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One-dimensional simple waves in relativistic magnetohydrodynamics and relativistic hydro-
dynamic discontinuities (contact, tangential, Alfven, and fast and slow shock waves) are
considered. The Zemplen theorem is proved for shock waves of arbitrary intensity.

THE general formulation of the problem of discon-
tinuous solutions in relativistic magnetohydrody-
namics has been given by de Hoffman and Teller,!
who obtained an equation for the nonrelativistic
shock adiabat and showed that the shock wave is
always plane. These authors proved a theorem
which is the inverse of the Zemplen theorem for
an ideal gas in the particular case in which a mag-
netic field is parallel to the surface of the discon-
tinuity. However, neither this work or other work
published in this field has, to the best of our knowl-
edge, been concerned with the stability of a rela-
tivistic magnetohydrodynamic shock wave. The
Zemplen theorem has not been proved and the be-
havior of the magnetic field in the shock wave has
been investigated only in particular cases. Rela-
tivistic magnetohydrodynamic discontinuities
(contact, tangential, Alfvén, fast and slow shock
waves ) have not been classified. All of these
problems are treated in the present paper.

As in ordinary hydrodynamics, in relativistic
magnetohydrodynamics a shock wave results from
a simple wave as a consequence of the fact that the
points of the liquid which have the highest density
are displaced with the highest velocity.

Simple waves are related to the low-amplitude
waves which have been investigated in relativistic
magnetohydrodynamics by Khalatnikov,? Zumino,*
and Harris.! We start with an investigation of sim-
ple plane waves in relativistic magnetohydrodynam-
ics in which all quantities are given in the form of
functions of one of the quantities which, in turn, is
a function of the coordinate x and the time t.

1. SIMPLE WAVES*

The complete system of relativistic magneto-
hydrodynamic equations for zero viscosity and

*Simple waves have been considered by Stanyukovichs'6
for the particular case in relativistic magnetohydrodynamics
in which Hy = 0. A number of papers 7-13 phave been devoted
to studies of simple waves in non-relativistic magnetohydro-
dynamics.
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infinite electrical conductivity is as follows:
OT i / 0% = 0, (1.1)
curlE = —o0H/ot, divH=0, (1.2)
E = — [vxH], (1.3)
0 (nuyg) / 0x, == 0, (1.4)
where Ty = T}ilk + Tﬁin, and
Th = nwuy 4 pdis, 1.5)
17 1
T 4 {— Holla — ExEa+ 5 baa (H? + EY),
Tel= 4 [ExHl., T&'=— o (E2+HY),  (L.6)

and the uj are the components of the four-dimen-
sional velocity, w and n are the internal energy
per particle and the density in the reference sys-
tem that moves with the wave, p is the pressure
(the velocity of light is taken as unity).

Since the magnetohydrodynamic equations (1.1)
— (1.6) constitute a hyperbolic system of first-
order linear and homogeneous partial differential
equations, we can apply the results obtained in
reference 7; in particular, the differential equa-
tions which relate the magnetohydrodynamic vari-
ables in a simple wave can be obtained from the
relations between the amplitudes of these quanti-
ties in waves of infinitesimally small amplitude.
These relations are as follows:

Alfvén wave

dvy = “—S(VAx/Hx) dHOty HOdeuy + Hozdﬁoz =0,

dvy = dW = dp =dH,, = 0; 1.7)
magnetoacoustic waves
V.aw v, Uax Ya ;
dvszm, th:—SW(lf;~cz) U;’_U'-'_ dW/,
+ Ax
4mH g4 (Vi —¢?)
dHy, =0, dHy = = aw, (1.8)

(14 H(1—V2)

where the quantities Vp, Up, Vi, and U, are
defined by the relations
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Va= U/ Vi Uy, V=0 VI+Us, (1.9)
U =Hy/ V4=V, (1.10)

Jer (1 + U%,) + U & Ve ( + UY,) — U1 + 402Uiu}/'
2(1+ U%) ’

+ =

(1.11)

H, is the magnetic field in the reference system
which moves with the wave; W = nw; c is the veloc-
ity of sound; Uat is the component of the vector UA
perpendicular to the direction of propagation of the
wave (i.e., perpendicular to the x axis); the quan-
tity € is (+1) if the wave propagates in the posi-
tive x direction and (-1) if the wave propagates
in the opposite direction; the plus sign in Eq. (1.11)
corresponds to the fast magnetoacoustic wave and
the minus sign refers to the slow magnetoacoustic
wave.

Equations (1.7) and (1.8) are not to be consid-
ered as relations between the amplitudes dW, and
dH, ... for constant W, H,..., but as differential
equations from which all the quantities may be ex-
pressed as functions of one of these quantities, for
example W.

