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It is shown that a change of the class of allowable variations in the Schwinger variation
principle! makes it possible to include the spin variables in the general Lagrangian for-
malism in both the nonrelativistic and relativistic cases.

l].-'HE transition from classical mechanics to quan-
tum mechanics is usually made by means of the
correspondence principle, which consists of re-
placement of the classical Poisson brackets by
the quantum commutation relations. Despite the
great generality of the correspondence principle,
it has well-known limitations, owing to the re-
quirement that a classical Lagrangian function
exist for the system in question. Because of this
limitation the spin variables, which, as is well
known, have no classical analogues, are intro-
duced into the general scheme of quantum me-
chanics not on the basis of the correspondence
principle, but by means of a formal increase of
the number of components of the wave function
and the requirement that under transformations
of rotation these components shall transform
according to some irreducible representation of
the rotation group.

Schwinger has proposed-a Lagrangian formu-
lation of quantum mechanics, based on the appli-
cation of a variation principle to an operator ac-
tion function.! Because of the operator character
of the Schwinger variation principle, the existence
of a classical (nonoperator) Lagrangian function
is not a necessary condition for its use. In this
sense the Schwinger variation principle is broader
than the correspondence principle.

Owing, however, to the limitations imposed by
Schwinger on the class of allowable variations,*
the spin variables cannot be included in this more
general scheme.

In the present paper it is shown that the limi-
tations on the class of allowable variations postu-
lated by Schwinger are not necessary (cf. also

*Schwinger restricted the class of allowable variations to
those commuting or anticommuting with all other operators.
Such a limitation seemed to Schwinger to be necessary for the
obtaining of the equationsof motion from the condition that
the action integral be stationary.
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reference 2). A change of the class of allowable
variations makes it possible to include the spin
variables (for an arbitrary value of the spin) in
the general scheme of the Schwinger variation
principle, both in the nonrelativistic case and
also in the relativistic case. The Lagrangian
formalism for the spin variables in the relativ-
istic¢ case leads to a natural introduction of the
proper time into the theory. '

1. THE NONRELATIVISTIC CASE

In the nonrelativistic case we shall describe
the spin variables by a vector s. We shall de-
termine the equations of motion and the operator
properties of the vector s on the basis of the
application of the operator action principle to the
following Lagrangian function:

L=2Lis, s]—H(s), (1)

where H (8) is an arbitrary function of 8, which
is the Hamiltonian of the system, & is the time
derivative of the operator s in the Heisenberg
representation, and the square brackets denote
the commutator (we shall use a system of units
in which A =1).

The first term in the expression (1) corresponds
to the kinematic part of the Lagrangian function.
This term is uniquely determined from the condi-
tion of invariance under rotation transformations
and the requirement that the equations of motion
for the spin vector be equations of the first order.

We note that in the classical case, in which the
components of the vector 8 are ¢ -numbers and
not operators, the scalar product ss is a total
derivative with respect to time, so that the addi-
tion of such a term to the Lagrangian function
does not enable us to get equations of motion for
the spin vector in the classical case.

An arbitrary variation of the action integral
for this Lagrangian function can be written in
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the form
ty ts .
Wy = 8\‘ Ldt = S {i[3"s, s] — " H} dt
f i
< [ ils, 8] 4 Lat]y:. 2)
According to the Schwinger variation principle!
the variation 6W,; for fixed “external” parameters
has the form

Wor = G (£) — G (L), 3

where the operators G (t;) and G (ty) depend
only on the dynamical variables referring to the
times t; and t,, respectively, and are interpreted
as operators generating infinitesimal unitary trans-
formations corresponding to the variations in ques-
tion; that is, for a fixed time:*

s = i[G,s], “)
where

G = —ils,d's] + Lt. (5)
The last expression, which defines the explicit
form of the generating operator G (t), is ob-
tained by comparing Egs. (2) and (3) under the
condition that

£

S (i [8°s,8] —8"H}dt = 0. 6)

