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The possibility of constructing a unitary and macroscopically causal scattering matrix in

a theory with an indefinite metric is examined. The construction is carried out in the
framework of perturbation theory by means of the interaction Lagrangians of the complete
(physical plus sum of nonphysical) fields. By a special choice of the spectrum of the non-
physical fields it is possible to satisfy the requirements of unitarity and macroscopic caus-
ality in the second and third orders. These requirements cannot, however, be fulfilled to-
gether in the fourth order; thus within the framework of our assumptions it is not possible
to construct a unitary and macroscopically causal scattering matrix in a theory with indef-

inite metric.

]. . Recently much attention has been given to the
ideas of Heisenberg, who has proposed the intro-
duction of an indefinite metric in the space of the
state amplitudes, for the purpose of eliminating
divergences. This program leads to the appear-
ance of a number of difficulties associated with the
necessity of introducing “nonphysical” fields that
have negative norms, and with violation of the con-
dition that the scattering matrix be unitary. Sev-
eral schemes have been proposed, however, that
make it possible to eliminate the “nonphysical”
states from the asymptotic expressions for ob-
servable quantities and to restore the unitary
character of the scattering matrix.

The papers in question do not deal with the
problems of causality, which certainly are of
great interest. In the present paper we examine
the question of the possibility of constructing a
macroscopically causal theory with indefinite
metric, on the basis of rather general postulates.

Following Heisenberg, we shall assume that
the complete space H of state amplitudes decom-
poses into two orthogonal subspaces: Hy, the
subspace of physical state amplitudes, and H,,
the subspace of “nonphysical” state amplitudes.
As is done in reference 2, we introduce the op-
erator P that projects the complete state am-
plitude onto the subspace H; of physical state am-
plitudes and is such that P = P* = P2, We rep-
resent the complete field x (x) in the form

(x) = 5o (%) + D\¢nPm, (%), O

where ¢, (x) is the physical field of mass m
and wmn(x) is a “nonphysical” field of mass mp,

and impose the following commutation conditions:

{Po (%), Po(¥)} = D(x—y),

{Pmp, (%) Py (9)} = €0 Doy (X — ¥),

where € = +1. In accordance with this the
bracket for the complete field x (x) is

X@), X =Dx—y)=D(x—y)+A(x—y), (2
where

A(x—y) =2t D, (x—y).

In what follows we shall use the term “nonphysical
bracket” to denote A (x-y). By a suitable choice
of €p, cp, and mp we can always secure regular-
ity of the function D (x—y) on the light cone.

In references 1 — 3 the theory with indefinite
metric has been constructed by the use of the con-
cept of the scattering matrix in the complete space
H. As has been shown in reference 4, within the
framework of perturbation theory it is impossible
to have any theory of such a sort that satisfies the
condition of macroscopic causality. In the present
paper we give up the idea of the scattering matrix
in the complete space. Assuming, however, that
the interaction occurs between the complete fields,
we introduce the concept of the interaction Lagrang-
ian of the complete fields.

2. NThe problem is to construct a scattering ma-
trix S connecting the asymptotic expressions for
the physical state amplitudes of the subspace Hj,
and which should be expansible in a series in the
interaction constant
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S=1+25..

We shall use the hypothesis of adiabatic turning on
and off of the interaction. Then S is a functional
of the “turning-on intensity” g (x).}

We impose the following conditions on S:

1) Relativistic covariance.

2) Unitarity: SS* = 1.

3) Weak causality. We formulate this condition
in the following way: suppose there are two non-
overlapping space-time regions G; and Gy in
which the interaction is turned on with the respec-
tive intensities gy (x) and g, (y), and such that
x 8y. Then the difference

12 =3 (g1 + &2) —S (g2)S (&)

must go to zero with sufficient rapidity as the “dis-
tance” between the regions increases; the necessary
degree of rapidity of this approach to zero will be
discussed later.

4) Furthermore we require that §n be a poly-
nomial function of the complete-field Lagrangians
and operators P; we emphasize that in the present
paper we are using perturbation theory, and there-
fore we require that all the above conditions be ful-
filled in each order independently.

