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Explicit formulas for the polarization and angular distribution of B electrons in.second
forbidden transitions involving V and A coupling are derived. The angular correlations
in unique transitions are examined in the case of arbitrary order of forbiddenness. Unique
second forbidden transitions are treated in detail.

1. SECOND FORBIDDEN TRANSITIONS Aj = 2 (no)

THE results of a great number of recent papers
indicate that the time reversal invariant vector
and axial vector interactions play the fundamental
role in B decay processes. Together with the
further refinement of these results it becomes of
interest to investigate the forbidden B transitions
with the aim of determining the nuclear matrix
elements. Many papers have been devoted to the
study of forbidden JB transitions. However, de-
tailed explicit formulas for the angular distribution
and polarization of B particles have been given
only for transitions of first order of forbiddenness.
In the present paper we consider [ processes of
second and higher order of forbiddenness. Since

the method of calculation has already been described

in a series of papers,! we give at once the final for-
mulas.

a. Angular Distribution of 8 Electrons for Second
Forbidden B Transitions in Oriented Nuclei

We shall characterize the orientation of the nu-
clear spins by the quantity

O olke A
Oy = D Chn (o), 2w (o) = 1,

"y o
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where j, is the angular momentum of the initial
nucleus, u, is its projection on the axis along
which most of the nuclear spins are oriented
(chosen as the Z axis), w(uy) is the probability
that the nucleus has a spin projection with the value
pg» and C... are Clebsch-Gordan coefficients.?
The number g is even for aligned nuclei, and even
or odd for polarized nuclei.

VT o, = VI 1

where fg are quantities which are tabulated in
the papers of Cox and Tolhoek.?
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The angular distribution for second forbidden
transitions with a change of the nuclear spin by
two units (|jo—ij;| = Aj =2) and without change
of parity is given by the formula

rg (jos 1) B (E, g, p) Py (cos ),

@)

w(ip) =1 +4 2

g=1,....4

where j; is the spin of the nucleus after the B
decay, Pg(cos #) is the Legendre polynomial in
the angle of the electron momentum vector

p(p, ¥ @), E is the total energy of the electron
(including the rest mass), q is the momentum
(energy) of the neutrino (we choose units for
which i=m=c¢c=1),

re = U(ir2jog; jo2)p, = V'52jo+ 1) W (j:2j0g; o2) Pgr

where W (abed; ef) is the Racah function (tables
of Racah functions are given in reference 4), and

6By = Ay 4+ AE - Ag(E -= V) -+ Ay (p° -+ 2EV -+ V?)
“ AE (P4 2p°VET +V?) - Ag (p* + EV),

S=a, +a,(p*-- 20 VE™ + V?) - a5 (p*Et + V). (3)

Assuming uniform distribution of the charge over
the volume of the nucleus, we have V =6aZ/5R.
For the case where the charge is distributed over
the nuclear surface, we find V= @Z/R (Z is the
nuclear charge, R is the nuclear radius).

The quantities aj are equal to

ay =11 (p* + ¢ + (19" + 1aP* + 1aP°¢") + 159 (P* + £ 7).
a =1 (p*+ 3 ),

a =5 (g + 500+ Lo (P 4 g, @
The quantities A; for different values of g
have the following values:
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g=1

Ay = (p19° + 920" + 930°¢%)

+ 249 (P* + ¢°) + 9sP® 1 64,

Ay = q (MG* + Mp®) + (Rag® + Ngp?),

As =29 (P* + 5 ¢°) + s (p° + 3 7),

A=t (-:,i—gq“rpz) :

A; =0, Ag=2q+ hp?;
g=2

Ay = plq (1:9° + x2P?) + (Xs9® + XaP™)],

Ay = p [(0:9° + 03p%) + 039 + 0],

A3 =A,=0, As=w5p, As=p(0eq+ 0y);
g=23

Av=—2V"sp* [(-—%%qz + %%lﬂ)

+ Paq + %] ,

Ay =—2V 3% (Mg + M),

As = —2V 75 p* (924 + ),

Ai=—2V"75900% As=0, Ag=—2V"7\p"%
g=4

A= —6p°(Xeq + Ya)y As=— %‘szs.

