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The effect of multiple scattering on the process of pair production by a fast particle going
through a medium is considered. Calculations are carried out using a method developed

previously by Migdal.
1. INTRODUCTION

LANDAU and Pomeranchuk!»? have shown that
radiation processes in media are cut down consid-
erably at high energies because of multiple scat-
tering. Taking this effect into account, Migdal®~?
obtained cross sections for bremsstrahlung and
pair production by y rays.

In this work, the influence of the medium on
pair production by charged particles is considered.
With this in mind, following Migdal,? we establish
the connection between the transition probability
and the density matrix, and then use the equations
for the density matrix, averaged over the coordi-
nates of the scattering atoms.

Expressions (16) — (19) obtained for the cross
section go over at low energies into those from the
theory neglecting the influence of the medium, and
at high energies give a substantially reduced prob-
ability for the process considered.

2. EFFECT OF MULTIPLE SCATTERING ON
PAIR PRODUCTION BY CHARGED PARTICLES
IN THE MEDIUM

We denote systems of electron and positron solu-
tions to the Dirac equation in the medium by ¥g
and &g, respectively, defining them by
W (r, 1) = eifituses”

D, (r, 1) = eititghs g0t
where vf)‘ and u{)\ are unit spin amplitudes,

H=H,+ XV(r—r,)

is the Dirac Hamiltonian in the external field of
the scatterers.*

Taking into account the fact that at high ener-
gies the scattering leaves the spin state and abso-

*We employ the system of units in whichi=c=m_=1.
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lute value of the momentum almost unchanged, we
obtain

W (r, ) 2 upelr (=),
p=pg

By (r, )= 2) VeI,
P=pg

@

where the signs + and — remind us that the ma-
trix element does not depend on the orientation of
the spin, but does depend on the sign of the energy.
Processes of first and second order (see ref-
erence 6) contribute to the effect considered. The
largest term in the integral cross section comes
from the second-order process in which the ef-
fects of the external field on the wave functions of
the resulting electron and positron are taken into
account, but the initial particle is viewed as free.
The corresponding matrix element has the form*

M=2e(Lx)FE) 10 () D(F—xdeds, (@)
where
I,=Puexp{i(p—p)r—i(E—E')t}

is the transition current of initial particles. If the
latter have zero spin, then

P,=(p+pu/2EE,
and for spin 3
P,= (?L?,"{“u?," .
Using Eq. (1), the matrix element (2) takes the
form:

2
ePu

% — k2

M =

A R e e
dte—tet ZJ (O ORI X LS I Canil PRI
P

S

Here t; is the time of motion in the medium,

*The notation is that used in the book of Akhiezer and
Berestetskii.”
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k=p-p’, w=E-E’. The quantity <|M?|>,
where <. ..> denotes an average over the co-
ordinates of the scatterers, enters into the tran-
sition probability. In the future it will be conven-
ient to integrate the quantity <|M |*> over the
angle of emission of the positron, since, as .s
easily seen from Eq. (1), this is practically equiv-
alent to integration over d3p+. We obtain

« 1, te
2¢*P, P, .
g(l M 'z> d3P+ = Re ("_kz)'zg dt g dt'eie (t'—t)

&pr dps T Y
8(27,)3 21:)8 ( RxYﬂvk—Px) (vk/2—Pz’TVuk/2+Ps)

LHt

+ (H (t'—t)— —IHt"
X <(€ )P—- P [el ]Pn—“k: p—k/2 (e )j;-l-k/& P—>' (3)

Employing the equality

€Y hwm, oo = 01N i o €7 E L
o
denoting t’—t = 7 and using the fact that one can
average independently over the coordinates of the
scatterers which enter through the factors e*iHt

and e*HT  we can put (3) into the form

t, t—t
V<M p, = gz s Re PP, { dt
0

0

dpy dp ) =M
8(21:)9 Zn)s ( P,'Tuvk—px) (Vkje—p.YvUkj2+p,)

X f§ T (00 P 2) i T (P1y Pay 7),

<(eth);|—_, o (e—”“)::' p-> = 8‘,‘, p'f;)‘—-l— (p..l P1, t)

Gl HEEVERN (o VSR (N I ¢
The functions f, and fx were introduced by Mig-
dal.’ They obey the same equation as the averaged
density matrix (see reference 4).

We now sum the expression (4) over the spins
of the final state and average over those of the

initial state, obtaining

t, t—t

= %— 2 S(‘ M[2> d3p+ = e4ReAu\,(p, p') S dt S dr eler
0 0

i A

d®p, d® v (P1, P2) o
(o @on Qo 02 (4 (o, b O (P B ) (B)

where

—2 2 — -
Gy (1, P2) = 20 (U0l p.) (Uhlopiotdhin s )e
A Ag

[ (p+p)ulp+ p')v/ 2EE’
1

—1 0 ~ (in .
léEE' Sp Y (ip — m) vy (ip" — m) for spin 3.
(6)

for spin 0,
Aw (p, p) = P

In so far as we are interested in only the inte-
gral cross sections, we can make the following re-
placements (compare reference 6)

GuvAuv_> —;' G..LA..L .