Iy

The variation 6*s in the formulas 2), 4), (5),

and (6) does not contain the changes caused by the
variation 6t. The total variation, including these

changes also, has the form:
8 = 8's + sbf. (7)

(We note that in the interior of the region of inte-
gration [Eq. (2)] the time t is not varied, so that
the variation 68 coincides with the variation 6%*s.)
Using Eq. (7), we rewrite Eq. (5) in the form

G == GS ":H Gl»
where
Gs=Lils, o], Gi=—Hdt )
and
3s — s8t = i [Gs -+ Gy, S]. 4’)

*The limitation to variations that commute or anticommute
has the consequence that relations of the type (4) are not al-
ways satisfied for the general case of quantum-mechanical
variables. The difficulties that thus arise in the interpreta-
tion of the derivatives of operators have been noted in a paper
by Burton and Touschek.3 The removal of these difficulties
required the bringing in of additional nontrivial axrguments.4
The broadening of the class of allowable variations makes it
possible to obtain a unique interpretation of the derivatives of
operators, without the difficulties that have been mentioned.
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Because of the independence of the variations
68 and 6t, the relation (4’) separates into two
independent relations

8s = i [Gs, s], ®)
s =i[H,s]. 9)

The relation (9) defines the equation of motion for
the vector s.

To establish the commutation relations between
the different components of the vector s, let us
consider the rotation transformation

Si—> S; - EjpIMERS; -

(€jk7 is the antisymmetric unit tensor).
We obtain the generating operator Gy for this
transformation by substituting

857 = Em10RS]
in the general expression (5'):
(10)

1 -
Go = — — i0gk1 [Sk, S1].

In virtue of (8), the commutator of the operator Gy,
with an arbitrary vector function A (s) (under the
condition that no “external” vectors are involved
in this function) is given by

[Gu, Ai(8)] = — iemiordi (s),
or, since the vector w is arbitrary, we have

[M[1 Ah(S)] = iS[hlAl(S), (11)

where

M; = — -11— igin1 [Sh, St]- (12)

If we take as the vector A the vector M de-
fined by (12), then Eq. (11) leads to the well-known
commutation relations for the components of the
angular momentum operator,

[(Miy MY 2= ispM,. (13)

This also establishes the well-known connection
between the operator for an infinitesimal rotation
and the angular momentum operator,

Go = 0M. (14)
The vector 8 is connected with the angular
momentum vector by the relation (12). Using
Eqgs. (12) and (13) together with the relation
[ My Sl = i8iriSs, (15)

which is a special case of Eq. (11) for A =8, and
assuming that the operator s acts in a space with
a finite number of dimensions, one can easily show
that

s =M, (16)
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i.e., the operator properties of the vector s coin-
cide with those of the angular momentum operator

[Si, Sk] == isiniSi- 17)

Thus the vector s actually describes the spin de-
grees of freedom of the particle.

In the derivation of the equations of motion (9)
and the commutation relations (17), we have used
only the properties of the generating operator G
[Egs. (4) and (8)]. We have established the explicit
form of the operator G on the basis of the assump-
tion that the variation of the action integral van-
ishes in the entire internal region of integration in
the interval between t; and t, [Eq. (3)].

A little later we shall show that this assumption
is satisfied as a consequence of the equations of
motion (9) if the variation 68 we are considering
belongs to a definite class.

For the definition of the class of allowable vari-
ations, let us adopt the natural requirement that
the operator

Ge (1) = Fils(t), 8s (1)]

is to be the generating operator for the change
68 (t); i.e., that

(18)

8s (£) = i [Gs (1), s (1)] (19)

also for variations in the entire internal region of
integration.

