? while acoustic
waves are not possible inside a plasma of finite
dimensions without a field because of the large
mean free path of the ions.

We shall assume that the field within the me-
dium is perpendicular to the direction of motion.
In such a case the hydrodynamic equations will
hold also for a low-density plasma.® Moreover,
this case is relatively simple analytically com-
pared to the case of an arbitrary direction of the
field. From a gas dynamic point of view the theory
of magnetoacoustic waves of finite amplitude is
completely analogous to the theory of Riemann
waves in ordinary gas dynamics, and differs from
it only by the greater complexity of the analytic
expressions A

1. MOTION UNDER THE ACTION OF A FIELD
PRESCRIBED OVER THE BOUNDARY

The boundary condition at the surface of sepa-
ration between the medium and the magnetic field
may be easily established by choosing the system
of coordinates in which this boundary is at rest.
We assume that the medium is perfectly conduct-
ing, so that there is no flux of the field into the
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medium nor of the medium into the field. From
the condition of the conservation of the normal
component of the momentum flux we obtain at the
boundary the equality of the total pressures

H;/8t = p+ H}/8m. (1.1)

Here Hg is the intensity of the external field and
Hj is the field inside the medium.

We first investigate isentropic motion, and for
simplicity set Hi = 0. Then in the case of one-
dimensional motion the pressure is determined by
the following equation®

p = poll £ (y —1)u/ 2D, 1.2)

where u is the velocity of the medium, and c¢ is
the velocity of sound. The subscript 0 denotes
quantities defined at points where the gas is at
rest. From (1.1) and (1.2) we obtain the follow-
ing boundary condition:

H: /8% = pyl1 & (y— 1)U/ 277, (L.3)

Here U =dx/dt is the velocity of the boundary
corresponding to given values of the external field
and of the pressure of the medium. If the pres-
sure is larger than H2e /8w, then the medium will
expand, and a rarefaction wave will travel through
it, while when Hé /87 is greater than the pressure
the gas will be compressed. From (1.3) we obtain
the differential equation for the motion of the
boundary of separation (the magnetic piston):

dx 2Co

@ =y (YR =1,

1.4)

where no = H/87p, is a given function of t and,
perhaps, also of x. The system of coordinates is
chosen in such a way that at the initial time the
medium is situated at x = 0. When motion occurs
in the direction x >0 we have U > 0. On inte-
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grating (1.4) we obtain the law of motion for the
piston (for the separating boundary).

By utilizing results obtained earlier,* we obtain
in exactly the same manner the corresponding equa-
tion for the case H; =0 (y = %), which, unfortu-
nately, is not solved with respect to the derivative

=y (P +5n),

v=t=iflovarz STk ae

Here 7n; = H%o /47rpoc% = const; 7o has its former
meaning. If we know the law of motion for the pis-
ton we can in principle completely describe the
isentropic motion of the gas by determining the
velocity in the resulting simple wave in paramet-
ric form (cf. reference 5, section 94, problem 2).
Generalization to the case H; = 0 presents no
difficulties.

Let us examine several examples. Let 7e
= const < 1. Then the gas will expand into a
vacuum, where there is a magnetic field. The
limiting expansion velocity will be constant and
in absolute value will be equal to

Upgy = (L —n{r=0/0) 2¢, [ (1 —1).

A wave of rarefaction will travel through the gas,
as in the case of motion of a real piston with a
speed U =umax.

Now let 7me = const > 1. Then a shock wave will
travel through the gas, compressing the gas to a
pressure p, = H%/87. The boundary of separation
will start moving with the velocity of the stream
behind the front of the wave determined by the
Huygens condition at the discontinuity.

(1.5)

2. ON THE CONFINEMENT OF PLASMA BY A
RAPIDLY VARYING MAGNETIC FIELD AND
ON THE HEATING OF PLASMA BY ACOUSTIC
WAVES

The problem of the confinement of plasma by
high frequency fields has been investigated by a
number of authors.!*$® Let us consider the one-
dimensional problem of the motion of plasma
(which we shall describe by means of the equa-
tions of magnetohydrodynamics) under the action
of a magnetic field at the boundary which varies
according to He = H; sin wt. The field should
not penetrate deeply into the medium, and this

imposes the first condition on the frequency:
© > c%/4nsl?) 2.1)

where o~ 2 x 1013 T3/2 (the temperature is given
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in ev) is the conductivity of the medium, and L is
a characteristic dimension of the system. When

L = 10? cm, T =100 ev, condition (2.1) yields
f=w/2m > 0.1 cps. A much more difficult con-
dition from a‘technical point of view is the second
one: the deviations of the separation boundary from
its average position must be small in comparison
with L, and this can be written in the form

o<, 2.2)

where c; is the velocity of sound in the medium.
When T =100 ev the velocity of sound in a deu-
terium plasma is of the order of 5 x 10% cm/sec,
which in the case of L =102 cm yields f > 10*
cps.