+ (1— £ 20,0) (1 — k20,0) Gy Ay, (7

where

G_L = Gu + Gzz» A_L = Au + Azz-

The further transformation of (5) and calcula-
tion of quantities entering into (7) is carried out
just as in the work of Migdal.5 Introducing the
notation

p=np(1—92/2)4+p8, p'=n(p—k—pb?/2)+ pb,

pr=nqg -+ gne, P2=ng-+gm,
we have

1 k? 2 b—a)?] o2
GuvAuv——>-2—A_L{ Lk X ol T rmo}

q*(k—q) q*(k—q)*
m? + p262] R
p(p—Fk)Jlqk—q)

1 22
+ g A [T EES

m? 4 p%2
q(k—q) l -9

p(p—k)
Here, for scalar particles
AL =p/p(p—k), GAu=

and for spin—% particles

(p—Ek12)*/ p(p—F),

m2k2 + [pz + (p— k)z] p20? 1 _
Further we find
to to—t
I =e*Re\ dt \ dreo™
1}
A,,G,,
X g d% oy (¥, 1)0 (1, ) TpEte s (10)

where we have set
Y=vp_/p_.—p1/P1
it (p_, pu, £) d®py / (20) = 8 (p_ — p1) dp1vo (B, 1) d¥,

f¥ = Py Pay 7) d2py/ (2)? = 8 (p, — g) dpv (0, 7) d.

Here the function vy(#, t) is normalized by
Svo(&, ) d$ = 1. 11)

In addition, we use £ to denote the vector angle
between k and p_. Then

d=p /p.—n+n—p/pi=E—ng/q (12)

The probability of pair production with summed
energy between k and k+dk and electron energy
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between q and q+dq, per unit distance in the
medium, can now be written in the form

k2 dkq? d, dl
w(p, k, q)dkdg — (2;7)6 q Smdﬂds.

Using (11) and (12) and the equality d&dé
= (g/q)*d&dn,, we obtain
¢ e
Re | deetor { a0 dy dny 2t (kz o, 7,
' 13)

w(p, k, q) =

where
k? — @® = k2 (m? + p20%) / p (p — k),

and Ay;,Gyy is given by (9).

The integrals in (13) have the same form as
those in the work of Migdal. The only difference
consists in the fact that in our case k = w, in so
far as we are dealing with virtual quanta. This can
be taken into account by simply redefining the pa-
rameter « which enters into the equation for the

function ei“""v(n, T) (see reference 5). We have
a ROPEP0) g kg
T 4Qp(p—hk) T 4Qqk—q)
2 _ g2 P(P—F)
ME=m qle—aq) *

The meaning of the parameters « and B is clear
from the expansion

[Eartkiz — Cpmkpp— 0]/ 2Q = o + B2/ 2. (14)
In our notation
Q = Z%*nL / 8rg?,

where L =In(0max/0min). In order of magnitude,
Q corresponds to the root mean square scattering
angle per unit track length. We discuss the choice
of angles Omax and Omin below.

As shown in reference 5, the effect of multiple
scattering is determined by the size of the param-
eter

S % _ qk—q) (M4 p%?) 1/ k
T 2V28 8p(p—k) q(k—q)Qg® *

For § >1, the effect of multiple scattering
vanishes. We note now that, in so far as the time
is concerned, times T <tp =s/aQ(l+s) are es-
sential, so that for ty > ty, the integration over
dt can be extended to infinity. Then one obtains

[o o]
Re g gl dtgdn d1y,0 (1, %) = 555 G (),
0

Re Re’“ d*gdn dno (M) v (n, 1) = (D(s)
0
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[ee]
Re S efer d‘&'ﬂz dndngo (n, 7)
0
= Reg elor dtg'fzgdﬂd"lov('ﬂ: ) =— Tgaf(ssQ ’

0

Re 15)

Cmg

et de g "]2713 dndnov(n, ) = 3Qﬁ2 3057 O (S)

The first of two of these equations were obtained
by Migdal. The remaining are derived analogously.
Now, employing (13) — (15), we finally obtain

for spin-3 particles, after integration over dé,

2rinz?
Wy, (p, ky q) = m
XL{wf—k)z[A(s,x)+2wB(s, x)]
p k
k2 q* + (£ —q)*
+p—2[C(s,x)+2—k—2—D(s, x)]
_]_wp E (s, x)} (16)
and for particles with zero spin
4rinZ2
wo (p, &, Q)=m
XL{ [A(s x)_,_QMB(S x)]
+4q(lz2—q)(p—'pk/2) E( x)} (17)
Here
. T e—x—1)G(s2)d
As, x) = S %—l—“;”
1+x
¢ e—x—no(2d T Gisad
B(s,x)= S (Z_/Z(Z_:TFZ_Z’ C(s,x):x S 2‘7(23%12)2,
1+x 1+x
D(s, x) = x S E%%;' (18)
1+x
=Y 4 o
E(s )= | 2% — 3 1k/q(k—q) Qg1
1+x
x=mPq(k—q)/p(p—k), 19)

and & and G are functions introduced by Migdal.?
For s>1

D()=G(s)=~ 1,

and for s < 1:

