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The mechanism of resonance scattering of low-energy gamma rays is discussed. It is shown 
that this scattering is of the nature of nuclear resonance fluorescence and that excitation of 
the nucleus can be described by means of one-nucleon transitions. The gamma-ray scatter
ing cross section is calculated on the basis of the shell theory. Excited level widths are es
timated from the Fermi gas model and the results obtained by Signell and Marshak1 in con
nection with the theory of nucleon scattering. The results are in satisfactory agreement 
with the experimental data. 

THE scattering of gamma rays with energies 
Ey < 30 Mev exhibits two maxima., one of which 
is in the giant resonance region and is accounted 
for by the dipolar vibrations which can be excited 
in all nuclear matter. The other maximum* is 
below the particle threshold; Fuller and Hayward3 

have obtained experimental evidence that gamma
ray scattering in this energy region depends essen
tially on nuclear structure. The scattering cross 
section at the giant-resonance maximum increases 
relatively smoothly with the atomic number A, 
whereas the "subthreshold" scattering maximum 
varies sharply depending on the nucleus. The 
variation is especially great in the case of nuclei 
with a closed shell structure. It has also been 
found that scattering in this region exhibits a few 
very sharp resonances. 

It was the purpose of the present work to deter
mine the mechanism of gamma-ray scattering in 
the subthreshold region. It was assumed that scat
tering occurs at separate one-nucleon levels and 
can be described as nuclear resonance fluores
cence. In the dipole approximation the cross sec
tion for gamma-ray scattering on a nucleus is given 
by 

(1) 

Here w is the frequency of the scattered gamma 
ray; M is the nucleon mass; r is the total width 
of the intermediate (excited) level; fnn' is the 
oscillator strength for a transition from state n 
to state n' and is defined (when the gamma ray 
is polarized along the Z axis of the nucleus ) by 

*Bethe2 has given a rough qualitative explanation of this 
resonance based on competition between reactions. 
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fnn' = 2Mn-2 (En•- En) j Znn' j2• 

We shall consider real transitions correspond
ing to resonances. In the given approximation and 
for E < Ethr as a rule one transition corresponds 
to each fixed ground level. Therefore only one term 
in the sum on the right side of (1) is important. 

Schroder's method4 was used to calculate the 
ground and excited nucleon levels. Although the 
calculation took strongly complicating factors into 
account - the Coulomb interaction of protons with
in the nucleus, the spin-orbit interaction, the dif
fuse nuclear boundary - this method permits a 
relatively simple and clear solution of the problem. 
On the other hand, consideration of these factors 
results in a more accurate charge distribution 
within the nucleus and in potentials that are in 
agreement with the phenomenological model of 
Feshbach, Porter, and Weisskopf.5 

In the assumed model the radial part of the 
wave equation for neutrons is given by 

{ d2 2 d l (I + 1) 2M } 
dr' + r-dr --,-.-+~[En, t, i- V] Rn.t. i(r) = 0, 

where 

v = v - 0.38 (___.!!____ ) 2 _!_ ___£ v ~. (2) 
N m"c r dr N fi2 

In (2) VN is the potential for neutrons, while the 
second term represents the spin-orbit interaction. 
The specific character of VN for Pb208 is given 
in reference 4. 

A Coulomb interaction term must, of course, be 
added to the equation in order to determine the pro
ton levels; in this procedure Schroder was followed 
exactly. 

The total potential V ( r) + (n2/2M) z ( z + 1) r-2 
was approximated by the parabola 
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w = -u [1- c~rl)l 
The parameters u, rl> w1 are clearly functions 
of l and j. The eigenfunctions En,l,j are given 
by 

and the solution of the radial part of the wave func
tion is given by 

Rn, 1, i (r) == Nr-1Hn [oc (r- r1)]exp [-oc2 (r- r 1 ) 2 /21. 

where N = (a/ 1r1/2 2~!) 1/2 is the normalization 
factor, a = ,; 2Mu/wfli2 and Hn is a Hermite 
polynomial. 

The matrix elements for dipole transitions 
which are important in the given energy region 
were obtained by numerical integration. 

The excited level width r was determined as 
follows. A nucleon which has been excited through 
the absorption of a gamma quantum may return to 
the ground level immediately by emitting a gamma 
quantum of the same energy. This process is rep
resented by the radiative width ry given by6 

r = 2 L + 1 (2t + 1) (2i + 1)(21' + 1) 
Y L [(2L + 1)!!]2 

x [ C (ll' L; 00) W (itj'l'; --}- L JT nw ~: k2L mi. 

where l, j pertain to the final state, 1', j' pertain 
to the initial state, L is the emission multipole 
order (in our case L = 1 ), C is a Clebsch-Gordan 
coefficient, W is a Racah coefficient, and mL is 
the radial part of the transition matrix element. 

The nucleus can also return to the ground state 
by means of a cascade gamma transition, which 
can be calculated roughly. 7 The width for medium 
and heavy nuclei at Ey ~ 8 - 9 Mev is found to be 
0.2-1.0 ev, which is considerably smaller than 
ry for a direct transition to the ground level and 
can thus be neglected. 

However, it is also possible for the given nu
cleon to be scattered by another nucleon in the 
ground state; the width rsc corresponds to this 
possibility. In order to determine rsc approxi
mately we use the picture of nucleon-nucleon 
scattering in the Fermi gas model; in order of 
magnitude it is found that8 

rscZ vlpcrn {(£1- EF) I EF}2; £1 > EF. 

