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The Doppler effect is treated for motion of an oscillator along the axis of a gyrotropic ani-
sotropic crystal. General formulas for the energy of the radiation are obtained; these can
be used, in particular, to obtain formulas for the Cerenkov radiation of a charge and of a
dipole. A number of properties of the radiation that are peculiar to an anisotropic, gyro-

tropic medium are investigated.

I].-|HE Doppler effect has great importance in many
fields of application. Hitherto only the case of mo-
tion of a source in an isotropic medium has been
studied; it has been shown that in the presence of
dispersion, splitting of the Doppler frequency oc-
curs (the complex Doppler effect‘*z). In connec-
tion with numerous investigations of the ionosphere
(for example, with the aid of high-speed earth sat-
ellites) and of an electronic plasma, which in the
presence of a magnetic field has the properties of
an anisotropic and gyrotropic crystal, it is of in-
terest to investigate the properties of the field of
a radiator moving in such a medium. In this case
there arise new effects, manifesting themselves
in changes of the components of the electromag-
netic field and in an additional splitting of the
original frequency, dependent on the degree of
anisotropy and on the value of the gyration param-
eter.

In the present article, in order to elucidate the
principal peculiarities of the phenomenon, we con-
sider the problem of the field of an electric oscil-
lator of arbitrary orientation, moving along the
axis of an anisotropic and gyrotropic crystal.

1. Let a point oscillator be moving with con-
stant velocity v along the z axis, which coin-
cides with the crystal axis; let the oscillator have,
in its proper system of coordinates, frequency
wp, electric moment pj cos wfht, and magnetic
moment mj cos wit. Just as in reference 1, we
replace the moving oscillator by a system of
“equivalent” electric and magnetic harmonic
oscillators of density

P © ioz/os (o B
Po = 5. €OS (7“ 2)8 oz, (x) 8 (y),
m © - " ~
m, = 2;0 cos (T“ z)e 0z/eg (x)3 (y), (1.1)

where wy= V1-p%wj is the frequency measured

in a stationary system of coordinates, and p, and
m, are the electric and magnetic moments of the
oscillator in the stationary system of coordinates;
they are related to p; and mj by the appropri-
ate relativistic transformation formulas.* The
currents and charges at each point of space are
determined by the formulas

iop, +cecurl m, =j,  divpe, = —po (1.2)

Thus the problem reduces to that of finding the
electromagnetic field in the medium under consid-
eration for given sources, when their density and
therefore the field vectors depend on z through
a factor exp [—i(w = wy)z/v].

Maxwell’s equations for the Fourier components
of the field in an anisotropic and gyrotropic medium
have the form

div (eE,) = 4np,,
divH, =0,

curl H, = ikeE, + 4rjq/c,

curlE, = — ikH,,

g —ig 0\
e=|ig =« 0 ).

0 0 )

(1.3)

where

The magnetic permeability of the medium is taken
equal to unity.

It can be shown that the solution of the system
(1.3) can be expressed in terms of two scalar func-
tions ¥; and ¢,, which play the role of potentials
for (1.3), and which satisfy the equation

A2¢1,2 + Uf.zq’m = 471'f1.2, (1.4)

“*We mention that the relativistic electric moment of a po-
larizable circuit, with a magnetic moment oriented perpendic-
ular to the velocity, is to be calculated by the formula p, =
(él /¢)[v x mj], where ¢, is the dielectric tensor of the material
of the circuit (as is done in the work of Ginzburg and I:_Tidman‘).
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where oy, are the roots of the equation

o= [l )-8

€

]02+:—;s4—k—‘§jﬂ=o, (1.5)

and where
) 2 2 i(62 2
T Cio—Hke ., 1(01,2 —s?) g .
fre= Py Joz — ro divg jo — cabog curl:ja,
s =gy (K% —p2) /e, p=(0Fw)/0,

02 92
2 =% T

A divy jo = Ojox/ 0X + O0juy/dy. (1.6)
The field vectors are found from the relations
Eot = &V — 699 + 2% b,
Eoz = [(03— ) 1 — (o1 — $?)0s] / (o3 — 51,
H, =(i/k)curlE,, 1.7)

where E i is the transverse component of the
field, and where &;, and p are defined as oper-
ators:

R ey, ens
en=1\_, .
\" “n2 ten1)?