It is easy to show that an §n satisfying the
first and fourth conditions is a polynomial func-
tion of operators P and Sj, where

1+sl+52+...=Texp{iSL(x)g(x)dx}=S(g).

The matrix S(g) has the form of the usual scat-
tering matrix in the complete space. Without as-
signing to it any meaning, we shall hereafter use
only its formal properties of unitarity, SS* =1,
and strict causality®

S (g1 + g2) = S(g2) S (gv)-

3. We now proceed to the direct construction
of a matrix S that satisfies the conditions listed
above.

We shall first examine S correct to the second
order. The most general form for (5)2 is

(3)2 =P (1 + 81+ aS; 4+ a15:S, + aS,PS)) P. (3)

The coefficients of the first two terms are chosen
from considerations of correspondence with classi-

cal theory.
From the unitarity condition we have
a=a', a+a+1=0, ata—1=0 (4)

In order to make use of the causality condition
we consider the expression
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(Ri2)e = P l(a + @) S1(g2) S1(gy) + (@2 — 1) S1(g2) PS;(g1)

+ ;51 (g1) S1(g2) + 2251 (g1) PS1(g2)1 P. (5)

We must require that this quantity go to zero with
increase of the “distance” between the regions G
and G,. Let us expand this expression by Wick’s
theorem and examine the terms not containing con-
tractions. These terms do not depend on the “dis-
tance” between the regions, and therefore their
sum must be identically zero. From this consid-
eration we get

a—+2a; 4+ 2a,—1=0. (6)
Then from Eqgs. (4) and (6) we have
a = —1y+ ia, Ay = — (—1/2 + ),

where « is an arbitrary real number. Therefore
the right member of Eq. (5) can be rewritten in the
form

a=1,

P [(—/2+ io) S1(gs) (1 —P) Si(gy)

+ (M 4+ ia) Sy (g1) (1 — P) S1(g2)] P. ()

This expression can be handled conveniently by
means of the following lemma, which will be proved
in the Appendix.

Suppose that in the expression

PIL(P, % (xh) - - Xn (%e)s La(Y) .- X (g NP (*)

II is a polynomial function of the operators P and
X, the xk; being points of the region G; and the
vi; points of the region G,. Then the necessary
and sufficient condition for the expression (*) to
be equal to a sum of terms each proportional to a
“nonphysical contraction” depending on (xg; — ylj)
is that it be possible to put (*) in the form of a
sum of terms of the type

PIL (P, ooy, (k) -2, (52) - - )
X PHy(P, . .7, (%)) (1 —P) PTg(P,...o% (41)--)

X PII, (P, .. .xi(xki).. .xl,(!/zj)...)P. (8)

Returning to the expression (7), we see that ac-
cording to the lemma it is equal to a sum of terms
each proportional to a “nonphysical contraction” of
fields from the regions G; and G,. Thus a suffi-
cient condition for causality in second order is that
“nonphysical contractions” approach zero rapidly
with increase of the “distance” between the regions.

On the other hand, if in the expansion of the ex-
pression (7) by Wick’s theorem we take the terms
that depend linearly on contractions, which by the
lemma are necessarily “nonphysical,” we can note
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that they are of different operator structures. And
since only the contractions depend on the “distance”
between the regions, the expression (7) will go to
zero with increase of the “distance” only if the
“nonphysical contractions” go to zero.

Thus the necessary and sufficient condition for
the fulfillment of the causality condition for S in
second order is that the “nonphysical contractions”
of fields from the regions G; and G, go to zero

with increase of the distance between these regions.

Let us examine the behavior of the contractions
% (x-y) with increase of the “distance” between
x and y. For simplicity we confine ourselves to
scalar fields. Three cases can arise: 1) A <0,
2) A>0, 3) A=0, where A = (x'-y%)% — (x-y)2.
From the explicit form of the contractions® we
have in the first case the following asymptotic
expression:

DEx—y~Vm(—N"exp{—myY —x).

