SOVIET PHYSICS JETP

VOLUME 37 (10),

NUMBER 1 JANUARY, 1960

EXCITATION OF NUCLEAR VIBRATIONAL AND ROTATIONAL STATES IN THE SCATTER-

ING OF CHARGED PARTICLES

. ROMANOVSKI i

Institute of Nuclear Physics, Moscow State University

Submitted to JETP editor December 23, 1958

J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 83-91 (July, 1959)

A semiclassical method is presented for calculating the probability of exciting nuclear
vibrational and rotational states through the interaction of a scattered charged particle

with the surface of the target nucleus.

THE scattering of fast protons and neutrons by
nuclei having excited rotational or vibrational states
has been considered in a number of papers. Droz-
dov!+2 and Inopin® have calculated the inelastic scat-
tering cross sections subject to the following as-
sumptions: 1) The wavelength 1/k of the incident
particle is much smaller than the nuclear radius R
(kR > 1); 2) the nucleus absorbs all particles im-
pinging on it (the black-nucleus model); 3) the nu-
cleus is assumed to be at rest during the collision
(the “adiabatic” approximation); 4) the energy of
an incident proton is considerably higher than the
Coulomb barrier of the nucleus. It is shown in
those papers that for diffraction scattering the
angular distribution of nucleons possessing a given
energy and scattered with the excitation of a given
collective level in an even-even nucleus is identical
for vibrational and rotational levels. The validity
of the resulting formulas is subject to the follow-
ing inequalities: ¢ < 1 (diffraction hypothesis)

and SkRB < 1 or SkRVAE/2C, « 1, where ¢

is the scattering angle, B is the nuclear defor-
mation parameter, C, is the nuclear surface-
tension parameter® and AE is the nuclear excita-
tion energy.

In the present paper inelastic scattering cross
sections are calculated for heavy charged particles
interacting with a semitransparent nonspherical
even-even nucleus (with zero nuclear spin) in
the shape of an ellipsoid of revolution with small
eccentricity, and with an even-even nucleus pos-
sessing vibrational states. The adiabatic approxi-
mation is used, as in the papers of Drozdov and
Inopin. The inelastic scattering cross section is
calculated by means of the semiclassical method
which was developed by Ter-Martirosyan in a
paper on Coulomb excitation of nuclei.’ The
results are valid for all scattering angles.
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1. STATEMENT OF PROBLEM AND METHOD
OF CALCULATING EXCITATION PROBA-
BILITY

In the collision of a heavy charged particle with
a nucleus the inelastic scattering that is accompa-
nied by the excitation of low-lying levels of the
target-nucleus evidently results from a direct
interaction, since the observed yields consider-
ably exceed those that would be expected if a com-
pound nucleus were formed.® We shall therefore not
consider the inelastic scattering of charged par-
ticles proceeding through compound-nucleus for-
mation, and shall investigate inelastic scattering
resulting from Coulomb excitation and the excita-
tion of surface vibrations in the target-nucleus.

We introduce the coordinate system K with its
Z axis perpendicular to the plane of motion of the
charged particle and its X axis representing the
axis of symmetry of the trajectory, and the sys-
tem K’ with its Z’ axis representing the axis of
symmetry of the nucleus. Nuclear orientation in
the K system will be given by the Euler angles 6j.

The particle-nucleus interaction energy which
results in the excitation of surface vibrations (for
small deformations of the nuclear surface) may
be represented by

V(r, 8;)=Vo(r) 4+ Vi (r, 9. (1.1)

Here V,(r) is the central part of the interaction
potential; Vy(r) = -V (r), where f(r) is the
form factor of the potential. For a nucleus with a
sharply defined boundary f(r) =1 when r =R,
and f(r) =0 when r >R, (R, is the effective
radius of interaction between a nucleus and a punc-
tiform charged particle). For a nucleus in which
the thickness of the diffuse layer is AR we have
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f(r)=[1+expr——aﬁ] l, d=%£4.

