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Pair production due to collisions between fast charged particles and atoms is considered. 
Expressions for the cross sections are obtained which are valid for positron and electron 
energies comparable with that of the parent particle. 

1. INTRODUCTION 

THE effect of pair production in collisions between 
charged particles has been discussed in references 
1 to 5. The expressions obtained in these articles 
for cross sections agree in the region of pair par
ticle energies E+ and E_ which satisfy the inequal
ity E+ + E_ « E/m (region I). The cross sections 
in the region E + + c » E/m (region II) were dis
cussed in the articles by Bhabha2 and Murota and 
others. 5 The latter article, written not long ago, 
shows the error of Bhabha's results in region II. 
However, it seems that even Murota's work is not 
exact. 

Two types of processes contribute to the cross 
section for the effect under consideration: (a) proc
esses of the first order, where the pair particles 
are considered free; (b) processes of the second 
order, where the parent particle is considered 
free. Processes of the second order make the 
main contribution to the integral cross section. 
However, if we look over the cross sections in 
region II the contribution of processes of the first 
order can be decisive. 

Finally we note, in reviewing radiative proc
esses in the high-energy region, that the influence 
of multiple scattering is substantial. Landau and 
Pomeranchuk6•7 were the first to draw attention 
to this fact. The cross sections for bremsstrahl
ung and pair production by y quanta were obtained 
by Migdal8 taking this effect into consideration. The 
following article discusses the influence of multiple 
scattering on pair production by charged particles. 

·2. CONTRIBUTION OF SECOND-ORDER 
PROCESSES 

We shall examine pair production by singly 
charged particles with the mass m » 1 and the 
energy E » m.* We also will assume the energy 

*A system of units is used in which n = me = c = 1. 

of the electron to be c » 1 and the energy of the 
positron to be E + » 1. The contribution to the dif
ferential cross section of second order processes 
in the lowest approximation theory of excitation 
gives the expression 

c4 ----o o (£- E'- w) d3p'd3p+d'P-
dcr= (k2-w2)2[P~-'G~-'[" (2")"J ' (1) 

where p is the initial momentum and p' is the 
final momentum of the parent particle; 

k = P- p'; E = V p2 + m2, E' = }/ p'2 + mi, 

q=k-p+-p_; J=pfE=J; 

PJ.! is the transition current of the parent particle 
equal to (p+p' )J.!/2../ EE' for the scalar particles 
and (up'Yf.!Up) for particles with spin ~; 

- (- [ i (k- P+)- 1 _I_ i ( P-- k) - 1 ] ) 
GIL -\Up_ '(4 (k- p )2+ 1 '(I" I '(I" (p - k)2 + 1 '(,1 Vp+ Vq 

+ -

(2) 

is the matrix element for pair production by a vir
tual quantum; the dash indicates an averaging over 
the initial state spins and the summation over the 
final state spins. 

It is convenient to do the calculation in the co
ordinate system whose z axis is directed along 
the vector n = k/k ( k -system ) . 

Because of gauge invariance in the k -system, 
the following equations hold: 

P3k + iwP4 = 0, G3k + iwG4 = 0, 

therefore 

P~-'G~-' = P,G, +(I - W2 I k2) P4G4 , 

with the summation for i going from 1 to 2. After 
integrating over the angles, quantities of the~ 
(PJ.!Pt) with f.! "" v vanish, and I P 1 12 and I P 2 12 

give equal contributions. Therefore we can sub
stitute 
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where 

The first term in the right side of (3) describes 
the contribution of transverse photons and the sec
ond term describes the contribution of longitudinal 
and scalar photons. 

The calculations of the quantities included in (3) 
are somewhat more complex than in the theory of 
pair production by real quanta. We obtain 

IGf- 4 [(' 1 1 )2 
j_ - w + p+e+ - M2 + p:_e:_ 

(4) 

which includes notations understandable from the 
following equations: 

p ± = np ± ( 1 - -} a~) + p ± 6 ±, p = np ( 1 - -} 62) + p6, 

p'= n(p-k --} p62) + pB, 

The matrix element for pair production by real 
quanta is obtained from (4) with M2 = 1. 

(5) 

The calculatiQn of I G4 j2 is not difficult. With 
the required accuracy we obtain 

-I!(M2 + p:._ e:_)FjVqr 

For scalar particles 

I P j_ 12 = p262 I P (p- k), 

for particles with spin ~ 
m2k2 + fp2 + (p __ k)2J p•ez 

2p2 (p- k)2 

In addition we find 

(6) 

(7) 

·IP412= I. (8) 

k2 _ w2 = /(2 (m~ + p202) / p (p _ k). (9) 

Using (5), the vector p' can be represented in 
the form 

p' = (p- k) (pIp- 6) + pfl = (pip) (p-h) + kB, 

whence 

o (E- E'- w) d3p'd"p,d"p_ 

= k2d6p+dB+dp+p:._d6_dp_. (10) 

Finally, for the neutral atom 

Vq = Ze2 I (q2 + q~), (11) 

where q0 = zt/3/137 is the inverse Thomas-Fermi 
radius, and for q2 we obtain from (5) 

(12) 

Now, using (1) to (12) we can obtain the expres
sion for the differential cross section. 

