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EVER since the formulation of the general theory
of relativity physicists have encountered serious
difficulties in defining the energy and momentum

of the gravitational field, needed, in particular,

to take account of the transformation of these quan-
tities into the energy and momentum of other fields.
This problem has to do with the circumstance that
in the formulation of the theory the equation of con-
tinuity acquires the physical meaning of a conser-
vation law through the vanishing of the usual, not
the covariant divergence. Here we call the con-
servation law corresponding to the vanishing of

the usual divergence, the exact conservation law.
The exactly conserved “pseudo-tensor” of the
energy-momentum density of the gravitational
field, introduced by Einstein, is, on one hand, not

a generally covariant quantity; on the other hand,
the energy defined in terms of it depends in an
essential way on the choice of the reference sys-
tems connected with the purely spatial coordinate
transformations with no change in the time coor-
dinate. Definitions of the energy-momentum den-
sity of the gravitational field different from this
have therefore been proposed, in particular by
Lorentz and Levi-Civita. However, the exactly
conserved tensor for all fields including the gravi-
tational, proposed by these authors, vanishes at

all points of space-time and cannot, according to
Einstein’s equations, have any deep physical mean-
ing (see, for example, reference 1).

The problem of the definition of energy and
momentum in the general theory of relativity has
begun to be discussed again recently in the litera-
ture. Mgller, in his recent papers,?® has derived
a new expression* for the total energy of a system
of gravitational and other fields, avoiding the above-
mentioned difficulty concerning the critical depend-
ence of the total energy on the spatial reference
systems. At the same time, the non-tensor char-
acter of the energy-momentum density (it is an
affine tensor density) turns out to be essential to
the problem if only for the fact that even from a
tensor quantity it is impossible to obtain a genuine
vector by integration. Mgller showed the unique-
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ness of his results from the requirement that the
energy of the system be covariant with respect to
purely spatial coordinate transformations and from
the postulate that it can be expressed in terms of
the metric tensor and its first and second deriva-
tives.

On the other hand, our earlier formulation of
Noether’s theorem, when applied to the gravita-
tional field,* leads to conserved quantities differ-
ent from those of Einstein; as we shall show, these
are closely connected with the “pseudo-tensor”
derived later by Mgller. For this we use a unified
treatment of the gravitational and other fields to
determine, for example, the conserved quantities,
in particular, the canonical quasi-tensor of the
energy-momentum density and the spin part of the
energy-momentum. The latter is particularly im-
portant in the case of gravitation. Indeed, the gravi-
tational field is described by a metric tensor, so
that there must be particles with spin correspond-
ing to it; it is known that in the weak field approxi-
mation the spin of these is equal to two. With the
help of the expressions obtained by Mgller? and
Mitskevich* one easily establishes the relation

¥ = — W5 (grav),

@)

where Qg is the “pseudo-tensor” of energy-
momentum of the total system of fields, introduced
by Mgller, and ug‘ (grav) is the expression for
the spin part of the energy of the gravitational
field, as found by us. It is also easily seen from
the general derivation of the spin part of the
energy-momentum® that this quantity has the
necessary transformation properties (invariance
of the integrated energy under purely spatial trans-
formations which leave the time coordinate un-
changed) also for other fields. It should be noted
that the symmetric tensor found by us coincides
with the expressions of Lorentz and Levi-Civita
and is, owing to Einstein’s equations, identically
zero for the total system of fields. We therefore
have the following relation

32 (sym) (tot) = t§ (tot) + UZ (tot) = 0. )

The canonical quasi-tensor of energy-momentum
for the total system of fields, t% (derived in ref-
erence 4), therefore also leads to the solution of
the aforementioned problem of the determination
of the total energy in the presence, and with ac-
count, of gravitation, for we can write, according
to (2),

ta (1) + t& (grav) = — (U (f) + Uz (grav)), ®d)

where tF(f) and t§(grav) refer, respectively,
to the ordinary fields in the presence of gravitation
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and to the purely gravitational field. In particular,
if ordinary matter is absent, we obtain a noteworthy
relation which establishes the equality (except for
the sign) of the spin part of the energy-momentum
of the gravitational field and the canonical quasi-
tensor of the energy-momentum density of gravita-
tion, introduced by us and also obtained by Mgller.
It seems more natural to us to regard as the
energy-momentum density of the total system of
fields, the sum of the canonical (unsymmetric)
quasi-tensors of all fields, and not the sum of the
symmetric tensor of the ordinary matter field and
the canonical quasi-tensor of the gravitational field,
as proposed by Mgller. This is based, first of all,
on the desirability of having a uniform definition of
the physical quantities for all fields. On the other
hand, from Mgller’s point of view a quantity de-
scribing the total system of fields is replaced by
one which is characteristic only of the gravitational
field. Our point of view corresponds also to the co-
variant principles of second quantization.® We note,
however, that both methods coincide completely in
the consideration of the free gravitational field.
Mgller concludes from the vanishing of the en-
ergy carried by the two known forms of gravita-
tional waves in the absence of ordinary matter,
that the usual quantum theories of gravitation are
not useful. It should be noted in this connection
that even if we are not concerned with real, energy
carrying radiation, the calculation of vacuum effects
may force us to accept the quantization of gravita-
tion and the idea of gravitons. On the other hand,
if the existence of energy carrying gravitational
waves were definitely established, our earlier con-
clusion that the gravitons can be transformed into
ordinary matter would in some sense undoubtedly
be true in the general case as well as in the linear
weak field approximation.®

*These papers were presented at the Colloquium on Gravi-
tation in Paris and at the 9th High Energy Conference in Kiev
in 1959 by Mgller and also by Geiniot, who independently ar-
rived at similar results.
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DESPITE the fact that the general theory of rela-
tivity has now found wide recognition, attempts are
still being made to approach the problem of gravi-
tation by a somewhat different method. Here we
have in mind mainly the various linear theories of
gravitation based on the usual pseudo-euclidean
space-time metric.l*2 It is here essential that the
linear theories yield, in first approximation, the
same values for the so-called three critical effects
as the general theory of relativity (see, e.g., ref-
erences 1to 4).

The linear theories involve serious theoretical
difficulties. One of these is that the energy density
of the gravitational field is not positive definite.®®
However, attempts are being made to bypass this
difficulty (see, e.g., reference 7). Notwithstand-
ing the clear superiority of the theory of Einstein,
it is therefore of definite interest to find those dif-
ferences between the general theory of relativity
and the linear theories which can, in principle, be
observed in experiment.

There is no point in looking for discrepancies
in the effects of the gravitational red shift and the
deflection of light in the gravitational field of the
sun: these are solely determined by the field equa-
tions, which are the same as in the linear approxi-
mation of the general theory of relativity. There
remains the possibility to search for discrepancies
in those effects which depend on the equations of
motion in addition to the field equations.

In the general theory of relativity, one of the
first integrals of the equations of motion, corre-
sponding to the second Kepler law, has the form?®

@

Similar expressions can easily be obtained in the

(1 — 2xm/c*) r?dp/dt = const.