The particle-nucleus interaction energy is first
represented in the K’ coordinate system and then
transformed to the K system. Limiting ourselves
to inelastic scattering with the nucleus making a
transition from its ground state to an excited state
with spin 2* and assuming that only o), with
A =2 differs from zero, we have

x (rr). 2’ ayY o (8, @),
"

Vl = ““Vor F)

(1.2)
where
% = 2a.D®) (%)

In (1.2) and (1.3) a;, are the coordinates of a nu-
clear deformation in the K’ system [a; = Bcos v,
ag =a_y =(B/V2) siny, a;=a_;=0], oy are nu-
clear deformation coordinates in the K system
and D) is the transformation matrix of second
order spherical harmonics. Since a;=a_y =0
for an axially symmetrical nucleus, (1.2) can be
rewritten as follows:

3 b
e 3/ F V. 1720, 1. 10
w

(1.3)

Vl = Vor

If the quasi-classical condition kR > 1 is
satisfied, particle motion in the nuclear field
Z,Zye?/r + Vy(r) can be described by means of
classical mechanics, assuming r =r (t). As-
suming, furthermore, that the energy AE =
Ef— Ej transferred to the nucleus in a collision
is small compared with the collision energy E
(AE < E), we may neglect the change in the char-
acter of particle motion as energy is imparted to
the nucleus. In other words, we shall assume that
in inelastic scattering the trajectory of a charged
particle is indistinguishable from that of an elas-
tically scattered particle.

We know' that when kRj > 1 and 7 = Z,Z,e?/hv
>> 1, Coulomb scattering plays the principal role
for scattering angles ¢ = 2n/kR,, while diffraction
scattering occurs for ¢ > 2n9/kR;. In the scattering
of o particles (as well as of C!2, N and other
ions) by heavy nuclei at angles ¢ > 2n/kR, the
angular distribution of elastically scattered par-
ticles does not possess the diffraction maxima
and minima which appear, for example, in the
scattering of a particles by light nuclei, but is
characterized by an exponential reduction of the
cross section as the scattering angle increases.
This property of the angular distribution has been
explained by the optical-model theory of elastic
a -particle sca.ttering8 as well as by a number of
quasi-classical theories.?! Porter!? accounts
for the non-Rutherfordian differential cross sec-

tion for elastic scattering by assuming that the
decreased absolute value of the elastic scattering
cross section is due to the fact that « particles
are knocked out of the beam upon traversing a
nucleus. It is also assumed that the Coulomb
trajectory of the particles is not changed because
of Vy(r). The differential cross section for
elastic scattering is then given by

5 (9)etan= 3 (Mruen %P {— 2Ralloh (72, Tt

(1.5)

oy Z1Zse® (1 1
D®) = 2E (1 Tsin(w))y
where II, is the absorption coefficient for par-
ticles passing through the center of the nucleus
and h (D/R,, AR/Ry) is a tabulated function.!?
If the nucleus has a sharply defined boundary we
have

h(D/Ro, AR/[Ro)ar=o=V T—(D/Ro?.

We shall use the collision-parameter method to
determine inelastic scattering cross sections.
When all conditions mentioned above are satisfied
the differential cross section for inelastic scatter-
ing is

(1.6)

G ('9)inelast= ° (%')elast P (%), (1'7)

where P is the probability of nuclear transition
from the ground state to the final state. Nuclear
excitation results from the time-dependent action
of the incident particle’s electromagnetic field and
from the time-dependent interaction of the particle
with the noncentral part of the potential (1.1). As-
suming, furthermore, that the combined effect of
the fields is small and can be treated as a first
approximation, we have

P = by + b, %, (1.8)
My
where
b= | e IVar (@), B)i>dt,  (1.9)

—00

w = AE/H, Mg is the projection of the nuclear spin
in the final state on the Z axis and b{; is a tran-
sition amplitude for Coulomb excitation.®

In calculating nuclear transition amplitudes bj¢
resulting from nuclear forces we first consider the
excitation of rotational states in even-even nuclei.
This becomes the problem of scattering on a nu-
cleus with fixed orientation, that is, we determine
the transition amplitude bjf which is dependent
on the orientation and then average this amplitude
over all orientations.