It is seen that for spacelike intervals 2 (x-y)
falls off exponentially. In the second case the
asymptotic expression has the form

Dx—y)~Vm\ "exp{dimV\),

i.e., for timelike intervals %2 (x-y) oscillates
(the gradual falling off does not prevent the prop-
agation of particles through macroscopic times).

As was first shown by Fierz® in a discussion
of the first type of regular theory proposed by
Heisenberg,! precisely this fact leads to the vio-
lation of macroscopic causality in second order,
owing to the propagation of “nonphysical” particles
through macroscopic times.

We can, however, try to change the asymptotic
behavior of the “nonphysical contractions” and
thus remove this objection. In fact, if instead of
the discrete spectrum (1) we introduce a spectrum
in which each “nonphysical” field is averaged over
a suitably small range of masses with some weight
factor, for example a Gaussian distribution, the
contraction of a “nonphysical” field takes the form

ED,,,H = SiMexp {— —(%2’—71—")2}@,,, (x —y)dm,

and the asymptotic expression for the “nonphysical
contraction” gets an exponentially decreasing fac-
tor because of the averaging of rapidly oscillating

functions:

A(x—y)~2IN*Y m,

xexp {£im,V \}exp {— A MTZ} . 9)

At the same time the regular behavior of the func-
tion D(x—y) on the light cone is not destroyed.
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Thus by the use of a “smeared-out” spectrum of
the “nonphysical” fields the causality condition
can be fulfilled in second order also for timelike
intervals.*

As has been shown by B. V. Medvedev (private
communication), the violation of causality in sec-
ond order in the case considered by Fierz is easy
to understand if we go back to the connection of
the theory with indefinite metric with nonlocal
theory. In fact, in the theory with indefinite metric
one is actually using a Pauli-Villars regularization
with finite masses

2
1 1 1 m§ — m?

m? — p?—ic

mj — pt— ic m? — p? — ie m§ — p* — ic
(for simplicity we consider one “nonphysical”
field). The cut-off factor (m}-m?)/(m?-p?—ie)
can be referred not to the propagation function but
to the vertex. Such a situation corresponds to a
nonlocal theory with a factorizable form factor.
The violation of causality in the case of a discrete
spectrum of “nonphysical” fields is due to the fact
that for the resulting form factor the Chretien-
Peierls conditions” are not fulfilled, because such
a form factor has a pole on the real axis of the
squared momentum. Our way of introducing the
“nonphysical” fields also receives a natural inter-
pretation, since we in fact achieve the removal of
the singularity by integrating a generalized func-
tion in a class of sufficiently smooth functions,®
i.e., we achieve the fulfillment of the Chretien-
Peierls conditions.

Thus by choice of the coefficients a, a;, a,
and of a special form of the spectrum of the “non-
physical” fields one can satisfy the conditions of
unitarity and causality of S in second order. We
have finally for (§ ) the expression
Ge=Pl + S+ S+ (—Yo+ i) S,(1 —P) S P, (10)
which contains one arbitrary real parameter «.

4. Before going on to further orders, we note *
that:

a) the contractions % (x—y) of the physical
fields fall off slowly for timelike intervals (we
cannot require fast falling off, since then there
would be no propagation of physical particles
through macroscopic times),

*We do not examine here the fulfillment of the causality
condition for regions lying along the light cone. It can, how-
ever, be shown, by use of the Chretien-Peierls method,” that
the causality condition can be fulfilled in this case also, if
we introduce the “nonphysical” fields in the way that has
been described. This result is not needed in our further argu-
ment.
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b) the “nonphysical contractions” fall off ex-
ponentially both for spacelike and also for timelike
intervals,

c) the lemma formulated above is valid. There-
fore a necessary and sufficient condition for the
fulfillment of the causality condition in the higher
orders is that the differences (Ryy)p be sums of
terms of the form (8).