Ag=Ay=As=Ag=0. (5)

The coefficients vj, 7, &, ®i» Aj» Xi» and wj,
which depend on the coupling constants and on the
three nuclear matrix elements, are given in Appen-
dix A.

In expression (2) we have made the approxima-
tion (@Z)2« 1, (aZ/p)? < 1. In the limiting
case where Z > 2AY3E (A is the mass number
of the decaying nucleus), the angular distribution
no longer depends on the nuclear matrix elements,
as in the case of unique transitions. In this case
we have

w(iop) =1 — £ X rgBePy(cos ), 6)
where e
8Bi=V6(Lq*+2p?), EBy=-2VT1dpE,
8B;=— 2V 14p?, E=Lg+Lp%

Formula (6) corresponds to the two-component
theory of the neutrino.

b. Longitudinal Polarization of the g Particles

For B~ transitions with Aj =2 (no), the longi-
tudinal polarization vector for the B~ particles in
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the rest system of the electron can be written in
the form

_ p/ b azZ \
C———E—\a—I—E—-F 5 ) ()
The quantity a¢ is different from ¢ in that the
constants Bjx (which enter in the coefficients
vi» M, and ;) are replaced by the constants ajjk:

ay = CiCr +CiCr, B = C:Ch + CCh,

i k=V,A T. (8)

C; and Ci are the coupling constants of the g in-
teraction corresponding to the terms which, respec-
tively, do or do not conserve parity. b = Va, + ag,
where we also replace the Bjk in the quantities a,
and ag on the right hand side of this equation by
the ajk.

ct=2Im[xgq(g?+ 2 p*) + % (*+ 5 p))]. ()

The energy dependence of &, a,, and ajz is
given by (3) and (4). The coefficients ki which
depend on the constants C, C’ and the nuclear
matrix elements, are given in Appendix A.

If the strong interactions are invariant under
time reversal the combinations of matrix elements
entering in kj are real. A possible violation of
time reversal invariance in B interactions is de-
termined by the third term on the right hand side
of (7). In the two-component theory of the neutrino
ajk = Bik and a = 1.

In (7) we made the approximation (aZ)? < 1
and (@Z/p): < 1. If Z > 2AY3E for a given
nucleus, the formulas for the longitudinal polari-
zation no longer depend on the nuclear matrix ele-
ments: ¢ =-p/E (here we use the two-component
theory of the neutrino).

We note that the general form of (7) is the same
for B transitions of arbitrary order of forbidden-
ness, where the energy dependence of a, b, and
¢ is determined by the order of forbiddenness.

2. UNIQUE TRANSITIONS Aj =N +1

The formulas for the angular correlations in
forbidden B transitions of the unique type, in
which the change of the nuclear spin exceeds the
order of forbiddenness by one (i.e., Aj = |j,—iil
= N+1), do not depend on the nuclear matrix ele-
ments. It is therefore impossible to obtain from
a study of the unique transitions, any information
about the structure of the nucleus, except informa-
tion on the angular momenta and the parities of the
nuclear levels. The latter, though, is the most
definite information on these quantities that we have.
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The unique transitions are determined by the
Gamow-Teller interaction, where apparently only
the axial vector (A) coupling gives a significant
contribution.