The wave functions of the deformed nucleus in
the ground and excited states are?
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(1.10)

Y=Yl 9)a@ 1), Tr=Ym0 o) @ 1),

where ¢i(B, v) and ¢f(B, v) represent the sur-
face vibrations of a nucleus with axial symmetry.
Substituting (1.4) and (1.10) into (1.9), we obtain
the following expression for the amplitude of a
nuclear transition from state i to state f:

bip=— (Vo / ik })'5) 3 Su, (1.11)

where o *
Su =\ et¥s, (8, @) L, (1.12)
B=(or(®, mlBcosy|qu(d 1 (1.13)

We shall now consider the excitation of vibra-
tional states in even-even nuclei. In this case qy
can be associated with creation and annihilation
operators of excitation quanta (phonons)* with
spin A =2 and spin projection u on the fixed
Z axis:

o, = V012G, [qu -+ (—1)"q]]

where q;'j is a phonon-creation operator and

is an annihilation operator. The wave functions

of the ground state and first excited state will then
be ¥; = ¥J, (in the absence of phonons) and ¥f =
\If%u (for one phonon with spin 2 and its projection
). Calculating the matrix elements of the oper-
ators ay and q;'j, which are then substituted into
(1.9), we obtain

bij = — (Vo /it) V' hw 2Cy D) Say,
where S, is defined by (1.12).

(1.14)

(1.15)

2. CALCULATION OF EXCITATION PROBABILITY

For the purpose of calculating the excitation
probability we write the equation of motion of a
charged particle in the parametric form

r=a(ecoshw-+1), x=a(coshw 1),

y=a) e —1sinhw, = (a/v)( sinl\lw—}- w), (2.1)

where a = Z;Z,e?/uv® and € is the orbital eccen-
tricity. Since r = (r, ®, &) = (r, 7/2, &) in the
K coordinate system, we have

Vo (B, @) = (Jg_rrt_w)“ Yau (; , 0] (2.2)

/
After (2.1) and (2.2) are inserted in (1.12), the

excitation probability of collective levels of even-

even nuclei is obtained from (1.11) and (1.8):

P B[ (s O |
— 52D (%) 7z

X L. (%, E, a, Ro, d)[ ,if d==0, @.3)

P () (3 Of[fw et
—‘%k{% G;—O) (7%)2[(2"' (9, &a, Ry [
if d—o0, .

where A = f?z/ 5 for the excitation of rotational
states and A = AE/2C, for the excitation of vi-
brational states; R is the nuclear radius (R =
1.2x 108 em); € =1/sin(8/2); Iy, (4, £) are
the classical orbital integrals for E2 Coulomb
excitation, which were tabulated in reference 6:

Igp, (’S’ E’ a, RO: d)

® (cosh @ +¢ + iV €2 —1sinh w)*
= S e~ (esinh ww) (ecosh w + 1)“'_2
Xg(37 a, ROv d, 'Ll}) dw’ (2.5)
K?U- (’3' E’ a, RO)
—u T (cosh @ + ¢ - i V€2 — 1 sinh w)*
= S pi% (e sinh w+w) (¢ cosh @ + 1)‘,._1
X 8la(e coshw L+ 1)— R,] dw
. i5(e sinh A+ A) (cosh A 4 e+ i Ve — 1 sinh A)*
€sinh A (s cosh A + 1)*1
(cosh A+e—i Ve —1 sinh AW
(¢ cosh A + 1)1 ’ (2.6)
where
g(¥, a Ry d, w) = exp[ L@ D Ro |
N a(ecoshw + 1) — Ry 12
A[l -+ exp 7 )j ) (2.7)
R . 1 /R 2 i
A=in| LR )1/ TR Y 1], (2.8)
In calculating (2.3) and (2.4) we have used
b= (3,5) AR, afqY o (v/2,0) 15, (9,%), (2.9)

which is easily obtained by writing Eq. 2T, 7) of
reference 6 in our notation.

