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A nonrelativistic solution of the Bethe-Salpeter equation has been obtained which includes 
terms of the order of the relative velocity of the particles. 

THE Bethe-Salpeter equation for two identical 
Dirac particles with mass m and charge e has 
the following form in momentum space: 

(+ Ka+ pa-m)(+ J(b _ pb- m)<ji(p) 

= ~ \ ~~~~ '''( - k)d4k (1) 
47tS J k 2 'j' p ' 

where K is the total, and p the relative, momen
tum of the system. We always set n, = c = 1, and 
the scalar product of any two vectors q and T is 
taken as qT = qvTv = q0T0 -q1T1 --q2T2 -q3T3. The 
index a refers to the Dirac matrices belonging 
to the first particle, and the index b, to those 
belonging to the second particle. We have Yo = {3, 

Yt,2,3 = f3at,2,3 and q = qvYv· Finally, 

(qa<jl)p,p, = (qa)P p' <jlp'p, (q, b,l,) _ ('qb'r ,,r, , _,,, , (q'br) , 
'j' plp2 - I p p 'j' p p - 'j' p p p p • 
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We multiply both sides of (1) by the operator 

(1 'a 'a ·)(1 'b 'b ) z-K +P+m 2 K--p+m, 

and obtain in the coordinate system in which the 
two-partiole system as a whole is at rest ( K = 0, 
K0 = 2m - E, where E is the binding energy) 

[(m- ; +Po)"- (p2 + m2)] 
X [(m- ; -Po)"- (p2 + m2)]~1(p) 

= ::: [(1 + ~a)m-; +Po+ (aap)J 

x[(l+~b)m-; -p0 -(abp)] 

X ~ 1- (aaab) ,,, ( - k) d4k. 
J k2- k2 'r p 

0 

(2) 

In the nonrelativistic case, E/m « 1, and the 
wave function lj! (p) differs from zero appreciably 
in the region of small momenta, I p/m I = v « 1; 
where v is the relative velocity of the particles, 
and of small Po (the magnitude of Po is of the 
same order as E ) . In the following we shall be 
interested in the solution of equation (2) with an 

accuracy up to and including terms of order v. 
On the right hand side of (2) we can therefore 
neglect the terms k~ and ( aaab ) under the in
tegral, as this neglection is equivalent to replacing 
the retarded interaction by the instantaneous Cou
lomb interaction, 1 which is an effect of higher order 
[the retardation effect gives rise to terms which 
are smaller than the Coulomb potential by the fac
tor v2 (reference 2)]. Discarding all terms of 
higher order of smallness, we rewrite Eq. (2) in 
the form 

( E p2) ( E p2) Po -2-2m Po + 2 + 2m <f (p, Po) 

= ie" [.!_(1 + Ra) + (aap)J I.;. (1 +~b)- (llbp)1 
2"" 2 t' 2m I_ 2 2m 

X ~ k~ <ji (p - k, t = 0) d3k 

where lj! ( p ) = lj! ( p, Po ) . We also used the relation 

~ <ji (p, Po) dpo = 2rr<jl (p, t = 0). 

Multiplying both sides of Eq. (3) by the expression 

exp(-ip0 t) 

2rr (Po-E I 2 -- P2 I 2m)(po + E I 2 + p2 I 2m) (4) 

and integrating over Po under the assumption that 
m in (1) has an infinitesimal negative imaginary 
part (this gives rise to the infinitesimal terms 
+ io and - iO, where o > 0, in the first and sec
ond parentheses of the denominator of (4), respec
tively), we obtain, for t > 0, 

'''( f)=~ exp{-i(E/2+p2 (2m)t} [_!_( 1 +Ba)+ (aap)] 
'r p, 2n2 E + p2 1 m 2 1 2m 

X [ + (1 +~b)- (~~)] ~ : 2 <ji (P- k, t = 0) d3k. (5) 

For the following it is convenient to introduce 
the notation 

~ (p) = (<jJ6 (p) <jJM'(p))' (6) 
<jJM'(p) <)1-"'(p) 

where 1/!(T(p), zrt(p), lj!"'2(p), and lj!M3(p) are 
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two-rowed functions. Furthermore we set 

