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Elastic and inelastic scattering of fast charged particles on black nonspherical nuclei is investi-
gated in the diffraction approximation. The radius of the nucleus and its nonsphericity parameter
can be determined by comparing the calculations with experimental data.

1. INTRODUCTION

EXCITATION of collective states in the nucleus
takes place during the scattering of nucleons on
nonspherical nuclei by the process of direct inter-
action of the incident particle with the nuclear
surface. In this connection we will investigate the
scattering of charged particles (protons, alpha
particles) with an energy E which considerably
exceeds the coulomb barrier ZZ'ez/R when con-
dition (1) is fulfilled

kR =, )

where n = ZZ’e*/fiv is the Coulomb parameter, k
is the wave number of the incident particle, and

R is the radius of the nucleus. Assuming that

the nucleus is black, we find the differential cross
section for elastic and inelastic scattering with
excitation of the first rotational level of an even-
odd nucleus. If, in addition to (1), condition (2) is
fulfilled

kRAE E < 1, )

where AE is the energy of the excited level, then
in the process of scattering the nucleus can be
considered immovable and the change in the en-
ergy of the particles in inelastic scattering can be
ignored. In this case the adiabatic approximation
is applicable, according to which the solution of the
scattering problem reduces to finding the scatter-
ing amplitudes f(Q2, w) of particles from a fixed
nucleus, where the angles Q = (6, ¢) determine
the direction of scattering and the angles w= (4,¢)
show the orientation of the axis of symmetry of the
nucleus. Formula (3) gives the differential scat-
tering cross section with excitation of the rota-
tional level of the even-odd nucleus with momen-
tum A.
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If condition (1) is fulfilled, it is possible to calcu-
late the scattering amplitude f(Q,w) from the fixed
black nucleus using the diffraction theory method!™*
in which the energy of interaction is considered as
excitation.

2. SCATTERING AMPLITUDE

If the energy of the particles considerably ex-
ceeds the coulomb barrier (1) then the wave func-
tion describing the scattering of charged particles
from a black nucleus, in cylindrical coordinates
with the polar axis z along the wave vector k of
the incident particles, has the form!

Wilp,2) = Q(p)expi {kz - ;—u \ Up, 2)dz ( 4)
Here, Q(p) is the function which accounts for the
characteristics of a black nucleus: to the right of
the nucleus (z >0), 2(p) =1 on all planes z = const,
aside from the shadow of the nucleus within whose
limits Q(p) = 0. The function U (pyz) is the energy
of the electric interaction of the particle with the
nucleus. If the equation of the nuclear surface, in
the coordinate system connected with the axis of
symmetry of the nucleus, can be written in the
form r(p) =R(1 + apPp(n)), A =2, then for small
nonsphericity parameters «; we have

, IS B - 2%
Ulp,2) = 22¢2 (7’ RRPyN r TPy (P-))- ()
v /

in formula (4) z, signifies a rather large scatter-
ing to the left of the nucleus for which the wave
function satisfies the condition

Filp, — 20) — e~k ®)

According to Akhiezer and Sitenko? the scattering
amplitude for particles from a fixed nucleus can
be represented in the following form:
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f(Q,0)=— lzir S dpe—ike [Wy (p, 29) e—ik2 — 1], (7)

where Kk’ is the wave vector of the scattered parti-

cle, and the integration is done over the entire
plane. The square brackets contain the expression
which represents the scattered wave.

For scattering through the angles 6 # 0, the last
term in square brackets can be omitted. In addi-
tion, using (4), (5) with z; — <« we have

e~k Wy (p, 29) = Q (p) exp { — i [2 In 2kzy — 2In kp

L YR’ 12ma, R*
I

7 (0) go Y )dz]} . (8)

In discarding the inessential phase factor
exp( -i2nIn2kz) and changing the variable of in-
tegration, we obtain with the help of (7) and (8)
the following expression for the scattering ampli-
tude:

f(Q,0) =— é S S dp p (kp)*"
0 p(e’)
12ma, R
X exp\——t [k obcos (o' — @) + 712“%;’9— Yo (©)
l .
X g (l _ E“rz))\/z—l Y ((1',, (P/) df"',J} ) 9)