To calculate the fuctions IZM (4, &, a, Ry, d) in
(2.3) we must calculate the following integrals:

[22 (‘(): E; a, RO' d)

=1 (%§ a, Ry, d)—1,(9, a, Ry, d), (2.10)
Ioo (9, 8 a, Ry, d) = 1o (9, € a, Ry, d), (2.11)
Ts o (9, & a, Ry, d)

=1,(% & a, Ry, d) +15($, & a, Ry, d, 2.12)
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1 (% & a, Ry, d)

[ee]

=2\ [(cosh w - e)* — (2 — 1) sinh?w] g (¥, a, Ry, d, w).

0

x cos [E(sinh w -+ w)] dw, (2.13)

1,(8, ¢ a, Ry, d)

=4) = I'S(sinh w)(coshw +¢) g (¥, a, Ry, d, w)

0

xsin [£(sinh w -+ w)] dw, (2.14)

Io(9,% a, Ry, d) = 2| (s cosh w - 1)2 g (¥, a, Ry, d, @)
0

X cos [E(sinh @ - w)] dw. (2.15)

The function g (4, a, Ry, d,”w) is defined by
(2.7). The imaginary parts of the integrals in (2.5)
vanish because the imaginary parts of the integrands
are odd. Since g (&, a, Ry, d, w) decreases rapidly
as the parameter w increases, it is usually suf-
ficient for the calculation of I, I;, and I, to per-
form a numerical integration from 0 to 2 — 2.5.

3. CONDITIONS FOR THE SEMICLASSICAL
METHOD

For calculating the excitation probability of
collective nuclear levels it was assumed that the
combined effect of the electric and nuclear fields
is small and can be regarded as a time-dependent
perturbation. To determine the conditions for the
validity of this hypothesis we require that the ex-
citation probability P be smaller than unity for
any scattering angle ¢. When the incident particle
energy exceeds the Coulomb barrier height we have
Ibif| > |bie|, with opposite signs for the two quan-
tities. Therefore in analyzing the validity condi-
tions we neglect bff and obtain the following ex-
pression for the probability:

d=£0

% I1(9,E, a, L d).
P AR (FOY {K(?s,ii,aa,Rgo)l,l) a0 81
where
[(9, E, a, Ru, d) — _}(%)2(%‘)2 2 ng (:2._ ’ 0)‘_)
N
A o (9,8, a, Ry, d)lz, 6.
K (9,8 a, Ry)
— 13y, (5 o) hK"’“‘ 9,5 a, Ry) |- 5.9)
12

The highest value of this probability is obtained at
scattering angles 4 determined by the relation
D(¢) =a(l+e) =Ry Considering that for these

i 1{8,&.f,.0,0)

1066

5’.05;

\Y
SR

D)7 .

7 60 120 160

FIG. 1. I(9, & R,, a, d) as a function of the scattering
angle for £ = 0 and R,/d = 22. The ratio a/d is indicated on
each curve.

scattering angles the absolute values of I (4, &,
a, Ry, d) (Fig. 1) and K (¢, &, a, Ry) are of the
order of unity, we have

P, if  ARRy (Vo/E)*1. (3.4)

Experiments on the elastic scattering of «
particles by heavy nuclei indicate V; = 30 —40
Mev. When the incident « -particle energy is
within this range (3.4) reduces to % (kRg)%< 1
or (AE/2C,)(kRy)%< 1. We know!!’12 that the
collective states of axially symmetrical even-
even nuclei are of two types — excitations which
are and which are not accompanied by consider-
able change of the nuclear quadrupole moment.
Transitions of the first type occur between states
with y = 0; for these transitions we have

B= (o (B )| Beosylg: (3 1> =5

A transition from the ground level (with vy =10)
to an excited level with vy = 7 occurs with a change
of both the sign and absolute value of B; B < B for
the absolute value. Transitions of the second type
occur in almost spherical nuclei and do not play
an important part in markedly nonspherical nuclei
when the energy change is small. Davydov and
Filippov'? have indicated a large number of even-
even nuclei whose second excited states with spin
2" may be assigned to this second type. The ex-
perimental data now available!? indicate that B
for these transitions is smaller than B by a factor
of 10 or more.