The pressure of the magnetic field must balance
the time average of the plasma pressure. The prob-
lem consists of determining the amplitude of the
balancing field, and of making more precise the
condition (2.2).

For the sake of simplicity we consider first the
case when there is no field within the medium. In
this case the motion of the boundary is described
by (1.4). We introduce the dimensionless variables:
wt=7; (y-—1)wx/2¢c;=¢. Then (1.4) takes the
form

de [ dr = qo—vizy (A)

from which we obtain for the case of a sinusoidal
field under the condition £€=0 at 7=0

-

E(x) = g (H3sin? </ 8xp,) "2 gz _ <.

0

2.3)

We require that the average position of the
boundary remain unaltered, and for this it is nec-
essary that the equality £(7) = 0 should hold
(since the pressure of the field is proportional
to the square of H, the period of pressure oscil-
lation at the boundary is equal to 7). Due to the
fact that the field appears nonlinearly in (2.3) there
is no guarantee that the amplitude H; is deter-
mined by the seemingly obvious condition

H? /8% = Hisint/8z — H: )16z =p,. (B)
We therefore write H; = oz.y(87rpo)1/2 and we de-
termine the factor «., from the condition £(7)
= 0. From this condition, and from (2.3) we obtain

1
wy =[ L

o P/rfr(i + (y—1)/2y) :IY/('Y—I)
T L M@+ (y—1/2y

(in =)= ]

S~

(2.4)
The factor oy depends on the properties of the
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gas, but only to a very small extent. We present a
small table which shows this dependence for differ-
ent values of the adiabatic exponent vy:

s 5/ 2 3 o

Y 1 3
2 1.81 1.76 1.72 1.66 1.57

oy

([

It turns out that the amplitude of the external
confining field must be larger by 20 — 30% than one
might have supposed on the basis of elementary
considerations without a detailed analysis of the
motion of the boundary.

4 -
as} Z
//7:5/3 =
7 7
FIG. 1

Figures 1 and 2 give the results of numerical
integration leading to the determination of the time
dependence of the velocity v = (y—1)/2¢cy(dx/dt),
and of the position of the separating boundary for
the cases y =% and y=2. The maximum varia-
tion in the amplitude of oscillation Aémax = Emax
—&min is in the first case equal to 0.332, and in
the second case to 0.396; corresponding to this
Axmax is respectively equal to 0.996¢,/w and
0.792¢y/w.

Let us now consider the case when a magnetic
field parallel to the boundary exists within the
medium. In this case one must use Eq. (1.4),
which is quite awkward. However, a simple ap-
proximate analysis is possible. In order to uti-
lize it, the actual adiabat of the gas p = ¢p? must
be approximated by the adiabat p = c;p?. This
approximation will increase in accuracy as the
field within the medium increases, simply because
the relative role played by the thermodynamic
pressure becomes less important.* In this case

*As is well known,3 the motion of a low-density plasma
across a strong magnetic field is described by hydrodynamic
equations with exponent y = 2, This result is also obtained in
magnetic gas dynamics for adiabatic motion in the case =
H?/8m p » o (cf., for example, a number of problems solved in
references 4 and 7). However, this does not hold, for example,
in the case of shock waves. If the pressure discontinuity
across the front is so large that the conditions p,/p, » 7 > 1
hold, then the limiting density discontinuity will be determined
by the properties of the gas itself,* i.e., by its own value of
the exponent y.

the whole of magnetohydrodynamics reduces to
ordinary gas dynamics, provided we interpret the
pressure to mean the total pressure p* =p + H%/8m,
while the velocity of sound is interpreted to mean
the velocity of propagation of magnetoacoustic
waves cm = (ci + H2/4mp) V2.