The equations in (1.8) apply only in the moving
reference system. Hence they can be used only
in the case in which the velocity of the liquid v
is small compared with the velocity of light.

The quantity W satisfies the equation

oW /ot +- VoW /ox =0, (1.12)

where V is the phase velocity of propagation of

a wave of infinitely small amplitude which cor-
responds to the given simple wave. The phase
velocity is a function of the magnetohydrodynamic
quantities (W, H,... etc.). For this reason
points corresponding to different values of W are
displaced with different velocities and in general
there is a distortion of the wave shape.

In the simple Alfvén wave the phase velocity
remains constant since the quantities vy, Hy, Hg,
and W do not change. Hence the Alfvén wave prop-
agates without distortion.

In order to determine the manner in which the
shape of the magnetoacoustic wave changes it is
necessary to compute the derivative dVp /dwW,

where Vp is the phase velocity, given by
Vep=1uv,+ V. (1.13)

(we may recall that the velocity v is nonrelativ-
istic).

Differentiating the equation

Vi (14 UR) — VL (UL 4 (1 + Uho)] + Uhxe® =0
and making use of Eq. (1.8) we have
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Yo _ 1

aw = 4Vj:W 1+ A [(Vi —"c'l) Vi (1 —cz)

+ 2(VAEUL — Uy

ai’
- 2Bct 4+ BW n2cd (J;’,T’@)] , (1.14)
where
A=Vi (14 Ud)—1: (Ui + (14 Ul
B=V% (1 4+ Uhx) — Uss- (1.15)

For fast magnetoacoustic waves the following
inequalities hold:

V.,>¢, A>0, B>0, V,>cUalUga,

whereas for slow waves the following hold:

V_<e, A<O0, B<O0, V_<cUax/Ua.

1t follows from Eq. (1.14) that both for fast and
slow waves, when the following condition holds:

(0* (@ /n)/0p*)s >0 (1.16)
(s is the entropy per particle), we have
dVy/dW > 0. (1.17)

Under these conditions points characterized by
higher densities are displaced more rapidly than
points of low density.* This means that at com-
pression points the density gradient is increased
whereas at rarefaction points the density gradient
is reduced.

The further analysis of simple waves is essen-
tially the same as that for nonrelativistic magneto-
hydrodynamics.® At the compression points dis-
continuities arise; the self similar waves are
always rarefaction waves.

It follows from Eq. (1.8) that in a fast self-
similar magnetoacoustic simple wave the mag-
netic field falls off; in a slow wave it increases.

2. DISCONTINUITIES

The following boundary conditions! hold at the
surface of a discontinuity:

{nwvy / (1 — v?) + p + (Hf — E3) /8r) = O, 2.1)
{nwvw, /(1 —v®)— HH,/4n} =0, (2.2)
{nwo0, /(1 —v®) — H,H,/4r} = E.{E,} /4=, (2.3)
{nwou, /(1 — v®)} = {(H,(viH;) — o, H}) 4=, 2.4)

e/ VI — 0t = nyos  V1— o2 (2.5)

*Because of the thermodynamic relation (dW/dn)g > 0, an
increase in W corresponds to an increase in density.
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Ew = Ezy = Upely; — 00,H, =0, (2-6)
Lo =Ey=—o = —valy F 0y, (2.7)
{H.\'} = 0. (2.8)

The subscript “1” refers to the region in front of
the discontinuity while the subscript “2” refers to
the region behind the discontinuity. The x axis
is taken normal to the discontinuity and points
from region 1 to region 2.

We shall use a reference system which moves
with the discontinuity which is such that the follow-
ing relation holds in region 1:

Uyy == Uyp == Hyz = 0.

(2.9)

The boundary conditions can be simplified con-
siderably if we go over to a reference system in
which the vectors v and H at both sides of the
discontinuity surface are parallel. In this case
the electric fields E; and E, and the right sides
of Egs. (2.3) and (2.4) all vanish.

It should be noted that a reference system in
which the velocity of the liquid is parallel to the
magnetic field does not necessarily exist for all
discontinuities. The quantity vyx is fixed (this
is the velocity of the discontinuity with respect
to the liquid in region 1). The quantity vyt is
determined from the condition that the vectors
vy and H; be parallel:

Vit = leHlt/Hx'

In order that the total veloeity w/vfx + vft
be smaller than the velocity of light the following
relation must hold

i H/ H < 1. (2.10)

As we shall see below, in general this relation is
not satisfied for fast shock waves* (for Hx = 0).

The classification of discontinuities in relativ-
istic magnetohydrodynamics is similar to the
classification in nonrelativistic magnetohydrody-
namics.!4 The following types of discontinuities
exist:

1) Discontinuities that are at rest with respect
to the liquid, j=0.

a) Contact discontinuities: Hyx = 0.