Substituting Eq. (19) in Eq. (18), we get the re-
lation

s:-'—"zl“[&[Gsv sll, 20)

in which, for brevity, we have omitted the variable
t. To find the general form of the generating op-
erator Gg compatible with Eq. (20), let us expand
Gg in terms of the irreducible tensors Y/™M(s)

Gs = SaiY ™ (s).

im

Using the commutation rules for the vector 8, one
can easily show that

s, [s, Y™ ()11 = L(L + 1) V'™ (s). 21)

The relation (21) is compatible with Eq. (20) only
for I =1, from which it follows that the most gen-
eral expression for the operator Gg has the form

1
Go= ) @Y (s) = ws.
m=—1 .
Substituting Eq. (22) in Eq. (19), we get the general
expression characterizing the class of allowable
variations,

22)

8s, (1) = i [0 (1) su (£), 5 ()] = amon () 52(8),  (23)
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where the wi(t) are arbitrary functions of the
time.

We note that the variations 6s that we used
for the derivation of the commutation relations
also belong to this class of variations.

We shall now show that the principle of sta-
tionary action, which is the condition that the in-
tegral in Eq. (2) vanish,

12
% (i [3s, ] — 8H) dt — 0,
4
is satisfied for the class of allowable variations
that we are considering.

In fact, if the variation 6H occurs only on
account of variation of the vector 8, it can be
put in the form

8H = i1Gs, H] = — - |[s, 8s], H].

(24)

(25)

Using the operator Jacobi identity, we can write
the last expression in another form

SH = — - [8,[88, H]1— = [%s, [H, s]]. (26)

For an arbitrary operator X we have as a con-
sequence of Eq. (23) the relation

5. X85, = ;X 0081 = ——08;X5;, @7

which enables us to transform the first term in the
expression (26) to the form

— s, [3s, H]| = = [8s, [s, H]I. (28)

Substituting Eq. (28) in Eq. (26), we get the fol-
lowing expression for 6H

8H = — [3s, [H, s]], (29)

and a corresponding expression for the integral in
Eq. (24),

ty

Si[6s,'s—i[H, s]]dt.

Iy

(30)

It can be seen at once from Eq. (30) that the prin-
ciple of stationary action for the class of allowable
variations under consideration is a consequence of
the equations of motion (9).

The results of this section show that the infor-
mation about the equations of motion and the oper-
ator properties of the vector s obtained by the
application of the operator action principle to the
Lagrangian function (1) are internally consistent
and correctly describe the properties of the spin
variables.

2. THE RELATIVISTIC CASE

The Schwinger variation principle permits us
to introduce the spin variables into the Lagrangian
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formalism also in the relativistic case.

As the natural relativistic generalization of the
spin vector 8 let us consider the four-dimen-
sional vector I},. We denote the coordinate and
momentum four-vectors by xyu and py, respec-
tively. Relativistic invariance of the formulation
of the theory cam be achieved by the introduction
of an invariant parameter 7, on which the dynam-
ical variables Ty, Xu» by depend, and which we
shall call hereafter the “proper” time of the par-
ticle.* '

The operator Lagrangian function, on the basis
of which one obtains the equations of motion and
the commutation relations for the dynamical vari-
ables Ty, Xy, py, is now chosen in the form¥

L= Lily,lu] — 2+ ({(x, pud — (K> Pu)) — &,

: (31)
where ¥ is a certain function of 1"”, X)» Pus the
dot denotes differentiation with respect to the proper
time 7, and the braces denote anticommutators.
The kinematic part of the Lagrangian function is
written in relativistically invariant form.

The action operator corresponding to the La-
grangian function (31) is given by

Wa={ 2@ d. 32)

Varying both the dynamical variables and the
proper-time parameter in the action integral, we
get

T2

Wy = S de (17 i [80, IHu] - _i {8xu, F;u} +17 {8pus x.u} — )

+ G (r2) — G (n), 33)
where
G (1) =Gp+ Gxp+ Go, Gp=—+i[l'y,80,],

Gap = 5 ({3%u, Pu) — (Opu, %)), Go = — Ho=.  (34)