In this part of the paper we consider the angular
distribution and polarization of B8 particles for
unique p transitions of arbitrary (N-th) order
of forbiddenness in oriented and non-oriented nu-
clei. The detailed form of the formulas obtained

is given for the case of second forbidden transitions:

Aj = 3 (no).

a. Longitudinal Polarization of 8 Electrons

We shall characterize the polarization of the
electrons by the angle x between the electron
momentum p and the direction of the spin ¢.
The polarization is then given by the formula

w(@p) =1+ Ccosy.
In the approximation (aZ)* <« 1, (aZ/p)* <1

(the exact formulas are given in Appendix B) we
have

s P [(%rT %44  aZ 2Ima )
"'“E—I—A(Brr‘*'ﬁ/m P Brr+Baa V)’
A =2(ReBra)/Brr -+ Baa), 9

where oajx and Bjkx are given by (8). The weakly
energy dependent coefficient dy is different for
different orders of forbiddenness of the B transi-

tion, N:
ady = 297 (i + )7 =247,
i i
N 4Y@RN (N pigNRiL
TN — @N + W pP g (10)

(2N + 1)!
The summation in (10) goes over all half odd inte-
ger values of j with j < N+1.

It is seen from (9) that the interference terms
(between the interactions T and A) violate the
time reversal invariance. However, this interfer-
ence is apparently absent in the B interaction.

@NIEN —Z+ 2!

For “pure” T or A coupling we obtain:*
. _ . P _2RecC”
CEEERREFICE @)

b. Angular Distribution of the Electrons

If we characterize, as before, the orientation of
the nuclear spins by the quantity Pg [see formula
(1)], the angular distribution of the electrons
emitted by oriented nuclei in unique transitions
has the form

‘*Here, as well as in the analogous formulas below, the
upper indices refer to T, and the lower indices to A.
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oN+1
w(iep) =1+ 2 rg(jor 1) Bg(E. g, p) Pg(cos ). (11)

g=1,...
Here

re=U (N + liogs joN + 1)p,.
pReS

0By =8 + ey +gé‘mf(b (12)
ag=NDE,  bg= D}, Z@mg!+

j i
Q=877 +BapX =—2Refra,
ReS=oa,,—a,,,ImS=—2Ima,,. (13)

In the general case of N-th order of forbiddenness
the numerical coefficients & j and nJg are given
in terms of the Racah functions and the Clebsch-
Gordan coefficients:

B =(—)""VRite+r NRi—g e+ H(EN+3)

XCH, oW (N —j+ 1N+ 1jg; jN+1),

g — even;

W= (=)""Vege+ DR+ HRN+3)Ce, ..
xW(N—j+1N+1jg jN+1),

g — odd. (14)

For “pure” T or A coupling we have:
2Re CC"* ,
C!Bg:ag:t —E—ngm-l-libg (12 )

The numerical values of the coefficients R}”, gg,
and njg for second forbidden B transitions (N=2)
are given in Appendix C.

c. Polarization of Electrons Emitted by Oriented
Nuclei

The probability for observing an electron with
momentum p and polarization ¢ in unique B

transitions is
aN+1

@ (o P §) =1+ 1C|cosy + D) rgBgPg(cos9)

£=1,...

4 2 reCasFes (3, 1, Ok (15)
g s
The directions of the vectors J,, p, and ¢ and
the angles between them are given in the figure.
The values of | ¢/, rg, and Bg are determined
by the corresponding formulas (9) and (12). The
index s in the last term of (15) takes on the values
s =g, g+1, sothat the summation over s goes
from s =0 to s =2N + 2. Furthermore,
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TEQ —X el EQ

aZ 4 g

+—E72—__—)-<(—~theS+lqslmS),

kgs=2‘|@5v";_
i

lgs = Z@;V iy
1

(e, E&jap,),
ls = 2276 (i + 57"
/
te =005 te=20D i+ (16)
i i

The angular dependence of ng(ﬁ, X, w) for
different values of s and g is expressed in the
following form:

Fee = 3;?5%:)) siny sin P} (cos 9),
Feerr=V3(@+ 1) 1) cos Py (cos 3

+ l/gii sin y cos wPy (cos 9),
Feey =—V 3gcos xP¢ (cos 9)
+ V' 3/gsiny ccs wP} (cos 9).