~(p, t = 0) = r.p(p). (7) 

Using (5), (6), and (7), we find the following equa
tions for the determination of the components of the 
wave function (7): 

( E + ~) r.p6 (p) = :t:2 ~ : 2 [r.p6 (p- k) + (~~) r.p-"' (p- k) - (~:p) r.p"'• (p- k) - (aa:~~abp) r.p"'• (p- k)] d3k, (8) 

( E + ~) cp""' (p) = ;:. ~ :. [ (~:;) cp6 (p- k) - (aap1~~bp) cp"'• (p- k)] d3k, (9) 

( E + ~) cp"• (p) =- 2: 2 ~ :. ·l (~~) cp6 (p- k) + (aa~~~bp) cp"'• (p- k)]d3k, (10) 

( E + ~ J cp-"• (p) = - 2e:. ~ : 2 (aa~~~bp) cp6 (p- k) d3k. (11) 

It is seen from equations (8) to (11) that cpM·1 (p) 
and cp M 2 (p) are of the order of the relative ve
locity v, and the function cp M 3 ( p ) is of the order 
v2• In contrast to this, the function cpa (p) con
tains "large components" which do not reduce to 
zero for v = I p/m I- 0. Since we are interested 
in the wave function (7) with an accuracy up to and 
including terms of order v, we shall discard the 
terms containing cpM 1 and cp"' 2 on the right hand 
sides of Eqs. (8), (9), and (10), and set the function 
cp ... 3 equal to zero, as it is of order v2• Further
more, we replace the integral over the variable k 
Eqs. (9) and (10) by (E +p2/m)cpa(p), using 
Eq. (8). As a result we find that the large com
ponents of the wave function (7) satisfy the SchrOd
inger equation, which in x space has the usual 
form* 

( _1 V2 + ~) r.p" (x) = £cp6 (x) 
m \xi ' 

The small components are given by 

cpM• (x) = (2aaV:) cp6 (x), cpM• (x) = - (2abV:l cp6 (x), 
m1 ~ 

cpM• (x) = 0. 

(12) 

(13) 

In the mixed representation If! (p, t ), obtained 
from If! (X, t) by a Fourier transformation with 
respect to the spatial coordinates x only, the 
wave function corresponding to the Bethe-Salpeter 
equation (1) has, according to (5), the following 
form for t > 0 (with an accuracy up to and in
cluding terms of order v ) : 

_(abp) 6 J 
2m 'P (p) { . ( E p•) } 

exp -t ;r-+ Zm t 

0 / (14) 

For t < 0 the exponent in (14) takes the opposite 
sign. It must be emphasized that the two-rowed 
(four-component) function cpa (p) in (14) satis
fies the Schrodinger equation and is also an eigen
function of the operators of the total angular mo
mentum of the system and its projection. This 
means that the function cpa ( p) satisfies, in the 

*Equation (12) was obtained by Bethe and Salpeter1 as the 
nonrelativistic limit of Eq. (1). 

spinor indices, the corresponding operator equa
tions of nonrelativistic quantum mechanics. Ex
pression (14) is also valid for the mesonic inter
action of the nucleons; however, in this case the 
Coulomb potential in the Schrodinger equation (12) 
must be replaced by the Yukawa potential or its 
generalization. 

With the wave function (14) we can calculate 
the annihilation probability for bound particles 
(positronium) in the P state. 3•4 With the help 
of formula (14) it is possible to take account of 
the Coulomb interaction between the electron and 
the positron in the pair production by photons, 
such that the expression for the differential cross 
section contains all terms of the order of the rel
ative velocity between the pair of particles. If 
Eq. (1) is to be solved with an accuracy up to and 
including terms of order v2, the expression for 
the interaction energy between the electron and 
the positron will differ from the known result5 

by the absence of the exchange interaction, since 
Eq. (1) does not include exchange forces. To ob
tain the correct result, Eq. (1) has to be replaced 
by an equation of the Bethe-Salpeter type which 
contains, together with the ordinary interaction, 
a specific exchange interaction between the elec
tron and the positron arising from their virtual 
annihilation. 6 
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