From the boundary conditions it follows that:
v==0, E=0,

{Hy =0, (p)=0.

b) Tangential discontinuities: Hx = 0.
From the boundary conditions it follows that

v, =0, E; =0, {p+ (Hi— E%)/8r}=0;

*The assertion of de Hoffman and Teller that for any
shock wave there is a reference system in which the velocity
of the liquid is parallel to the magnetic field is not true in

general.
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the discontinuities in the remaining thermodynamic
quantities are arbitrary.

2) Discontinuities that move with respect to the
liquid, j = 0.

From the boundary conditions (2.1) — (2.9) it
follows that:

[nawsvse / (1 — v03) — Hi / 4n -+ E3, ] 4n] H,, = 0.(2.11)
If the first factor vanishes the discontinuity is
called an Alfvén discontinuity; if the second factor
vanishes the discontinuity is called a shock wave.
We consider these in greater detail.
a) Alfvén discontinuities: Hyz = 0.

)

Nawaae /| (I — 03) — H3 /4% + EZ. /47 = 0. (2.12)

The following similar relation holds for region 1:

2 2 2 12

MWy, H l’]fo,u

T+ =0, (2.13)
1

Converting to the moving reference system we
find that the Alfvén discontinuity is displaced with
respect to the liquid in region 1 with a velocity
Vax, Wwhich is defined by Eq. (1.9).

For the Alfvén discontinuity the relation in
(2.10) is satisfied; hence we can convert to a ref-
erence system in which the velocity of the liquid
is parallel to the magnetic field. In this refer-
ence system, it follows from the boundary con-
ditions that

w, ny =0, {(p+ Hwnz 8nj2) = 0. (2.14)

In view of the continuity of Hx and j at the dis-
continuity, the independent thermodynamic quan-
tities can be taken as w/n and p + Hin?/87j%

It follows from Eq. (2.14) that at the Alfvén dis-
continuity all the thermodynamic quantities are
continuous

{n} = (@} = {p) = 0. 2.15)

The vectors associated with the magnetic field
and the velocity of the liquid do not change in ab-
solute magnitude but rotate through the same angle
about the x axis. We emphasize that this rotation
of the vectors v and H takes place only in the
reference system in which the velocity of the liquid
is parallel to the magnetic field.

b) Shock waves: Hyz = 0.

In this case, in accordance with Eq. (2.6) we
find that vy, =0, i.e., the shock wave is a plane
discontinuity and the vectors v and H lie in the
Xy plane.

We now consider the stability of shock waves.

To have a stable shock wave it is necessary that
the number of waves of infinitely small intensity
which diverge from the surface of the discontinuity
be equal to the number of independent boundary



THEORY OF RELATIVISTIC MAGNETOHYDRODYNAMIC WAVES

conditions which relate the magnetohydrodynamic
quantities at both sides of the discontinuity sur-
face. On the basis of the considerations given in
reference 15 we find that there are two kinds of
stable magnetohydrodynamic shock waves: slow
shock waves, for which

V\_< Uy < Vl,l,\s Uy < V'_’,A (2'16)
and fast shock waves, for which
V1+ < Uyxy szh' < Uay < V'.L' (2'17)

In accordance with Eq. (2.16), for slow shock
waves there is a reference system in which the
velocity of the liquid is parallel to the magnetic
field.

In the case of fast shock waves the inequality
in (2.10) need not necessarily hold and in this
case such a reference system does not exist.

3. ZEMPLEN THEOREM*

We now show that in relativistic magnetohydro-
dynamics, just as in ordinary relativistic hydrody-
namics,!® there is a Zemplen theorem, according
to which the pressure and density in a shock wave
increase if the conditions in (1.16) holdt and if

(05 Op)asn > 0. (3.1)

The proof goes as follows.

In the absence of a magnetic field H =0, along
the thermodynamically stable portion of the shock
adiabat (s, >s;) the following relations hold:!?
P2 > Py, Wp/my < wy/ny.

There is no portion of the shock adiabat for
which wy/ny >wy/ny, p, <p; since this corre-
sponds to a shock wave for which the entropy is
reduced (s, < sy). By virtue of the inequality in
(3.1) this section of the shock adiabat lies in the
(w/n, p) plane below the Poisson adiabat (s =
const). We show that in the presence of a mag-
netic field the portion of the shock adiabat which
corresponds to a rarefaction shock wave w,/n,
>wy/ny lies still lower. From this it will follow
that on this section the entropy is reduced (s; <
s¢), and this is impossible.

*The Zemplen Theorem was proved by Iordanskii16 and
Polovin and Lyubarskiil7,18 in nonrelativistic magnetohydro-
dynamics for shock waves of arbitrary intensity.