1

In this formula the integration is done over the
entire plane except for the nuclear shadow. It is
not difficult to show that in the linear approxima-
tion for small non-sphericity parameters o
the nuclear shadow on the plane perpendicular to
the vector k has the following form
p(¥) =R+ Rm}m 1Y@ V(7.9 (10

To find the cross section for elastic or in-
elastic scattering (3), we expand amplitude (9) into
a series for small non-sphericity parameters a;,
which are limited by the linear approximation.
According to reference 5 this can be done if

kRO < 1. (11)

As a result of this expansion the integrals appear
in the form

.
2T

zin\ deexpi(ue —zcosg) =i~ J, (2),

0

which reduce to Bessel functions. Thus we obtain
the following expression for the scattering ampli-
tude of charged particles from a fixed nucleus

A =2):
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F(Q,0) = %(kR)‘l(l“H”) {_(kRo)—z(1+zn) S X2 [ (x) dx}

kRO

[ . — 4ma * PO
L (kR 3 Sy ()i
7 (5R) 5T 1 o (@)e

; . 3
X 0)Ju (kRO) -+ i 73—

e

Ig,/‘o._‘

You (', 0) du’ (RRE)—2in \ x—1H2n ] (A)dx P (12)
1 kR0 ;

Using the formula in reference 6

{1y, (dx = 20 D — )T (1 49), (13)
0
we obtain from (12) the following expression for
the elastic scattering amplitude

<Y oof (Q,0) Yo = o ©)
) kR0
_f_%(kR)'z(l—H'n) (kRO)—2(+im) X xi+2n J o (x) dx, (14)
0
where fg((0) is the scattering amplitude in the
field ZZ’e?/r:

T'(1-+in)

fEo(0) = k62 exp( 2imIn - >——F(1 ok (15)

Thus the amplitude of elastic scattering consists

of the amplitude of elastic scattering in the electric
field of the nucleus and the nuclear part of the
elastic scattering amplitude.

In the linear approximation for a small non-
sphericity parameter ) the angular distributions
for elastic scattering on spherlcal and non-spheri-
cal nuclei are the same.

The amplitude of inelastic scattering, as a re-
sult of which the nucleus transfers from the ground
state to the rotational state Y; ;(w) has the follow-
ing matrix element:

Y (©) (2, ©) Yoo

us ruag (ERVZIFM (4m)Ta
— g iud il ( i) x [YM(

HrT £0) . (kRO)

1 [ee)
. 3 ' ’ — 9 —14-2¢ 1
+ Mgy Sylu(ﬁ»o)d(* (kRO)™*" g o nJu(x)de-

It} kRO

(18)
The integral in this formula can be put in the form
}of(x) dx - }of(x)dx after which the first integral is
(c)ione with 0n‘.he help of formula (13). We obtain
V(R ©) Yoo

= (Voufe (R, ) Yoo» + (¥rufr (R, ©) Yoo (7
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The first term in the right hand part of this for-
mula as shown in the Appendix is the amplitude of
electric quadrupole excitation. According to for-
mulas (3) and (16) it looks like

Y3 () FE(Q, ©) Yoo

i Y a, kR?
= Su.ﬂ:‘le_”“" @ (%} A

n(1+in)
) L i

. e\T (1 +i
X exp (— 2inIn 5) 1—5—1:4::—3 . (18)
The second term of formula (17), which can be
called the nuclear part of the inelastic scattering
amplitude, can be described by the expression

* Q 0 o —ind el (kR)?'(H'iV)) a
Yap (©) [r(Q, )Y > =e i T
T/ b4\ .
- ;(4; _|_1> Yo <?,O)JpL (kR)
A kRO .
— e &6 R (kRO)™>" S I () dx]_ 19)

0

With n = 0 formula (19) describes the inelastic
scattering of neutrons.’