The possibility of choosing only such terms
leads in the third order of perturbation theory to
the following expression for ( §)3:

S)s = P {(S)e 4 Ss -+ (— Y2+ ia) [Sy (1 — P) S,
+8:(1—P)S;— S (1 —P) Sy (1 —P) i} P.

It can be checked by direct verification that the ex-
pression (11) is unitary. We note that (§)3 de-
pends on the parameter o« introduced in the sec-
ond order; i.e., in the third order the degree of
arbitrariness has not increased.

5. Finally, let us examine S in fourth order.
Here, as in the third order, the causality condition
demands that (Ryy); be a sum of terms of the
type (8); after simple but very cumbersome cal-
culations this condition gives

1)

) =P {(S)s+ Ss + (— 2 +i2) [S1(1 — P) S
+8,(1—P)Sy+ S5(1 —P)S; — S (1 —P)S, (1 —P) S,
—85(1—P)S;(1—P)S;— S, (1—P)S; (1 —P)S,

+ S (1—P)SS;(1—P)Sy]

+ 88, (1 —P)S,PS; (1 —P)S;) P, (12)
where in order to satisfy the requirements of caus-
ality we must have

b=1,—a?—a. (13)

For (§)4 the requirement of unitarity reduces
to

b L b a?—3, —0. (14)

Comparing Eq. (13) with Eq. (14), we get o? + 1 = 0;
that is, the parameter «, which was introduced in
the second order as a real quantity on the basis of
the requirement of unitarity, must be purely imag-
inary.

Thus we arrive at an obvious contradiction: the
conditions of unitarity and causality in fourth order
are in conflict with the condition of unitarity in
second order.

To get a clearer idea of the nature of the viola-
tion of causality, let us impose on the coefficient
b only the condition (14) obtained from the unitar-
ity condition for (§)4, but not the condition (13),
and examine the structure of the terms that vio-
late causality. These terms in (S), are
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P{(Y/® + s+ iz + iB) Su(g) (1 —P)

X81(g1) PS1(g2) (1 —P) S;(g2)
+ (— Y2 — g + ia + iB) Sy (g2) (1 — P)

X S1(g2) PSi(g) (1 — P) S, (g} P, (15)

where B is an arbitrary real number.

From the structure of the expression (15) it is
clear that it can be put in the form of a sum of
terms each proportional to a “nonphysical con-
traction,” but these contractions depend on the
“distance” between points in the same region
(Gy or Gy). Since of course “distances” between
points in the same region can be arbitrarily small,
for the fulfillment of the condition of causality we
have to require that the “nonphysical contractions”
vanish for arbitrary “distances”. In this case we
practically arrive at the ordinary theory, since
the contractions of the complete fields reduce to
those of the physical fields, and as a result of the
action of the operator P normal products of com-
plete field operators are equal to normal products
of the corresponding physical fields (see Appendix).

On the other hand, if we set o = —3, then the
expression (15) reduces to a sum of terms each
proportional to a contraction of the physical fields,
depending on the “distance” between points of the
regions G; and Gy. By introducing a “smeared-
out” spectrum of physical fields we can, of course,
arrange matters so that their contractions fall off
sufficiently rapidly with increase of the “distance”
between the regions. But, as was noted above, this
leads to the impossibility of the propagation of phys-
ical particles through macroscopic times.

6. Thus we have shown that even the weak caus-
ality condition is incompatible with the unitarity
condition for the scattering matrix S connecting
the asymptotic state amplitudes of the physical
subspace Hj, if it is constructed by means of the
interaction Lagrangians of the complete fields.

This result is not unexpected, because also in
nonlocal theory, with which the theory with indef-
inite metric is closely related, it has not been
possible to reconcile the conditions of unitarity
and causalityt.8

Naturally the question of the construction of
a theory with indefinite metric without use of the
idea of the complete-field Lagrangaian is at pres-
ent still an open one.

In conclusion we emphasize once again that this
discussion has all been within the framework of
perturbation theory. Therefore we have not
touched at all on the question of the possibility of
compensation between violations of causality and
unitarity in different orders. This extremely in-