Pg(cos 4) is the first associated Legendre func-
tion. The constants Q, X, and S are given by
(13).

In the general case of N-th order of forbidden-
ness the coefficients Ejhs §J, and Tj are glven
in terms of the functions of Racah and Fano® and
the Clebsch-Gordan coefficients:

ep = (—)""Qj+ D@+ DV 22g + 1) 2N +3)Ciie
X W (N + 1jg; jN + DX (Uls, jjg, -+ 1),

2

g-- odd,

G (=) TREI 4+ VA Q]+ 2)2g - 1) (2N +3)

, S0 7 (5 i i _
ij_%)onrT,:“ W (iN + ljg; jN+ 1)

x X (j+ L j—+s jig.+~1),  g—even
9=+ DVENFI/BEC L

xW (iN +1ig; iN +1), g— odd
l=j+% r=zx2L, i=N—j+1L anmn

A significant polarization of order ~p/E of the
electrons in the direction [pXj,] can be observed
only if time reversal invariance is violated and
if there is TA interference. If time reversal
invariance holds, or if there is no TA interfer-
ence, the polarization in this direction is ~ @Z/E,
i.e., small as compared to unity.

In the case of “pure” T or A coupling the
quantity oCgg [formula (16)] is given by

GCgs=k2r‘s_'é—kE:sj: p 2ReCC’ l

E [CP+]CP®

aZ 2RecCC™

FECE+ICPE (16°)

The numerical values of the coefficients {85,
¢89) and 78 for second forbidden B transi-
tions are given in Appendix C.

All formulas quoted above correspond to B~
decay. In the case of positron decay we must make
the following substitutions in these formulas:

Ca— Ca,

al ——alZ.

Ca—>—Cha, Cv,r—Cy,1, Cy,r——Cy, 1,

APPENDIX A

Coefficients 7yj, 7, and ¢j in the expressions

(4):
'TIZILVF@VV’ TZZ%E(lKAlzﬁAA_F’KVPﬁvv);
Ta = (2| Kal®B,, + 3| Kv B, — 2V 6Re KaKy,,);

Ts = ‘.}’Tz + %‘]’3,

Ts =< V (—V28,,Re KvLy +V 3Re Kr\L:’?AV);

N = % (3IKA izﬁAA + 2IK'V FF‘SVV + 2]/6 Re KAK;?'AV);

G = — = (V28 ReKvLy + V 3Re KaLiB ,,);

=5 (—3|KalBas+ 21 Kv[Byy)-

Nuclear matrix elements:
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K a = 1CH T\ $iunYenranr® dr;
Ky = [C1and ™ { G Yonins* dr;
Ly = (Cifunl ™ { G Vad G dr.
In these expressions ¢ and a are the four-
rowed Dirac matrices, and Yi A is the spherical

vector function. Its components are expressed in
terms of the spherical functions:

[Yirly= (—‘)I_Ycﬁ-r, M1, — Y L, Ms

M=A+1v, v=0,x1.

The scalar product of two vectors (AB) is here
conveniently represented in the form

(AB) = X} (—)"4,B_,,

A0=Az, Ai1=i(AxiiAy)/V§-
Coefficients ¢j, Ay, Xj, and wj in the expres-
sions (5):

1= — % (J/ TIKaPoy, + L ReKaKva,,);
92 = — (21 6/625) (| Kal?e,, + 2| Kv P,y
—V B6Re KaKyary,);
¢ = —;;;Vﬁ%(”KA Py, + | Ky Py
—V BReK Kyayy);
9=~V S(V3ReKalian,, —V 2a,, ReKyL}) ;
9s=—2V Z(L|Kala,, + L |Kylay,
+V ZReKiKvey,) ;
o=—V FilvPay;
91 = 3V 8 (51K Payy — 3 | Ky Pty
—V 2 @Z/p) ImKaKye,,) ;
9= — 2 ]/—‘% [Re (V' 3KaLia,, — V'2KvLyx,,)
+ @Z/p)Im (V 3KaLya,, + V 2KvLiny,)];
99 = — 55 (1 Ka oy, + - Ky Payy + )/ 2 Re KaKyor,);
=LV Z[|KvPa,, —V 6ReKaKyar,,