3. SCATTERING CROSS SECTION

The differential cross section for inelastic
scattering of charged particles with excitation of
the first rotational level of the even-odd nucleus
is determined by the square of the absolute value
of the amplitude (17):

I3 (9) = CEa (9) -—L- Sna (e) —I-— Cinta (6), L= 2,
ER) 32
o810 = %% 7577 17 1:712’

2 (kR)*

i (0) = o R L U3 (BRD) + 33 (kRD))

+ 27\611[)/ + 11F(k}26)i + 2 (kRY) ImF(kRe)]}

kR)* (7} .
Tint » (9) = e— OZ% kz—(SZX-—?——i)z 1—;7[_—7]—2 {('f] Siny

- cos ¥): % + Tl -~ Re F (kR0)

I 2n
- |27»+1

Im F (kRO) + - J, (kRO)J}.
(20)

Here

F(a) = a2 S x—em J, (x) dx;
0

kRO

£=2nIn—- —23, S=argl(l +in).

Thus, the cross section for inelastic scattering
03 (0) is the sum of the cross section for coulomb
excitation og)(6), the nuclear part of the inelastic
scattering cross section op; (6) and the interfer-

ence term Ojpt) (0). At sufficiently great magni-
tudes of ZZ’ all these functions are of the first
order of magnitude with the exception of the inter-
ference term which, as can be seen from formula
(20), can be disregarded in the region of very small
scattering angles kR « 1. We should also men-
tion that the form of the angular distribution of in-
elastically scattered particles (20), is not depend-
ent on the nonsphericity parameter a; of the nu-
cleus and is determined by the parameters kR and
n. With n =0 formula (2) describes the angular
distribution of neutrons scattering inelastically
with excitation of the first collective level of the
even-odd nucleus:'

3o () = 25 g 13 (RR0) - 373 (RRO)L, - (21)

assuming that kR >1 and o kRO « 1.

The angular distribution of particles scattering
inelastically with excitation of the first rotational
level of the even-odd nucleus as shown in reference
5, under corresponding conditions, coincides with
the angular distribution of particles scattering
with excitation of the first vibrational level.

4. RESULTS OF CALCULATION AND COMPARI-
SON WITH EXPERIMENTAL DATA

The complex function F(a) in formula (20) for
angular distributions, on the basis of the known
relationship

(NG (@ x2\™
Jg(x)—<;) 2—30_’""2”1 (1—%)
and the characteristics of I' functions, can be rep-
resented in the form

> ad™, (@ 1—i
F (a) —Z o H CEEE (22)
For instance, with a = 8, for calculatlng the real
and imaginary part of the function F(a) with good
accuracy it is sufficient to use the first eight
terms of sum (22).

The angular distributions of charged particles
from inelastic scattering on non-spherical nuclei
calculated according to formulas (20) and (22) are
shown in Figs. 1—3. A comparison of theoretical
and experimental®-® data for angular distributions
of protons and alpha-particles inelastically scat-
tered by the nucleus Mg%é‘ (Figs. 1 and 2) makes it
possible to evaluate the non-sphericity parameter
of this nucleus: oy = 0.17 to 0.20.

In conclusion I wish to thank L. D. Landau, B
T. Gellikman, K. A. Ter-Martirosyan for their
fruitful advice on this work and also T. V. Novikov
and A. V. Cherenkov who did the numerical cal-
culations.
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FIG. 1. Functions o, (6), oEz(@), Oint 2(0), o0 (0) in units
o% (kR)*/5k?, describing the angular distribution of 31.5-Mev
alpha patticles inelastically scattered from M2} with excita-
tion of its first collective level. The calculation was done
with R =4.9 x 107 c¢m (curve 2) and R = 5.3 x 10~** cm
(curve 1). Small circles indicate experimental data.® Compar-
ison of theoretical and experimental data gives the value of
the parameter of nonsphericity of the nucleus Mg?}: o, = 0.17
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FIG. 2. Functions 0, (), 05, (0), 0, . ,(6), 0, () in
units o3 (kR)*/Sk?, describing the angular dxstubutxon of 18-
Mev protons (p) inelastically scattered from Mg?} with excita-
tion of its first collective level. For comparison the angular
distribution of inelastically scattering neutrons o, (0) are
presented (n) in the same units. The calculation was done
with R = 4.7 x 10™** cm. The small circles show experimental
data.” The discrepancy between theoretical and experimental
data at 6 < 20° can possibly be explained by the fact that
we were unable to separate experimentally the group of elas-
tically scattered protons from the inelastically scattered
group. Therefore the comparison of experimental and theoret-
ical data with 6 = 30 to 50° gives a value of the parameter of
non-sphericity of the nucleus Mgj};, o, = 0.31, which exceeds
o, obtained from an analysis of experiments on the scattering
of alpha particles (see Fig. 1).
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FIG. 3. Graphs of the
same quantities as in Fig.
2, for the case of inelas-
tic scattering of protons
and neutrons, with ener-
gies of 20 Mev (1) and 30
Mev (2), from the nucleus
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APPENDIX