Just as in the preceding section, the equations
of motion and the commutation relations for the
quantities I'y, Xy, py are obtained by means of
the operators- G that generate infinitesimal uni-
tary transformations of the dynamic variables:

i[G,T,] = oT, — I8,
i [G, pul = 8pu — pude. 35)

In Egs. (34), and (35) oIy, o6xy, Opy are the total
variations of the quantities T'y, Xu, Pu.

i [G, x,] = 8x, — x,0,

*Wave equations with the proper time have been considered
by Fock, Nambu, Feynman, and Schwinger,s'9 but the La-
grangian formulation for the equations of motion with the
proper time was carried through,only for the classical case
(cf., e.g., reference 5) and for the Klein-Gordon equation.7

fIn the present section we use a system of units in which
i=c=1
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The allowable class of variations is defined by
the requirement that (35) be compatible with the
principle of stationary action, i.e., with the as-
sumption that for arbitrary 3C the variation Wy,

of Eq. (33) have the formi
oWy = G (2) — G (x1)- (33")

For the Lagrangian function (31) this class of vari-
ations has the form

oy = eIy, Ox, = Auux, -+ Bupy,
8pu = —Awpy 4 Curks, (36)
where* ) .
Suv =&y == — 5%y, Buv= Buw=DBuy, Cu=Cu=Cy,
Aur = Auvs @37

for u, v=0,1, 2, 3. The matrices €, A, B, C
have arbitrary time dependences.

Since the variations 67 and 6Ty, 6xy, Opu
are independent, Egs. (34) and (35) lead to the fol-
lowing equations of motion for the quantities Ty,
Xys Pyt
Fu :i_l[[‘u.) H1, ;'J“:i_l[p“,,%’],

Xy = i1 [xy, H].

It can be seen from these equations that 3C plays
the part of the Hamiltonian with respect to the
proper time (and not with respect to the ordinary
time, as in the nonrelativistic case).

Let us now verify that with the class of allow-
able variations (36) the principle of stationary
action is satisfied in virtue of the equations of
motion (38).

Using Eqgs. (36) and (37), by means of the gen-
erating operator Gr + Gxp we can transform the
variation 63C to the form:

3 = Br‘«% + axpﬂy

38)

where
3pdt = i [Gr, #] = + (8T, [T, H1), 8.5 = i [Gup, H)

= 57 O, [, pul) — 5 17 (3pws [, X1} 39)

Substituting Eq. (39) in Eq. (33), we easily verify
that the principle of stationary action in the form
(33’) is in fact satisfied.

Let us go on to the determination of the commu-
tation relations for the operators of the dynamical
variables.

By Eq. (36) the variation 6I'; is independent
of the variations 6x#, épM, so that the first of

A detailed investigation of the class of allowable varia-
tions will be made in another paper. Here we note only that
the class of allowable variations preserves the invariance of
the kinematic part of the Lagrangian function.
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the formulas (35) can be written in the form
80y =i [Gr, Tu]= [Ty, [, 8T,]].

Using the formulas (36) and (37), which define
the allowable variations 6I;,, we easily obtain
the following commutation relations for the quan-
tities I, :*

[0y, [Ty, Tall = 8l — 8a L 40)
If we introduce the notation
L= £ [Ty, Thl, (41)
Equation (40) takes the form
[y, Il = 8 — 8,1 42)
If follows at once from Eqs. (41) and (42) that
[ un Io] = Susln 4 aoluy + Oy + 8uulins.  (43)

Thus the Iy are the infinitesimal operators
of the four-dimensional rotation group, and ac-
cording to Egs. (34) and (36) the generating oper-
ator for four-dimensional rotations has the form

(44)

1.
GF = GE = ? zew[,_w.

The commutation relations between the X) and
pu are obtained by means of the generating oper-
ator Gxp on the class of allowable variations (36)
in the same way as the commutation relations for
the I‘“, and have the following rather complicated
form

