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A general method is presented for the solution of the equations describing the nuclear
cascade process in the atmosphere for initial conditions prescribed at an arbitrary depth. 
The fraction of energy expended by nuclear cascade showers as a result of the 1r - p. + v 
decay is estimated. 

aN (E, x) = _ N (E x) 
ax ' 
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PREVIOUS experimental data show that, in the 
development of air showers, a considerable frac
tion of the energy of the primary particle is trans
fer red to the p. -meson component of the shower .1- 2 

The large role of decay processes in the develop
ment of showers in the depth of the atmosphere as 
well follows from the results of reference 3. 

+ ~ [N (E',x) W NN(E', E)+ I1 (£', x) W rtN (£','£)]dE', 

The method of solution of nuclear cascade equa
tions, taking into account the decay processes for 
an event where the initial conditions are given at 
the top of the atmosphere, was found in the form 
of a method of successive generations.4- 5 The 
fact that in experiments on atmospheric showers 
the energy of the primary is not measured directly 
leads to the necessity of calculating the development 
of showers, assuming certain initial conditions iJ1 
the depth of the atmosphere. However, the usual 
method of successive generations is not adaptable 
for the solution of such problems. 

Let nucleons and 1r mesons take part in a nu
clear cascade process. The effective cross section 
for nuclear collisions for nucleons and 1r mesons 
is assumed to be identical. In such a case, it is 
convenient to measure the path of particles and the 
depth in the atmosphere not in units of g/cm2 but 
in units of the mean free path of particles A.0• If 
the atmospheric depth, measured in g/cm2, equals 
z, then, in the new units, the depth corresponds 
to x = z/A.0, where A.0 is expressed in g/cm2• 

We shall consider the initial conditions to be 
prescribed at the depth x0• The number of nucle
ons and 1r mesons with energy in the interval be
tween E, E +dE at a depth x0 is N ( E, x0 ) dE 
and II ( E, x0 ) dE respectively. 

The kinetic equations can be written in the form 
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an (E, x) = - II(£ x) I 1 + ___.::_ I £ ) 
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+ II(E',x) W""(E', E)] dE', 

where WNN• WN7r• W7rN• W7r7r are the energy 
spectra of particles corresponding to the second 
index produced in a nuclear collision with a par
ticle of energy E', denoted by the first index; 

(1) 

E7r = Mcz0 /r0p (z0 ) = 1.4 x 1011 ev is the critical 
energy of 7r± mesons for which the probability of 
a nuclear collision and of decay at the depth x = 1 
are the same; p (z0 ) is the air density in g/cm3 

at depth z0• 

We represent the solution in the form of the 
series 

00 

N (E, x) = e-<x-x,)~ Ni(E, x), 
i=O 

00 

II(£, x) = e-<x-x,) ~ IIi(£, x). 
i=O 

Substituting these series in Eq. (1), we obtain 

~1 aN;(E, x) _ ~ Q(N) 
Li ax - .Li ' (£, x), 
i=O i=O 

(2) 

00 00 00 

~an;~~· x) = - LJ II;(£, x) !; + LJ G2"> (£, x), (3) 
i=O i=O i=O 

where 
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G}N\E, x)=~ [N 1 (E', x)WNN(E', E) 
E 

+II;(£', x) WreN(£', £)]dE', 

00 

G}rcl(£, x) = ~ [N 1 (E', x)WN'"(E', E) 
E 

+IIi(£', x)Wrc'"(E', E)]d£'. (4) 

Equations (3) are identically satisfied if we require, 
for i = 0: 

aN0 (E, x);ax = 0, 

aii"(E, x);ax=-II0 (E, x)E,.;Ex, (5) 

where 

No(E, Xo)=N(E, Xo), IIo(E, Xo)=II(£, Xo), 

and for i > 0: 

aN1 (E, x);ax=G/-!!{(E, x}, 

aii;(E, x);ax=-II1 (E, x)E'";Ex+G;~1 (E, x), (5') 

where 

N,(E, Xo) = 0, II;(£, X0) = 0. 

Equations (5) corresponds to the physical rep
resentation of successive generations. 

The solutions of Eqs. (5) and (5') are elemen
tary. For i = 0: 

N 0 (E, x).=N(E, x0), II0 (£, x)=II(£, X 0)(x0 (x)Erc!E; 

For i > 0: 
X 

Nt(E, x) = ~ G}f!._>1 (E, 1;) df;, 
x, 

x, 

where the integration over ~ for any generation 
can be carried out in final form. In the particular 
case x0 = 0, the solutions become the well !mown 
solution of the successive generation method. 