2 . 2, 2 2
eny = (€ (On — £15%/€2) / 8105 (02 — 07),

5=(\ip1p —Pz>’

2 ip1

2 2 2
eny = k%eag [ 3181 (02 — 1),

Py = ks?/sis;,  p, = gk"’sz/elcfsg, n=1.2. (1.8)

We mention that the proposed method, apart
from the case considered here, may prove useful
for solution of the problem of excitation of a gyro-
tropic medium by an arbitrary current.

2. Of greatest interest are two physically dis-
tinct orientations of the oscillator: parallel and
perpendicular to the z axis. For simplicity we
restrict ourselves to these two cases; the solution
in the case of arbitrary orientation of the oscilla-
tor can be obtained without difficulty from our for-
mulas.

a) Electric oscillator parallel to the z axis.
The functions y; and @, are found from the
equations

sz(,bnz + 5?.24)1,2 = —(’5?.2% [ £0) e~ Hox@2/VE (x) 3 (y), (2.1)

where
Po=po VT —p2
The solution of (2.1) has the form
Gria = (0T.aDo / 4V83) by,g (r) e—H@ 002/, (2.2)
where
—iH® (5, ,)r), ©>0,
b (1) = in)l)O(cl(‘:r‘;), ) o)><0, (2.3)

and where H{" and H{® are the Hankel functions
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of the first and second kinds. In this case formulas
(2.2), (1.7), and (1.8) fully determine the field.

b) Electric oscillator perpendicular to the z
axis.

Let the moment of the oscillator be oriented
along the x axis. In this case the oscillator ac-
quires a magnetic moment directed along the y
axis and equal to my = —fBpg. On carrying out a
calculation similar to the preceding one, we find
from (1.4) for this case

$re = **——4w€2(£0:t @y) [i (03.2 = RPeywq) cos ¢ -

— W€

g

(52, — s?) sin an Piz y—tozwzre,  (2.4)
where ¢ is a polar angle measured from the x
axis. The field vectors can be easily found with
the aid of (2.4) and (1.7). Expressions for the
components of the field of a magnetic oscillator
are found in a completely analogous manner. We
remark that the formulas obtained possess great
generality. For example, the components of the
Cerenkov radiation field of a dipole with moment
m, can be obtained without difficulty from our for-
mulas by setting w; =0 and p§ = m); the compo-
nents of the Cerenkov radiation field of an electron,
by setting wy =0 and py = —ive/w (see refer-
ence 3).

3. In the wave zone, by use of the asymptotic
formulas for the Hankel functions, the components
of the field can be expressed in the form

aexp [——i (ﬁ%"’iz + Gpyof — mt)] ) (3.1)
If we require that the expressions for the field
components have the form of a traveling plane
wave with wave normal oriented at angle 6 to
the axis, i.e., that

oncosh/c= (04 wy) /v, onsinb/c =0y, (3.2)

then it is not difficult to obtain the condition for the
Doppler frequency,

0=0y/[1—Bn(w,0)cosb|, (3.3)

which agrees with the usual Doppler condition for
an isotropic medium; but the refractive index
n(w, 0) for the medium under consideration is

a complicated function of w and 6 and is differ-
ent for waves of different polarizations. By sub-
stituting (3.2) in (1.5) and solving the biquadratic
equation, one can obtain the usual formula for the
index of refraction of a gyrotropic medium. Cer-
tain results of Frank! are also easily generalized
to a gyrotropic medium; for instance, the angular
width of a spectral line is determined by the for-
mula
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42m (nf — n2) (eq sin? B +- &5 cos? 6)

TBny,2sin 6 [e2 — g2 — ere2 — 1 , (c2c0s? 0 + &1 (1 + sin? 6))] ’

where T is the travel time of the oscillator.

As in an isotropic medium, at oscillator speeds
above that of light and at not too large angles, split-
ting of the Doppler line occurs (the complex Dop-
pler effect). A sufficient condition for this effect
is (cf. reference 1)

Br(w,0)cosb > 1. (3.5)

An estimate of the derivative of the left side of
(3.5) shows that the point 6 =0 is a maximum,
i.e., a necessary condition for the complex effect
at superluminal oscillator speeds can be written
in the form

a9 >1 (3.6)
For a plasma in a magnetic field,
2 2
81=1— 2‘0”2 ’ €g = 1 — w:7
(4] —coH (O]
(l);")'lb)
g=—~="2"_ (3.7

o (02— (.o%,)

(where wp = v47rNe?/m and wy =eH/mc are
respectively the plasma and gyromagnetic frequen-
cies), and (3.6) takes the form

(1 —oh/0(@>oH))p2> 1. (3.8)

It is not difficult to see that (3.8) can hold only when
w < wy for the extraordinary wave.*

The condition (3.5) is by no means a necessary
condition for the complex Doppler effect. In gen-
eral the effect is possible at speeds much less than
the speed of light in the medium, if only the follow-
ing condition is satisfied (cf. reference 1):

woB [On /0wl cos§>1.