Integration over angles must be done next. For 
this we note that the angles e± <max { 1/k, m/p} 
give the main contribution, so that the quantities 
P±e1 included in q2 can be ignored. After this 
we introduce new variables 

y = (2Mf1 (p+6+ + p_fl_), 

x = (2Mr1 (p+6+- p_6_), (13) 

in which integration over dx is easily done. As a 
result we obtain 

~I G j_ l2p+d6+p:_d6_ 

-26 2Z2 4 oo~ [cjl (y) + M2 (p+ + p+) k-2'P (yl) ydy 
- rr e ' 

0 [4M2y2 + (k 1 2p +P jM• + q~J2 

where 

~ (y) =I-~ -- sinh-1 y, 
y V1 + y2 

~ (y) = 2Y2 + 1 sinh -t y - I. 
Y V1 + y2 

(14) 

(15) 

(16) 

In integrals (14) and (15) the values of y are 
very small so that they may be calculated appro xi
mately with logarithmic accuracy. The lower limit 
of integration as can be seen from (12) is deter
mined by the largest of the quantities kM/4p+p
and q0 /2M. In determining the upper limit it is 
necessary to consider the final size of the nucleus 
which limits the maximum magnitude of the trans
mitted momentum to the values ~ 1/R where R 
= 0.5 r 0zt/3 is the radius of the nucleus so that 
Ymax ~ 1/RM. On the other hand, the functions 
1/J (y) and q; (y) significantly increase for values 
y ~ 1, therefore the upper limit in any case is not 
above Ymax ~ 1. Thus we obtain 
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\ 1----a-1• 2 dO 2 dO = s"•z•e1 ~-I + 2M• p;_ + p2_] L 
~ l. P + +P- - 3M 4 . k2 ' 

where L = ln (YmaxiYmin ), with 

= { kM I p +P _ for I'M I p +P _ > q0 I M 

Ymin q0 /M for kM/p+p- <q0 /M' 

{ 
1 for 2MR < 1 

Ymax = 112 MR for 2MR > 1 

(17) 

(18) 

It is possible to ignore the dependence of the quan
tity M on 8 inside the logarithm sign without in
troducing any error, so that in (18) we can assume 

M= 111 +m2p+p_!p(p-k)=lfl +x. 
We also must integrate over de. As a result 

for particles with spin i 

2a2Z2 r 2 { 2 2 [ • + 2 -da·; =--0 L P +(p-k) A(x)-l-2P+ p_B(x)J 
2 31tk2 p2 I k2 

+ ~: [ C (x) + 2 p;_; p2_ D (x) J 

and for particles with spin 0 

4p +p- (p- k/ 2\2} + Ji2 1'"(1+x) dp+dp_. 

Here 

x = m2p+p_; p (p- k), 

A (x) = (I + 2x) In (I + +)- 2, 

B (x) =(I + x) In (1 ++)-I, 

C (x) = \ ~ 2:- 2x In (I + +) , 

D (x) = I - x In ( 1 + ! ) . 

(19) 

(20) 

(21) 

The first terms in (19) and (20) describe the 
contribution of transverse photons emitted without 
spin flip. The last terms are the contribution of 
longitudinal and scalar photons. The second term 
in (19) describes the contribution of transverse 
photons emitted with spin flip of the parent par
ticle. 

Now we turn to limiting cases. 
I. k « p/m. Then x « 1 and according to (19) 

and (20) we find 

sa•z•r2 dp + dp- [ P2 + p2_ l "KP 
da•;,=da0=~L~ I +2~j lnkm, (22) 

where we have replaced v'P+P- by k inside the 
logarithm symbol and introduced the magnitude 
x ::::; 1. The result is in complete accord with the 
results of other authors and can be obtained using 
the Weiszacker-Williams method. 

Ila. k » p/m, x » 1. In this case we obtain 
from (21) for the functions A, B, C and D 

2A (x) = C (x) =I; 3x2 , B (x) = D (x) = 1;2 x. (23) ... 

Then 

4•z•• [2+2 da, = ~ P (p-k) L P+ P-(1-!:_ + ~) 
;, 31tk2 m2p +p _ k2 p p2 

(24) 

4 •z• • [ 2 + 2 
dcr0=-- ---L --- l--a 'o p(p-k) P+ P-( k) 

31tk2 m2p +p _ 1<2 p 

4p p ( " )'] + ;. - 1- 2p~ dp+dp_. (25) 

lib. k » p/m, x « 1. In this case we obtain 

2a2Z2r~ p• + (p _ k)2 ( P+ + p2_) 
da.1, = 3"", L p• I + 2 -k-2-

X In P (p -· k) dp dp · 
m•p p + -' 

+ -
(26) 

4a2Z2 r~ p _" r p;_ + p2_ \ 
dcro = 31tk2 L -p- \I + 2 _k_2_) 

X lnp(p-k) dp dp . 
m•p+p_ + - (27) 

The latter results, like the general formulas 
(19) to (21), are different from those obtained by 
Murota et al. 5 Even though these authors com
puted by a somewhat different method they obtained 
an expression for the differential cross section 
practically the same as ours. However, in doing 
the integration over angles they made an inadmis
sible approximation* that led to substantial mistakes 
when k > p/m. 