In our solution all the terms of the series are 
positive. The series Is always convergent when 
the total energy of particles at x0 is finite. The 
solution, however, is more complicated than for 
the case Xo = 0, since, in order to obtain each 
i -th term, it is necessary, in general, to inte
grate i times. 

However, for i'teveral cases which are of inter
est for the interpretation of experimental data, the 
role of the cascade process can be taken into ac
count in a much simpler manner. We shall esti
mate the fraction of the energy of the nuclear
active component present in showers at the level 

of the Pamir station that is lost in the production 
of J1. mesons and neutrinos in its further passage 
through the atmosphere. 

According to experimental data, the form of 
the energy spectrum of nuclear-active particles 
in showers depends little on the depth, and can be 
represented by a power law with a differential 
spectrum exponent close to 2. We shall assume 
that the absorption of all particles in showers fol
lows an experimental law with a mean free path 
of about 200 g/cm2• Furthermore, in the depth 
of the atmosphere, the air density varies slowly 
with depth, and can be assumed to be constant, 
corresponding to a certain effective depth Xeff. 

The number of ~ mesons of given energy de
caying per unit length is equal to 

-can(£, x) I ax) dec = (E,. I EXefd II(£, x), (6) 

where Xeff is the effective depth in the atmosphere. 
The energy lost by decay of 1r mesons of given en
ergy per unit path is equal to 

Under the assumptions made above, we have 

II(£, x) =II(£, Xo)e-~(x-x,), (8) 

and the total energy lost by the nuclear cascade 
because of the 1r - J1. + v decay on the path from 
x0 to x, is equal to 

E oo 

fS~.v (x0, x) = -"-( 1 - e-~(x-x,)) ~ II(£, x) dE, 
Xeffl-' 0 

(9) 

where xeff for J1. ( x - x0 ) » 1 should be taken from 
the relation 

Xeff = Xo + In 2 I p.. (10) 

Thus, the energy lost by the cascade in the de
cay process on the path from x0 to x is deter
mined by the total number of 1r mesons present 
in the shower at the depth x0, in consequence of 
which the problem reduces to the finding of II ( E, 
Xo ). 

In order to carry out a numerical estimate, we 
assume, according to experimental data, that nu
clear-active particles in the shower are essen
tially 1\,UCleons, the number of which at the depth 
x and in the energy interval E, E +dE is equal 
to 

If we assume a mean free path of nuclear-active 
particles in the air equal to A.0 = 80 g/cm2, then 
the absorption mean free path of the shower A. = 

200 g/cm2 corresponds to the value 
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fL = 0.4. (12) 

We assume further that W7TN(E', E) = 0, i.e., 
we neglect the production of fast high -energy nu
cleons in nuclear collisions of 1T mesons. 

Substituting Eq. (11) into Eq. (1), we obtain 
E, 

fL = l- ~ (E I E')2W NN(E', E) dE. (13) 
E 

Equation (13) satisfies the value JJ. = 0.4 in the 
region* E « E2 if, in the collision of a nucleon 
of energy E' with the nucleus, the energy spec
trum of secondary nucleons can be described by 
a homogeneous function of E/E', and if the en
ergy of secondary nucleons amounts to 0.6 E'. 
In particular, the equation is satisfied if we as
sume that WNN(E', E)dE = o (E -0.6E')dE, i.e., 
that the colliding nucleon conserves the fraction of 
energy equal to 0.6 of the primary energy, and that 
no additional nucleons are produced. 6 We shall as
sume that, in nuclear collisions of nucleons, 0.4 E' 
is transferred on the average to 1T mesons, and 
out of this energy, % goes to 7r± mesons. Sub
stituting the solutions for N ( E, x) and II ( E, x) 
written in the form 

N (E, x) = N (E, Xo) e-JL(x-x,), 

II (E, x) =II (E, Xo) e-~-<(x-x,), 

(which corresponds to Eqs. (8) and (11)] into the 
second of Eqs. (1), we obtain an integral equation 
from which we find II ( E, Xo ) : 

E, 

TI(E, x0 ) = 1 _..,.+1£ JExo ~ [N(E', Xo,)WNrr(E', E) 
rr E 

+TI(E', x0)W,.,.(E', E)]dE'. (14) 

We have carried out a numerical estimate of 
the energy fraction of the nuclear-active compo
nent of the shower lost in the ~ - JJ.± + v decay 
in the lower third of the atmosphere (from the 
depth of 655 g/ cm2 corresponding to the altitude 
of the Pamir station to sea level). To explain 
the dependence of this fraction on the mechanism 
of the elementary act of the nuclear interactions, 
the calculations were carried out for different 
assumptions regarding the chjj~.racter of the ele
mentary act and, consequently, the form of the 
functions WN1r and W11'11'. In the first approxima-