(.|)=O)e

(3.9)

[g2 (6% o k2ea00y)? cos? p— g2l (62 — 5%)? sin’p] (52 — o)

(3.4)

As in the case of the superluminal complex effect,
a necessary condition for fulfilment of (3.9) is

0B [ VaE g |y > 1 (3.10)
It has been shown? that the complex effect can occur
in a plasma in a magnetic field either at frequencies
near the gyromagnetic frequency of the plasma, or
under the condition €; £+ g = 0.

4. We consider the energy radiated by a moving
oscillator for two different orientations of it. The
amount of energy emitted by the oscillator per unit
length of its path we determine with the aid of
Poynting’s theorem, using the asymptotic expres-
sions for the cylinder functions. After somewhat
laborious transformations we obtain, for an oscil-
lator oriented along the velocity,

a8 P

dz T Tao?

2
cg (s* —o7)

(§ i A

© T 3——¢—‘-—‘
sz(ci—oz)

© dm) , (4.1)

€ (cg — ci)

where the first and second integrals extend over

the frequency ranges of (+wy) >0 and o3 (+w,)

> 0, respectively, and w > 0. The sign in *w
means that the parentheses in (4.1) actually con-
tain a sum of four terms; +w, occurs in the first
two and — w, in the second two. We remark that
the terms with +w, differ from zero only at super-
luminal oscillator speeds.

A similar calculation gives the amount of en-
ergy emitted by an oscillator with moment oriented
perpendicular to the velocity; in this case it is pos-
sible to obtain the distribution of energy density
with angle ¢. After a series of laborious calcu-
lations we get

we _ ]

dz 8ol %30 (0 = wo)? (03 —— 03) do
61( @) >0
. S [g2 (o2 - K2eac)? <‘:os2 ¢ — elwl (62 — s?)? sin® 9] (s* — o3) d(o].
eerso g0 (0 =+ wo)? (67 — o) 4.2)
The total energy can be obtained without difficulty
by integration over ¢. a8 n? (1 — B2) w e (21— 1) —en))
We note the great generality of the formulas ob- 2 vt [ S e1es (v2 — ) @ fiw
tained. In fact, by setting wy =0 and p3/2 =3 >0
we obtain a formula for the energy of the Cerenkov + & %2 (22 (22182 — 1) — 1)) s g
radiation of a constant dipole with moment m; in ; e 0 — D) o (o],
the proper coordinate system: 3>0
- w? g‘.’.Bz

*By extraordinary and ordinary waves will be understood
those waves that reduce for g =0 to the corresponding waves
in a uniaxial crystal.

2 2 €
%12 = e = %’@((81@2_ 1)<1 + §>~ €1

sl (& )42 @

€1
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for a dipole oriented parallel to the velocity, and

a8 (o) _ T ot [} deeronowh
= ®?® dw
dz 2wyt > €182 (%2 — yg)

®2>0 b
1

0 K (e (2232 — 1) —exd)

+ S 2\ 1?’ _ _ 1% (L)3d0)] (4'4)

€182 (%] — %3)

%2>0

for a dipole oriented perpendicular to the velocity.
And finally, by setting w; =0 and pj= —ive/w
and substituting in (4.1), a formula is automatic-
ally obtained for the energy of a Cerenkov electron
flying at superluminal speed along the z axis
(cf. reference 3).

5. By way of illustration, we consider a uniaxial
crystal. On setting g =0 in (4.1) and (4.2), we get

dg P (© 4 o)\
I __ 0 = W :
= i k«ﬁ B )codw (5.1)
SH+00) >0
for an oscillator parallel to the velocity, and
a8,  py oto
= e (0 — 25 Jodo
SHE£w,) >0
+3 wdo] (5.2)

(21/22)SP (£ @) >0

for an oscillator perpendicular to the velocity.

We notice that for wy =0, €; =€, and p§/2 =
73, formulas for the energy of Cerenkov radiation
are obtained that agree with those obtained by
Frank.’