{For a relativistic ideal gas

az(w,’n)\ 22— 1 /is\) 2—ny 1
ap* /s y{y—1) pn* \ap/w,’nz"f——1 2nT -

These expressions are positive since the quantity y lies
in the interval20 1< v << 5/3. In addition to the inequalities
in (1.16) and (3.1), just as in references 19 and 21 we show
that the pressure increases monotorically along a shock
adiabat.
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For the proof we write the equation of the shock
adiabat in the presence of a magnetic field

Ws — Wi — (Do — P1) (@1 / 1y + @s / 15) = Q, (3.2)

HY, (e ] ) (01, Uy — 1)* (w1 M1 — wy [ 12)
Q= 87 (ws [ ne — H2 [ 4mj?)? )

Equations (3.2) and (3.3) are obtained from the
boundary conditions (2.1) — (2.9) by eliminating the
variables. When w;/n; < wy/n, the quantity Q
is negative if Hyy = 0, whereas when H;y =0
the quantity Q vanishes.

We shall now investigate the behavior of the
curve (3.2), (3.3) (in the wy/n,, py plane) if Q,
which we take as a parameter, vanishes. Differ-
tiating Eq. (3.3) with respect to p; at constant
wy/ny, we have

(3.3)

/_0_Q> _9 '6&!2)

. owe (W
kdpé wfn, 2\ 0p2 ( + )

wy/ny ny ny

On the other hand we have the thermodynamic
relation

) ()
l\ opJwn T (;617 w/n’

whence

Wy

/dQ\ o we __zf_l o ‘/?i?_\
(‘7/.7: )wz,r’llz - {\ ne ﬂ1> + 2w2r2 \ap:)u-z/ng

By virtue of (3.1), when wy/ny >wy/nyg, this
quantity is positive. The fact that the derivative
(0Q/dp, )w,/n, is positive indicates that with fixed
Wy /ny a reduction of Q means a reduction in p,.
In other words, a curve of the shock adiabat (3.2)
and (3.3) for Hyjy = 0 actually lies lower than the
shock adiabat in the absence of the magnetic field.

Thus, in the shock wave the pressure and the
quantity n/w increase

Po > P1, W/l << Wy /1y, (3.4)

Using the Zemplen theorem we can draw cer-
tain conclusions concerning the behavior of the
magnetic field in shock waves.* In a slow shock
wave it is possible to go over to a reference sys-
tem in which the velocity of the liquid is parallel
to the magnetic field. In this case, from the bound-
ary conditions we have

*Landau and Lifshitz21 have investigated the change of
magnetic field in nonrelativistic magnetohydrodynamic shock
waves of low intensity and in nonrelativistic waves of arbi-
trary intensity for the case in which H? < p. An increase in
the magnetic field in fast nonrelativistic magnetohydrodynamic
shock waves for H> < p has been noted by Helfer.22

The change in the magnetic field in nonrelativistic mag-
netohydrodynamic shock waves has been considered by
Lyubarskif and Polovin.18 The relativistic case for which
Hy = 0 has been treated by Stanyukovich.23
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wy [ — H2 [ 4t

H2y=H1y (3-5)

we [y — H2 [ 4mj2

From the Zemplen theorem (3.4), the condition
of stability for a slow shock wave (2.16), and the
relation in (3.5) it follows that in a slow shock
wave the tangential magnetic field does not change
direction and is reduced. This statement is valid
also for the moving reference system since the
magnetic field is the same in this system as in the
reference system in which the velocity of the liquid
is parallel to the magnetic field.

For a fast shock wave, as has already been in-
dicated, there may not be a reference system in
which v is parallel to H. Hence the relation in
(3.5) must be replaced by the more complicated
relations

\ 2 i
wov,, [ Navy, — Hy [ 4mj?

Hﬂy:Hly

(3.6)

ws [/ Ny — Hi / 41‘:]2

dnj? (wy ] ny—wav,, [ Nay,) (We [ ng— HY [ 4mj?)

(we/n2) (v, /vy, —1)

2 1o
vy =

, 8.7

which follow from the boundary conditions in (2.2),
(2.4), (2.7), and (2.9). Since the shock wave is a
compression wave (wy > wy, ny >ny) from (2.5),
(2.9), and (3.7) it follows that

Uy > Uy, (3.8)

Equation (3.6) together with.the stability condi-
tions (2.17) indicate that in a fast shock wave the
tangential magnetic field does not change direc-
tion and is increased. The last statement applies
in a reference system in which the equality in
(2.9) is satisfied. Carrying out a Lorentz trans-
formation to the moving reference system and
using (3.8) we find that the magnetic field also
increases in this system.

The author is indebted to A. I. Akhiezer and
G. Ya. Lyubarskii for valuable discussions.

Uix > Uay.
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