Here v1 is the velocity of the excited nucleon, 
(]' is the cross section for scattering by another 
nucleon, p is the density of nucleons which can 
efficiently scatter the excited nucleon. The last 
factor in the expression for rsc takes the ex-

elusion principle into account; all states below the 
Fermi energy E F (in our case E F = 32 Mev ) 
are filled, with vacant states above this level. 

The nucleon-nucleon scattering cross section 
(]' was calculated using results obtained on the 
semiphenomenological theory with which Bignell 
and Marshak1 gave a good account of experimental 
findings. In the energy interval of interest here 
( 6 - 9 Mev) the scattered phases in the cross sec
tion were calculated by extrapolating the results 
of this theory. 

The total width of the excited level is thus 
r = ry + rsc· The following results were obtained 
when the foregoing method was applied to reso
nance scattering of gamma rays on Ni58, Cu63 , 

Pb208, Bi2os, sn118 and I127. 

In the case of the Ni58 nucleus the proton tran
sition 1,f7; 2 - 1 g9; 2 is important. A proton in the 
excited state 1 g9; 2 undergoes 1 P 1 scattering* 
on a neutron in the ground state 1 f7; 2. Experi
ments actually measure the integrated cross 
section 

- 1(" 
cr(r.r)= D)cr(r.r)d£y 

averaged over the energy interval (integration is 
performed over the interval of interest, which in 
our case is of the order of 1 Mev). Taking this 
into account, at Ey = 7 Mev we obtain (]' (y, y) = 
2.6 mbn, which is in good agreement with experi
ment. 

Cu63 differs from Ni58 by the addition of one 
proton in the 2 p3; 2 state and four neutrons, of 
which two are in the 2 p3; 2 state and two in the 
1 fs;2 state. An excited 1 g9; 2 proton can also 
be scattered by the latter neutrons, thus increas
ing r. The cross section corresponding to the 
proton transition 1 f7; 2 - 1 g9; 2 is thus reduced, 
becoming 2.5 mbn. The experimental result is 
(]' (y, y) ::::: 1.8 mbn. 

The most efficient transition in Pb208 is 2 f7; 2 
- 2 g9; 2. The excited neutron is scattered by the 
1 h11; 2 proton; the calculation gives (]' ( 'Y, 'Y) = 
16 mbn. 

The calculation for Bi209 is practically the 
same as for Pb208 since only one proton in the 
1 h9; 2 state is added, which is without appreci
able effect. The cross section is the same as 
for Pb208 and the results for Pb208 and Bi209 are 
in good agreement with experiment. The efficient 
transition in Sn118 and I127 is 1 f5; 2 - 1 g7; 2 (~E 

*It should be noted that only P scattering is important. It 
can be shown by a direct calculation that S scattering, al
though possible, makes a negligible contribution since it 
corresponds to a very large value of rsc (tens of kev). 



1024 B. N. KAL1NK1N 

"' 7 Mev). The width of the excited state is given 
by ry"' 325 ev (rsc"' 1 ev). cr(y, y) for Sn118 

is 12.5 mbn, which corresponds to the measured 
value. In 1127 there is practically no change in 
the basic features of the 1 f5; 2 __... 1 g7; 2 transition. 
However, three protons are in the 1 g7; 2 state; 
there are fewer possibilities for a transition and 
the probability is diminished. The calculation of 
a(y, y) gives 4.8 mbn, which can be compared 
with the experimental a (y, y) < 3 mbn. Thus, 
just as for the Cu63 nucleus, the calculation in
dicates that the cross section tends to decrease, 
although not so sharply as occurs experimentally. 

The crude model that we are using must be 
regarded as only a first approximation, although 
it enables us to derive all of the basic features of 
gamma-ray scattering on nuclei in the subthresh
old region. Relatively good agreement with ex
periment is obtained for both the cross section 
and its variation as we pass from a nucleus with 
closed shells to another which possesses extra 
nucleons. 

Our theory has assumed a spherically symmet
rical nucleus, although many nuclei are actually 
deformed. In most cases this deformation is 
small and its effect on gamma-ray scattering can 
be calculated by the method of Moszkowski, 9 who 
showed that for small deformations an energy 
level can be described by 

E = E<o> + E< 1>d + E<2>d2 +· .. 
where d = % E, and E is the ratio of the differ
ence between the semiaxes of the ellipsoid de
scribing the nucleus to the radius of the equivalent 
sphere; E~/jm is defined by 

(1) (o) j (j + 1) --3m2 

E nljm = - 2Entjm '2j (:!.j + 2) f · 

Here E~0/jm is the energy in the ease of spherical 
symmetry and f is a coefficient which in our case 
of an oscillator type of potential equals one-half. 

Confining ourselves to first order terms in the 
expansion of E with respect to powers of the de
formation d and considering as a specific exam-

ple the proton transition 1 f5; 2 __... 1 g7; 2 in 1127 

(assuming for simplicity that t..m = 0), we obtain 
d = 0.02 (the quadrupole moment of 1127 is 46 x 
10-26 cm2 and R = 1.2A1/3 x 10-13 em). Instead 
of a single resonance at Ey = 7 Mev we obtain 
three less strong resonances (since the levels 
are now only doubly degenerate); one of these is 
33.6 kev above, while the other two are 3.8 kev 
and 92.6 kev below, the previous resonance. The 
splitting is much larger than the resonance widths 
("' 300 ev). 

On the basis of the foregoing we note that the 
maximum of the subthreshold resonance need not 
necessarily coincide with the threshold of the 
(y, n) and (y, p) reactions but may be slightly 
shifted toward lower energies. This effect de
pends to a considerable degree on the specific 
distribution of the levels between which radiative 
transitions occur. 

In conclusion the author wishes to thank B. T. 
Gellikman for his interest and valuable suggestions. 
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