If we neglect dispersion — that is, if the con-
stants of the medium change little in the range of
the Doppler frequencies emitted by the source —
then it is possible to carry out the integration in
(5.1) and (5.2). After simple calculations, (5.1)
and (5.2) take the form, for B«/—eT< 1,

d8y /dz = wg'py Ver (1 — B2)? /3c%0 (1 — B2e,)?, (5.3)
A8, [ dz = wy'pg (62 + 3e1)/12¢%0 Ve, (1 — Boey)2. (5.4)

For BVe; > 1, the integrals in (5.1) and (5.2) di-
verge; this is connected with the fact that in this
case it is not permissible to neglect dispersion.
We note that (5.3) indicates that the total radiation
energy is independent of €;. Comparison of (5.3)
and (5.4) also shows an essential dependence of
the radiated energy on the orientation of the oscil-
lator. For €4 =€y, (5.3) and (5.4) reduce to the
corresponding formulas for the radiation energy

on cos 0/ 99
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of an oscillator in an isotropic medium (cf. refer-
ence 1).

In a medium without dispersion, the frequency
radiated by the oscillator is simply related to the
angle at which this frequency is observed. That
is, if in (5.1) and (5.2) we transform from integra-
tion over w to integration over angles with the
aid of

W2 = wo/l I— pnl,z (9) cos |, (5.5)

where
n (8) = Vs—l)

and if we consider the path of the oscillator to be
finite and of length I (cf. reference 2), then we
can obtain a formula for the distribution of the
radiation energy with angle 6. After simple trans-
formations it follows from (5.1) and (5.2) that

1/n5(8) = cos?0/e; + sin?0 /¢y,

W (8) = piloons (0) sin® 8 / 8c3vel | 1 — ny (0) Beos B (5.6)

for an oscillator oriented along the velocity, and

W, 0,9) = Progl [ (213 —na (6) cos 0)2 nf (0) cos® o
LU P)= g5, €21 —Bng (0) cos B |5

+ Ve sino ]

[1—8VecosO[s (5.7)
for an oscillator oriented perpendicular to the ve-
locity. For €4 = €5, (5.6) and (5.7) reduce to the
analogous formulas for an isotropic medium (cf.
reference 1).

6. The Doppler effect in a uniaxial gyrotropic
crystal has a number of peculiarities as compared
with an isotropic medium. As was mentioned by
Pafomov,® in the range of frequencies in which the
radial group velocity is negative (i.e., the projec-
tions of the group velocity and of the wave vector
along the radius have opposite signs), in order
that the solution shall have physical meaning it is
necessary to use advanced potentials, If in this
case cos 6 and cos ¢ (¢ is the angle between
the z axis and the direction of the beam ) have
the same sign, there arise a peculiar “inverted”
Doppler effect — that is, lower frequencies are
radiated forward and higher frequencies backward.
This same effect occurs if Wy >0 and if cos 6
and cos ¢ have opposite signs.

The projection Wy of the group velocity along
the radius, in a gyrotropic medium, has tHe form?’

c|n? (e2cos® 0 + 1 (1 + sin?0)) —eF + g* — e152] sin 0

W= — (n/c)dwn | 0w = J(an)
Jw

[2n2(<q sin® 0 4- €5 cos? 0) — (g1 — g2)sin?) — g1, (1-4+-c0s%0)]

’

(6.2)
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and the angles 6 and ¢ are connected by the
relation

dn cos 6 /00

tan(p == dnsin6 /a0

[n? (2 cos? 6 + &1 (1 + sin? B))— &3 4 g2 — e1ex] tan®
n? (g1 sin% 0 4 €5 cos? 6 + €5) — 2e1¢5

(6.3)

As was mentioned in reference 4, in a plasma
with a magnetic field at angles 6 close to /2,
in the range of frequencies

e @+ V 40k + o))" <0 < )/ 0k + ol

an “inverted” Doppler effect occurs. For a more
general conclusion a more detailed study of for-
mulas (6.2) and (6.3) is required.

We point out, furthermore, that in a uniaxial
anisotropic crystal without optical activity, if the
crystal constants are determined from an oscil-
lator model (as was done in reference 6), there
exists a frequency range in which an “inverted”
Doppler effect can occur at any angles.

In closing, the author expresses his deep grati-
tude to A. A. Kolomenskil for providing the theme
of this work and for constant attention to its exe-
cutien, and also to Professors V. L. Ginzburg and
B. M. Bolotovskif for valuable discussion.
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