*Since Eq. (13) cannot be correct in the range where the 
condition E « E, is not satisfied, the absorption coefficient 
will, in fact, depend both on E and on x, increasing with 
both E and x. However, in calculating the energy lost be
cause of the TT -+ p. + v decay, neglect of the dependence of 
p. on E and x leads to an overestimate of this energy by 
certainly not more than 10%, as has been shown by check 
estimates. 

tion, which is more in line with present ideas, the 
assumed model has been close to the statistical 
model of Fermi-Landau. In the second assump
tion, a substantially lower multiplicity was as
sumed. 

The energy spectrum of the nuclear-active 
component at the altitude of 655 g/cm2 was as
sumed in the form E - 2 dE for the energy range 
from E1 to E2 , and the estimates were carried 
out for different values of the upper limit of the 
spectrum E2 of nucleons in the shower. The 
lower limit of the energy spectrum of nucleons 
was assumed to be equal to E1 = 3 x 109 ev. All 
produced particles were assumed to be 7T mesons, 
out of which one third were 1r0 mesons. Thus, 
two variants were considered. 

1. It was assumed that the total multiplicity of 
produced mesons in a collision between a nucleon 
of energy E' with the nucleus of an air atom is 
equal to 

n (E') = 4 (E' J 2Mc2 )'1•. (15) 

A total of 40% of the energy of the incident nucleons 
is transferred to the meson in the collisions. The 
energy spectrum represents two monoenergetic 
meson groups, and one quarter of the mesons ob
tain 0.75 of all energy, while the remaining three 
quarters obtain 0 .25 of the total energy transferred 
to mesons. In collisions of mesons with the nu -· 
cleus, the number of produced mesons is deter
mined by the same relation (15), but the whole 
energy is transferred to mesons. The energy 
spectrum of meson-produced mesons has a form 
analogous to the spectrum of mesons produced by 
a nucleon. 

Thus, it was assumed that 

, _ ~ (--.£.)';, [o (E _ o.75·0.4£') 
W Nrr (E • E) dE - 3 2Mc2 (E' j2Mc2)'1• 

38 (E o.25·0.4E' )] + -3 (E'j2Mc2 )'1• ' 

- , _ ~(~)';•[o(E _ o.75E' ) 
W "'" (E • E) dE - 3 2Mc2 (E'J2Mc2 )'1• 

+ 3o ( E - (£'~;~~:)'1·) J . (16) 

The calculation of the energy spectrum of mesons 
according to formula (14) by means of successive 
approximations gives fast convergence. 

2. In addition, a calculation was carried out 
under the assumption of an essentially different 
mechanism of 7T -meson production. It was as
sumed that the multiplicity of meson production 
is constant: n (E') = 3. The production functions 
WN7T and W7r7r were assumed to be of the form 
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w N" (E', E) dE= 2o (E- 0.4E'/3), 
W"" (E', E) dE= 2o (E- E'/3). (17) 

The calculation was carried out only for E2 = 
1012 ev. The results are given in the table for both 
variants. The number in the table gives the rela
tive fraction of the energy lost for the 7l' - JJ. + v 
decay in the passage of the shower from z0 = 655 
g/cm2 to z = 1033 g/cm2, i.e., fil'Jll'(x- Xo )/Eo, 
where iJJJ.V is given by Eq. (9) and 

E, 

Eo= ~ E (N (E, Xo) + n (E, Xo)l dE. 
Et 

At an intermediate stage of the calculations we 
obtained the fraction of all nuclear-active particles 
consisting of 7l' mesons. This fraction clearly de
pends sharply on the energy range. For the energy 
of 5 Bev and for different variants it amounts to 
11 -13% increasing, in the energy range of 100 
Bev, to 30 - 40% (slow increase with increasing 
E2). 

Thus, as a result of the calculations, it was 
found that, for the energy spectrum of the nuclear
active shower component of the type E-2 dE at 
mountain altitudes, a considerable fraction of the 
energy of that component (of the order of 50%) 
should be lost for the production of Jl mesons 
and neutrinos, and thus, were lost for the devel
opment of the cascade. Such a conclusion, clearly, 
is almost independent of the mechanism of the ele-

E, 

1012 
1013 
1014 

0.57 
0.5 
0.42 

2 

0.55 

mentary act of nuclear collision, which is indicated 
by the similarity of results of the calculations of 
the first and second variants. 
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