Were a constant magnetic field Hy; to exist
within the medium, it would apparently be natural
to assume the external confining field to have a
constant component equal to Hyj, and a variable

FIG. 2

component which on the average balances the gas
pressure of the plasma. Let us investigate the
same problem as before. In the case when the
field has a constant component the period of pres-
sure oscillation at the boundary will be 2w, and
the conditions that the boundary should return to
its initial position will be altered: we now must
have £(27) = 0. In the case y =2 this condition
as applied to (2.3) may be brought into the form

Ia p)=2r(1 +@>"‘=§ (11 4 asin <)) d,

0

8 =8np0/H§,-, a:ocVE; (2.5)
where the factor « is introduced for the same
purpose as in the preceding case. In the case of
large B (small Hyj) we can obtain a correction
to the value of «, obtained in the preceding case:
a=a, +1.45 B'l/z. Thus, if the external field has
a constant component, the amplitude of the vari-
able field must be larger; this is due to the fact
that during the time = < 7 < 27 the constant and
the variable field have opposite signs, and the
pressure due to the field during this half period
decreases. In the limit of small B (large fields)
we obtain by constructing the function I (a;B) the
limiting value a = 7.3, for which we still have
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I(a;0) = 27. In this case the external field is
given by He = Hy(1+7.3 sin wt). These calcula-
tions show that it is not advantageous to have a
constant component in the confining field, but that
it is more convenient to have it wholly variable.

Let us discuss the limits of applicability of
these results. Rarefaction and compression waves
leave alternately the oscillating boundary, with the
latter waves eventually turning into shock waves.
At the point where the shock wave is formed a dis-
continuity in entropy also appears, and separates
the region of the gas beyond the shock wave from
the simple wave directly adjacent to the boundary.
Since the discontinuity in the entropy is not dis-
placed with respect to the medium, it will not ap-
proach the boundary (except for special values of
the piston Velocity,8 where the motion must be ac-
celerated in order that the discontinuity would be
formed immediately at the boundary, whereas in
our case the motion is periodic). Therefore the
basic equation (1.4) will correctly describe the
behavior of the boundary until a reflected shock
wave arrives at that point. Then the gas com-
pressed by the shock wave will begin to expand,

a rarefaction wave will travel through the gas and
equalize the pressure, and the oscillations of the
boundary will stabilize around some new coordi-
nate. Generally speaking, during the heating proc-
ess the amplitude of the field must increase, but
the ratio between H}/87 and p, must remain

the same as found earlier.

The waves leaving the boundary will carry away
a large amount of power, amounting to tens of kilo-
watts (cf. reference 6). The problem of the heat-
ing of plasma by acoustic waves has already been
considered pJL'eviously,“"9 but without introducing
a specific dissipation mechanism. In our case the
formation of discontinuities in acoustic (magneto-
acoustic) waves will be a more powerful loss
mechanism than viscous, thermal, and Joule losses.
Since the amplitude of pressure oscillations is great,
the discontinuity will be formed already in the first
wave. If condition (2.2) holds, we have many waves
with shock discontinuities in a length L, and there-
fore the dissipation is great.

Let us check as to what will be the Larmor fre-
quency of the ions in this case, since magnetoacous-
tic waves can exist only at frequencies much lower
than the ion Larmor frequencies.? In the case of

deuterium this is equivalent to the inequality
[<fL=eH/2zmc=7.65-103H, (2.6)

where H is given in oersteds. The inequalities
(2.6) and (2.2) are contradictory (in the case
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Hyj = 0 we should interpret ¢y in (2.2) as cm),
but the technically important range of their simul-
taneous validity does exist. Apparently the opti-
mum variant from the point of view of satisfying
these two inequalities is the case n = 1.

For the purpose of heating the plasma by a pul-
sating magnetic field we should investigate the case
when the field oscillates in phase at both ends of a
plasma region of length 2L. If the amplitudes of
the fields are the same, then the picture will be
completely symmetric with respect to the central
plane, where collision of waves will occur which,
in view of the symmetry, can be regarded as re-
flection from a perfectly rigid wall. The collision
of shock waves has also been investigated in mag-
netohydrodynamics.4 In this case additional heat-
ing and an increase in entropy also take place.

The first shock wave after reflection from the
wall and amplification will return, and collide with
the shock wave following behind it. In this case the
collision will no longer by symmetric, but ampli-
fication of both waves will in any case occur, al-
though not to such a degree as in the case of the
first collision. In the case of continuous motion
of the piston at the boundary a stationary picture
for strongly nonlinear waves is apparently impos-
sible. In any case this question requires a sepa-
rate detailed investigation. Probably one can as-
sert that a standing wave is formed for the funda-
mental harmonic of the nonlinear waves, while the
remaining harmonics will exist in the form of trav-
eling waves. However, in all circumstances it is
clear that in such a system the dissipation of en-
ergy will be very great (cf., for example, refer-
ence 5, section 95, problem 1).

In conclusion I wish to thank K. P. Stanyukovich
and K. B. Pavlov for a number of useful discussions.
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