D (s)=6s, G(s)=12ns®>= (65)2.
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In the intermediate region 0.1 <s <1, these
functions can be approximated, to within a reason-
able accuracy, by the following simple expressions

@ ()~ 65/ (Bs+1), G (s)=(65)/[(6s)2+11. (20)

The error from using these expressions oscillates
from 10% at the edges of the interval to 20% in
the middle of it.

The integrals (18) are easy to find by using ex-
pressions (20). We will not give the very lengthy
formulae which result here, but consider only lim-
iting cases.

1. s » 1/(1+x). Then, in complete agreement
with the results of the theory6 neglecting effects of
the medium, we obtain

Als, x)=(l—|—2x)ln<l+%>—2,

B(s, x) = (1 —}—x)ln(l—i—%)-—l,

1+ 2x
14x

C(s, x)= ——2xln<l+%),

D(s, x) =1—xIn (1+%),
E(s, x)=1/(1 + x). (21)
2. 8 < 1/(1+x). Then

A(s, x)== 3652 In o, B(s, x) =6sln o,

C(s, x)=~36s?, D(s, x)=~6s, E(s, x)=3rs. (22)

We turn now to understanding the magnitudes
of the angles 6mgax and Omin, which enter into
L. The quantity min = qmin/g = Z2¥3/137g is
determined by the minimum momentum transfer;
Omax is of the same order of magnitude as the
mean angle of particle emission. For s > 1, the
latter is determined by Eq. (14), giving

emax"" ]/;2 ~V‘;/_@ -~ Vl + X/g = 90'
The multiple scattering has the effect of broaden-

ing the angular distribution. As shown in refer-
ence 5, for s <« 1 we obtain 7% ~ Gg/s, so that

Ormax ~ 90/]/-5— = V(l + x)/sg®.

At high energies, the quantity 6,/Vs can ex-
ceed the angle of diffraction on the nucleus, 6; =
1/Rg, where R =0.5 rozl/ 3. Then one should take
Omax = 04. Thus, we find

In(190 z="V1i+x) for s>1, VIi+tx<180 z—
21n (190 z—7) for s>1, V1 +x>190 z—
In (190 Z= Y (T T x)s) for s<1, V{1 T x)/s < 190 2~
21n (190 Z~) for s<1, V(I Fx)js > 190 z—'

@3)

L__

One knows the numerical factor in the argument
of the logarithm only to within order of magnitude.
The number 190 was only a convenient choice.

Through the use of Egs. (22) and (23) for k <
p/m, x< 1, s <1, Egs. (16) and (17) assume
the same form

16r2nZ2 2 b—a)2 1
@ (p, b O~ sl TEZD g (@4)

The condition s < 1, according to Eq. (19), means
s= 1400 [kt/q (k — )] < 1, (25)

where t is the radiation length in centimeters, and
k and q are in units of mgc?.

Multiple scattering will have a substantial effect
on the integral cross section if Eq. (25) is fulfilled
for values of q and k—q < p/m, i.e., for ener-
gies of the initial particle p > 2+ 108tuc?.

The theory described here is applicable to elec-
trons when the energies of the pair particles are

much less than the energy of the electron.

3. DISCUSSION OF RESULTS

We considered the effect of multiple scattering,
only on second-order processes. If the initial par-
ticle is an electron, the effect of the medium will
also substantially decrease the contribution of the
first-order processes, so that, as in the usual the-
ory, they can be completely neglected in the region
k <« p. If m > 1, the medium has little effect on
the first-order processes, and their contribution
is given by formulae obtained previously.®

We note, further, that at high energies, when
the multiple scattering (or the effect of polariza-
tion of the medium ) cuts down substantially the
probability of bremsstrahlung with emission of
soft quanta, direct production of pairs may become
the main source of low-energy particles appearing
in showers. In fact, according to Eq. (25), the ef-
fect of the medium on pair production is appreci-
able only for k > 1012 ev, whereas its effect on
bremsstrahlung becomes important already for
p2/k > 1012 ey (see reference 5). Take, for ex-
ample, p =5 x 101 ev. Then, already for p/k
> 200, the production of pairs is more important
than emission of bremsstrahlung. This situation
should be taken into account in analysis of shower
processes, especially when the showers have pene-
trated only small depths.

In conclusion, I would like to express my deep
gratitude to Prof. A. B. Migdal for his interest in
the work and valuable discussions.
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