It is easily calculated that when « particles
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with 20 — 50 Mev are scattered by heavy nuclei
kRy ~ 20, which is reduced to 10 for deuteron
scattering. For the excitation of the first nuclear
rotational levels we therefore have E (kRy) =
BkRy ~ (0.1 —0.3)20 > 1 and the condition for
applying perturbation theory to inelastic scatter-
ing is not fulfilled. For the excitation of second
levels with spin 2* (excitations of the second type)
we have B (kRy) < B (kRg) < L.

A similar conclusion is reached by analyzing
the requirement that the product (AE/2C,)(kRg)?2
be small compared with unity. For the excitation
of the first levels of even-even nuclei with spin 2%,
Cy (the surface tension parameter) lies between
15 Mev and 100 Mev for most nuclei,® whereas
Cy ~ 2000 — 2000 Mev for the second levels!®. I
other words, for the excitation of first vibrational
levels of even-even nuclei P > 1, but P< 1 for.
the excitation of second levels. The semiclassical
method can therefore be used to analyze experi-
mental data on inelastic scattering of charged par-
ticles accompanied by the excitation of second
levels with spin 2* in even-even nuclei.

4, INELASTIC SCATTERING CROSS SECTION

The expressions obtained for the excitation prob-
ability of vibrational and rotational nuclear levels
enable us to put the formulas for the differential in-
elastic scattering cross section into final form:

- R\ . , % D AR
G (9) = 9-1072Av2a? (;/} sin™ 5-exp {—— 2R IIh (E , %\}

0/

x | Vau (5, 0) [ 13,8
PR (R St real. @
if d =0, and

c(&)=9-10'2An2a2<—§—) in

Xexp{ 2R0H0V1_(D RO)}Z Y2p. \2 ’ )‘2i12u(8y E)

- —g— & (%) <7§‘)2 KZU- (3’ Ev a, RO) 2v (4'2)
if d=0.

Equations (3.10) and (4.1) have been used to cal-
culate the excitation probability of a second level
with spin 2* in Th232 (AE =0.790 Mev) by «
particles with the energies 25, 30, 40, and 50 Mev
and the corresponding angular and energy distri-
butions.

Figure 2 gives P (4) curves for different en-
ergies, Fig. 3 gives angular distributions for in-
elastically scattered o particles and Fig. 4 gives
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FIG. 2. Excitation probability of a second level with spin
2* in Th®*?* (AE = 0.790 Mev) as a function of scattering angle
for a few values of incident a-particle energy.

the total cross section as a function of energy. In
calculating the differential cross sections the pa-
rameters of T = exp { —2RyIIh (D/Ry, AR/Ryg)},
which takes into account the degree of attenuation
of the « -particle beam, were selected in agree-
ment with Porter:'Y Ry=10.5% 10"¥ cm, AR =
2.1 x 1073 ¢cm and I, = 3.5. The depth V, of the
potential well was 40 Mev® and C, = 2960 Mev.!

It is apparent from Figs. 3 and 4 that the angu-
lar dependence of the inelastic scattering cross
section possesses a single maximum, whose half-
width decreases as the incident-particle energy
rises. The absolute value of the differential cross

6(3),10 cm?

40 57

|

20
J0

25

LA

/ N
;—
120° 180°8

7 s0°
FIG. 3. Angular distributions of o particles scattered in-

elastically on Th**? (AE = 0.790 Mev). Numbers on the curves
indicate the energies of the incident «= particles in Mev.
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section for inelastic
J0- scattering of a-parti-

cles on Th*2,
20+

’ £, Mev

19 7] 73 50

section maximum for inelastic scattering increases
with the energy. The total cross section increases
with energy up to a maximum at some E,, and
then decreases. With increasing energy « par-
ticles remain in the vicinity of a nucleus for a
shorter time; also, fewer « particles remain un-
absorbed by the nucleus and can be scattered in-
elastically.

When the energy AE transferred during colli-
sion is such that the parameter ¢ differs from 0
the general character of all curves is conserved.
The maxima of the o (#) curves are shifted to-
ward larger angles, the absolute value of the cross
section is reduced and Em, for which the total
cross section reaches its maximum, is shifted
toward higher energies.
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