We shall show that formula (18) determines the
amplitude of electric quadrupole excitation for
small scattering angles 6 <« 1 in the adiabatic
approximation when the corresponding parameter!?
is £ =nAE/2E « 1. Actually, if the condition
@y <« 1 is fulfilled® then the amplitude of scat-
tering in the electrical field of the nucleus (5) in
the first approximation of the theory of excitation
can be presented in the form (A = 2):

fe (Q, ©) = fro (9)
—nk Z(zia.?_Ri)z Y (0) <kf ,rﬂ—l Y \%) [ kl->, (1.1)

where kj, kf are the wave vectors of the incident
and scattered particle; |k > is the Coulomb wave
function. From (1.1) we obtain the following ex-
pression for the amplitude of inelastic scattering
in the adiabatic approximation:

<Y;\u () fe(Q, ©)Yoo)

A
Gt o Y () k- .2)

Selecting ki as a polar axis and using expansions
of Coulomb functions |k > in spherical functions we
have (see reference 10, page 449):

Qo)

Z‘, T ) (91, 1) (28 + 1)
i b

= — g—2id

(27\ + 1)

(L —w)!

xcl OIfOCl,OlfU-[ (l Fu!

] P}, (cost) Mz/Y,  (1.3)

where Mfﬁf_1 is the radial matrix element

C?fmilfmf are the Clebsh-Gordan coefficients,
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=argl'(1 + 1 + in).

The large magnitudes of lj, I play a basic role
in sum (1.3) when we observe scattering through
small angles. Therefore, independently of the mag-
nitude of 1 (according to reference 10, page 456)
the radial matrix elements are

A B2 9
le[)}f1= ‘;\ I)\m (%’ O)v tanT:Tn'v
[+ 1;
l=t—" m=t—1, (1.4)

Where I (& &) are the orbital integrals of the
theory of coulomb excitation (reference 10, page
482) where in this case the parameter of adiabati-
city is £ = 0. In addition we can use the following
asymptotic characteristics of the T function, spher-
ical functions and Clebsh-Gordan coefficients!®!!:

L(5 +Sf) lam

(lf“‘P)
[ (4 +w)!

2841
20+1

J P}, (cos0) = J,.(19),

Choutyo Clloty = Dsn(0, 5 )Dm (0,%,0), (1.5)
Where me(@l’ ¥, @q) are generalized spherical
functions.!! Substituting (1.4) and (1.5) into (1.3)
and changing the double sum over [j, It to the in-
tegral over I = (If + 11)/2 and changing the sum
over m = If - [; we obtain

<kf1r—’*—lym( )Ik =(— 1)uem¢

@t 1y

\

xzi—'"Dém<0,-’2‘—,o) Dﬁ,,,(O,g,o)
[e°]

X le+2m I (8) Inm (9, 0) dx, (1.6)
0

where tan(#/2) = n/X. Since in the integral over

X, X ~21n/6 with 6 «< 1 plays an important role,

the function x I m($ 0) can be expanded in a

series for small n/x. According to reference 10

(page 482) with A =2 we have

X lziz(«(} 0) = =7 X215 (9, 0) = 292,

2
3
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By applying the well-known values of the functions!!
Dj m(0, 7/2, 0) we obtain from (1.6) and (13) for-
mula (18) for the amplitude of electric quadrupole
excitation with scattering through small angles in
adiabatic approximation.
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