20Xy = i [xu, {xv, P2}, 28xupy = — i1 [Py, (X2, P},

[Pus (Do P} =0, Brupy + 80upr = 5 i [xu, {pur )],

s %, 0} =0, Bty 48 = — i [p,, (%, )]
(45)

These commutation relations are compatible

with each other and with the usual commutation

relations between x;, and py,
(5w, 1] =0, (46)

[,Du, pv] = 0, [xu, p\l] = iSMV'

These latter relations can be obtained directly
by means of the generating operators if we add to
the Lagrangian function (31) the total derivative
i (d/dr) {x,, py}.*

The kinematic term of the altered Lagrangian
function, depending on Xy, Py, then takes the

*The algebra of the matrices I , as defined by the commu-
tation relations (40), has been studied in detail by Bhabha. 10
If we include in the kinematic part of the Lagrangian function
arbitrary functions of the operators I, of the forms f (I") l"’u,
then Eqgs. (42) and (43) remain unchanged, and Eq. 611) takes
a more general form, which depends on the concrete form of
the functions f (I'). This corresponds to the passage to an
algebra that arises in the consideration of general relativis-
tically invariant equations (cf., e.g., reference 11),
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form

Xy Pu)- @n

It follows from Eq. (47) that the new generating
operator Gy is defined by the equation

Grp = = (3%, Pul}- (48)

The class of allowable variations for the altered
Lagrangian function has the formf

3, =swly, Sx,=¢, dp,=0.

49)

With this class of variations the principle of
stationary action in the form (33’) is also satisfied.
From Eqgs. (48) and (49) and the independence of
the variations 6I‘u and 0x,, we get the following
commutation relations:

[ps, p] =0, [Xu, Po] = By, [Ty, »1=0. (50)

If we add to the Lagrangian function (31) the
total derivative -3 (d/dr) {xy,, p,}, thenina
similar way we get two new commutation relations:

[Twr %] =0, 61)

Equations (42), (43), (50), and (51) are the final
form of the commutation relations between Ty,

{xu, %]=0,

X, Py

: Allll of the operators considered in the present
section are taken in the Heisenberg representation,
in which the state vector ¥ does not depend on the
proper time 7.

In the Schrodinger representation, in which the
operators do not depend on the proper time 7, the
state vector satisfies the following Schrodinger
equation:

0 (5) / O = F9 (5).

For a free particle the Lagrangian function
must be invariant with respect to displacements
of the four-vector Xy The only relativistically
invariant combination that satisfies this require-
ment and does not contain any dimensional con-
stants is the quantity I'yp,. Therefore it is nat-
ural to take as the function 3¢ for the case of
free particles: '

(62)

H = —'% {Tu, Pul- (53)

Then in virtue of the commutation relations the
equations of motion (8) of the Heisenberg repre-
sentation take the form
-;Cu = FIL! i’u = 0.

l:‘“ = 4ilp.vpv7 (54)

The equations of motion and the commutation

*These variations also leave invariant the kinematic part
of the altered Lagrangian function (cf. footnote i, p. 124).
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relations in the presence of an electromagnetic
field are obtained from the Lagrangian function
(31) with the Hamiltonian

H=—+Tu =)y mu=pa—edy
and are
li‘u = 4il ym,, ,ifu =—1T,, ;tu = —elF,I,,
[ry, ™) = ieF,,, [7u, x,] = —1id,,, [*u, x,]=0.
(55)

The commutation relations for the matrices
1"“ are those shown in Eq. (40). The Hamiltonian
3 does not depend explicitly on 7, so that there
exist solutions of Eq. (52) in the form’

:x')(-r) — e——imt(;)’
where i satisfies the equation
H§ = md. (56)

For the case of free particles, Eq. (56) can be
written in the form

Tp+m)p=0 67)

and coincides with the relativistically invariant

equations studied by Bhabha'? (cf. footnote* p. 125 ).

In conclusion, the writers express their grati-

tude to A. I. Akhiezer and P. I. Fomin for helpful
discussions.
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