—(@Z/4p) V6 (5E + E7) ImKaKvay,] ;

M= (V67125 | Kv [Pay,, + 2| Ka o
— 3V 6Re KaKyat,,
+@z/2) YV (TIE + E™) ImK4Kya.,, | 5

Ao =—(2/V15) [o,, Re KyLy
— (aZ/4p) (BE — E ), ImK L, ];

M= (6/25V 5)[V 2Re KaLiary, —V 30y, ReKyLy
+(@Z/12p) (TE — E7) Im (— V' 2 KaLya,,
+V 3KvLvay,,)];

=)/ Z[IKvPa,, +V 6ReKaKia,

— (2Z/4p) V6 (5E — Ev") ImKaKv,, ];

Ao = (3V6/625) [ —|Kala,, +2]Ky[a,,
—V 6Re KaKvar,,

+ («Z/4p)V 6 (TE — Ev') Im KaK vy, |;

Ey=E -+ p2 Vv,
x1 = (V' 14/100) (@Z/p) (| Kv |* Byv — V 6 Re K4 Ky Bav);

Yo = (1/30V 14) (aZ/p) (| Ka [*Baa +|Kv |2 Bwv
— 51 2 Re KKy Bav);
%3 = (V/ 14/180) (2Z/p) [SE | Kv [*Bvv + 3 (E + V) | Kv [*Bvy
+ 9 V10 vy Re Kv Lvl;
xa = — (6/125V/18) (aZ/p) [ Z E (1 Ka I*Bas — | Kv P Bwv
—~ 7V L Re KaKvBav) + % (E+V) (| KalBaa
— Ky [2Byv —5 J/ 2 Re K4 Ky Bav)
+ 21/ % (' 2Re Ka Ly pav—V3Re Ky Li-Brv)
+ @Z/p) TV 8 Im Ka K, Bav] ;
0 = — (VT4/15) (2 | Ka PBas + 11Ky P Brv
—V 2ReKaKyBav):

w0y = — = g(lglKAfzﬁAA’F‘l_,—IKv!zﬁvv

126

— 1/ ERe Ka Ky Bav) ;
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wy=3V/% (V3Re Ka Ly Bav—V 2puv Re Ky L1);
wg=—2VT|Lv{*Bv;
0 = — 3V 14/125) (X [KaPBas + 11Ky [*Buv

+V IReKaKyBav);
ws = — (V' 14/25) <;'KA [?Baa+ 3 |Kv]? ﬁvv) ;
0, =—1)/%/3ReKu Ly Bav +V ZrvRe Ky L) .

Coefficients kj in the expression (7’):
n=2= V% Ka Kvoav;
x=—(1/3V5) (V2KyLvaw + V3Ka Ly aay).

APPENDIX B

Expressions for the angular correlations in
unique transitions have been given in the approxi-
mation (@Z)? <« 1 and (a@Z/p)? < 1. To obtain
the exact formulas for arbitrary Z, we must
make the following changes.