3. CONTRIBUTION OF FIRST-ORDER PROCESSES 

The contribution of first order processes can be 
found using the same method mentioned in Sec. 2. 
The calculation of the contribution of interference 
processes is considerably more difficult and there
fore we were forced to limit ourselves to a review 
of the limiting cases where the contribution of proc
esses of either the first or second order can be ig
nored. 

*It was assumed that the substantial values of y are 
smaller than M/k, which obviously is not true. See (18). 
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The influence of the external field on the state 
of the parent particle can be taken into account 
using a diffraction approximation (see reference 9). 
Then the contribution of first order processes will 
be given by a formula analogous to (1), where we 
must assume 

P = ~ ( zp -=-!<__ -+- ~+_,_( -) 0 
lr EE' p' - I P - k I ' P- I p' + k I ' 

p = ~-::_____ ( E + E' __)_ E + E' \ G 
0 v £[ \ p' - I p - k I I p - I p' + k J)) ' 

aiL= (up , vp ). 
- !J. T 

The quantity G is connected to the scattering 
matrix 

by the relation 

G = 2~ ~ ( 1 _ .Q (p)) etCJ-k)P dp, 

where the integration over dp is done along the 
plane perpendicular to the vector p' and going 
through the center of the nucleus. 

In calculating the quantities p' - I p - k I and 
p - I p' + k I it is necessary to use the law of con
servation of energy E' + w = E. In this case it turns 
out that the magnitudes of E - E' - k and w - k can 
be of the same order of magnitude, and therefore to 
ignore the second of them in comparison with the 
first, as done by Rabinovich, 10 is invalid. 

All the calculations are done in the same way 
as in Sec. 2, therefore we only mention the end re
sult. The contribution of first-order processes to 
the differential cross section, for particles with 
spin 0, is equal to 

(\) cv 
8a 2 p - h dp 1 dp_ \ \' , - " 

dw = ----;;- ~-P -1?·- .\ dy .\ q d(tl G (2Mq) j-
u l< 

~--~ ( Jl: + p~ ~ I 2 (p-f.>j2)2 ] 

X L ( l + y)' 'I + -k,-- !J j 9 (q) I "' ~ (q) ' 

(28) 

where M2 = ( 1 +x +y )m2/x and the functions ({) 
and 1/J are given by ·(16). 

In integrating over dq in (28) we can approxi
mately assume 

jG m 12 :::::: R~Ji (RW~2 + 4Z2a2;(~2 + q~) 2 • 

Then the cross section is broken down into the 
sum of two terms: diffraction dwd and Coulomb 
dwc. In the region x « 1 both dwd and dwc 
are insignificantly small. But with x » 1 we find 
from (28) 

Sa 2 r~l 2 dp+ dp_ , - k r! + r: 
dwc, o = ·-;1rrm2 --iii- -p- --~ 

X ln m'P+P- ln--·-1- . 
p(p-k) IIIR!Imin 

(29) 

For particles with spin !. analogous calculations 
give 

(30) 

In both formulas Ymin = max { q0 /m, km/p (p - k)} . 
Nuclear interaction makes a more essential con

tribution for rr mesons: 

dw = ~!l 2R 2 p- k dp+ dp_ln m2P+P-
d, 0 1t p k2 p (p- k) 

00 

+ 2P+P- (p- k/2) 2 \ <jJ (q) Jz (2mRq) dq]. 
f?2 p (p- k) .l q l 

0 

(31) 

Comparing these results with (24) and (25) we 
see that the contribution of first-order processes 
can be ignored for x « m 2 if the parent particle 
does not partake in the nuclear interaction. In the 
opposite case in the whole region of x » 1 the 
contributions of first order processes are more 
substantial. 

4. DISCUSSION OF RESULTS 

We see thus that the most likely pair production 
takes place with x = m~+P- /p (p- k) « 1. Corre
sponding expressions for cross sections are given 
in (22), (26), and (27). 

Formula (31) gives the cross section for x » 1 
if the parent particle is nuclear active. If the par
ent particle is not nuclear active, for 1 « x « m 2 

the cross section is given by (24), (25), and for 
m 2 « x, by (29) and (30). 

The theory we have outlined is applicable to 
electrons in the region k « p. The region k 
« p/m gives the main contribution to the integral 
cross section. In agreement with reference 5, in
dependent of the particle spin we find from (22), in 
the absence of screening, 

cr = (28x2r~Z2;27rr) ln'J (xpim), 

and with complete screening 

28a'' ,.~ Z2 [ z'!, 1 
cr = ~ In 190Z-'f, 3 In xp In 1~0- + (In l90Z-'1'f . "''1t IlL "Ill . 

In both formulas K ~ 1. Corrections to these for
mulas contain lower orders of the lograrithm of 
the energy. 
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