1. In the expressions for ¢ in (10) and ag in
(12) we must replace S’DJN by D%‘I, where

DY =[x (EQ — X)I* 2V p=* [(2j) 12
x(@, @+ X +d_, @—X)la,

0y =1 — 3 (xR0 (j + 1). (B.1)

Here k*+1 = (E + aZ/R)? in the case of a uni-
form surface distribution of the nuclear charge
and = (E + 62Z/5R)? in the case of a uniform
volume distribution. The aj, are coefficients
determined by the condition of smooth joining of
the radial parts of the electron wave function in-
side and outside the nucleus. The values of aj\
are given in the tables of Sliv and Volchek.® The
expression

E. V. KHARITONOV
[k + (EX — Q) (EQ — X) k]

in formula (16) must be replaced by EJ-D?I , but
in the curly brackets in the expression for DJN

[formula (B.1)] we must have

{aiésfé(Q‘*‘X)‘i‘af_ésj_;_(Q—X)}-

2. The expression
(EQ—X)' 1) «f [pReS+az(j+ 1) Im 5]
i

in the formulas (12) must be replaced by Z}I‘}\I njg,
where J

I} =20x(EQ—X)1" 2} P 1(2) 11*a, 1 @,
2

L
2

X{cos8;Re S — sins; Im S} w;,

sin 8/ = — ',T:Zl_/;) Cos 8]'
aZ aZ 212
=—sarmit+ Gorm) | (B-2)

Exactly the same changes have to be made in the
terms of (16) which contain lgg and l'gs (with
the coefficient ¢&;).

In the quantities of (16) containing ty and tg
we must make the substitution (B.2) (with the co-
efficient Tj), but in the curly brackets in (B.2) we
must have

{cosd; Im S 4- sin §; Re S}.

For example, the exact expression for the longi-
tudinal polarization of the electrons in unique tran-
sitions is then written in the form

¢=Xr¥/pr.
i i
APPENDIX C

Numerical values of the coefficients in the ex-
pressions (10) to (17) for second forbidden transi-
tions (N =2):

@;2) _ R;z) pzj—l qs—zj
R(/'Q) 0 &f
i i e | e=s g=5 i g=2 g=4
;| ! 5 12v3] o 0 5 0 0
x| e | o | 3 e
s | sFve|-svelive | |-tvBfiva
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}gs) Tg,g)
g=2 g=4 i , g=1 l g=3 &=5
1
s=1 ‘ $=3 §==3 $=5 9 ?
: PV o 0
7 0 0 0 0
NV = S a2 _21/8 0
AR RN
— = = 5 le1/2 2 6| 2|/10
FlavERtvEsvERY Rl | s BV SVEEYS
eig
g=1 g=3 g=6
i by
5=0 | §=2 §=2 l s=4 =4 5§=6
1 _2 0 0 0 0 0
L 2 3
’ 3 2 5ve 0 0 0 0
. - -2 -Zyz| ;VE 0 0 0
2 — _ _
NEEEEOECERE
| E | v v | e |-ave)| o
z 10 8 /= » 2 = 0.5 5 | 2071/ 6
T w | a2 | mave|-Rve|gV g |V s
1A, 7. Dolginov, Nucl. Phys. 5, 512 (1958). 5 Arima, Horie, and Tanabe, Progr. Theor. Phys.
A. Z. Dolginov, JETP 33, 1363 (1957); Soviet Phys. 11, 143 (1954). H. Matsunobu and H. Takebe, Progr.
JETP 6, 1047 (1958). G. E. Lee-Whiting, Can. J. Theor. Phys. 14, 589 (1955).
Phys. 36, 1199 (1958). 8 1. A. Sliv and B. A. Volchek, Ta6auip KyJ10HOBCKHX
2K. Alder, Helv. Phys. Acta 25, 235 (1952). das3 ¥ aMIIMTYA NpM yuyeTe KOHEUHbIX pa3sMepoB fapa, -
E. Condon and G. Shortley, The Theory of Atomic (Tables of Coulomb Phases and Amplitudes with
Spectra, Cambridge (1935). Account of the Finite Dimensions of the Nucleus)
3J. A. M. Cox and H. A. Tolhoek, Physica 19, (1956).

106 and 673 (1953).

4Biedenharn, Blatt, and Rose, Revs. Modern
Phys. 24,-249 (1952). H. Jahn, Proc. Roy. Soc. Translated by R. Lipperheide
205, 192 (1951). 146



