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We have investigated a number of properties of weak ferromagnetics at low temperatures
using Dzyaloshinskil’s theory which considers weak ferromagnetism to be the consequence
of the magnetic symmetry of antiferromagnetic crystals of a well defined magnetic struc-
ture. We consider the case of “transverse” and of “longitudinal” weak ferromagnetism
(in the first case the spontaneous magnetic moment is perpendicular, and in the second
case parallel to the antiferromagnetic axis). We have evaluated the spin wave energy,
the temperature dependence of the magnetization and its field dependence, and the spin

part of the heat capacity.

].. To explain the nature of the weak ferromagnet-
ism observed in MnCO; and CoCOj;, Borovik-
Romanov and Orlova! suggested a model of ferro-
magnetism in which the directions of the magnet-
izations of the sublattices were not strictly anti-
parallel, but were rotated over a small angle with
respect to one another. Dzyaloshinski‘l2 gave a
group-theoretical justification of the possibility
of such a magnetic state. He showed that weak
ferromagnetism of compounds of the type a-Fe,O3
and MnCOj; is a natural property of these magnetic
substances in those states where the spins of the
magnetic ions lie in the (111) planes and that the
resulting spontaneous magnetic moment in that
case is perpendicular to the antiferromagnetic
axis (“transverse” weak ferromagnetism ).

In the quoted paper by Borovik-Romanov and
Orlova another possibility for weak ferromagnet-
ism was also pointed out, which is produced by
an incomplete compensation of the strictly anti-
parallel directed magnetic moments of the sub-
lattices, due to a difference in their g -factors.
This can, for instance, occur because the sub-
lattices consist of magnetic ions (atoms) of
different elements (in such a way that N;S; =
NyS,, but gy = gy, where Nj, S, g and Ny,

Sy, g, are the number of ions, their spins and

g -factors of the first and the second sublattice,
respectively). Moreover, even for identical ions
the g -factors may turn out to be different, if
they occupy non-equivalent positions in the lattice
so that the sites of the different sublattices have
different environments. In that case, the re-
sulting spontaneous magnetic moment of the
crystal is parallel to the antiferromagnetic axis

(“longitudinal” weak ferromagnetism).

Using Landau’s theory of phase transitions
and the most general expression for the magnetic
energy which was allowed by the crystal symmetry,
Dzyaloshinskil investigated the behavior of weak
ferromagnetics near the Curie point in its depend-
ence on temperature and magnetic field. It is of
interest to perform a similar analysis in the low
temperature region where one can apply the spin
wave approximation. In the present paper a first
attempt in this direction is made.

2. We shall evaluate the energy of spin waves
for rhombohedral crystals of the a-Fe,O3 and
MnCOj type which are “transverse” weak ferro-
magnetics.

We shall describe the magnetic properties of
the crystal with the aid of two magnetic moment
densities M; (r) and M, (r) of the two magnetic
sublattices respectively, and we shall assume that

M3 (r) = M2(r) = M} = const [3].

One can then write the energy density depending
on the distribution of the magnetic moments in
space up to terms of the second order in the di-
rection cosines of M; and M, in the following
form, following Dzyaloshinskil? (see also refer-
ence 3):

F = (AIM5) M1uM;q + (B[2M5) (M3 + M)
+ (B M5) MyzMaz + (DI MS) (MyxMyy — MaxMyy)
+ (Cy/ME) VMV My, — (M, + My) H
+ (C/2M) (VM. VM, + VM3,V Mss) 1)

(a =Xx,y, z; one sums over repeated indexes ).
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The first term here is the exchange energy be-
tween the sublattices, and the second and third
terms are the usual magnetic anisotropy energy
of a uniaxial crystal (trigonal axis along the z
axis). The fourth term gives the magnetic energy
typical for crystals of the symmetry considered
here which is responsible for the weak ferromag-
netism and which was taken into account for the
first time by Dzyaloshinskil using a correct anal-
ysis of the symmetry properties of magnetic
crystals. The fifth and sixth terms take into ac-
count the change in the exchange energy produced
by inhomogeneities of the magnetization where we
have for the sake of simplicity only retained the
isotropic part of this energy, while the last term
is, finally, the energy of the magnetic substance
in the external field H. A, B, By, D, C, and C;
are quantities of the dimensions of an energy

which enter as some phenomenological parameters.

The minimization of expression (1) shows that
if A>0, B-B; >0, and D >0 and with the
field H in the basic XY plane the ground state
of the system corresponds to those uniform dis-
tributions My and My, of the magnetic moments
for which they are situated in the same plane, al-
most antiparallel to one another, each deviating
from the antiferromagnetic axis by a small angle 6
such that

sin = (D + M, H)/24 )

(sin 6 is determined by the ratio of the magnetic
energy to the exchange energy and 6 is thus, in-
deed, a very small angle). In view of the fact that
the initial Hamiltonian (1) does not take the mag-
netic anisotropy in the basic plane into account,
the position of the antiferromagnetic axis is fixed
by the external field H which is perpendicular to
that axis and parallel to the resulting magnetic
moment. The magnitude of the latter is, accord-
ing to (2) at T = 0°K equal to

M (0, H) = 2M, (Hp + H)/HE, @)

where Hg = 2A/M, is the effective field of the
exchange forces (of the order of 10%—10" Oe),
and Hp =D/M, some internal magnetic effective
field (of the order of 10%—10% Oe) caused by the
presence of the spontaneous magnetic moment at
H =0 which may be called the Dzyaloshinskil
field. The spontaneous magnetization Mg (0) =
2M¢H,/Hg is 0.01 —1% of the nominal one
(2My).

Considering, further, weak oscillations AMJ- =
Mj-Myj (i=1,2) of the magnetic densities
around their values corresponding to the ground
state, one can by the usual means®* obtain the
energy of two kinds of spin waves
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ER = (u* (Hp + H) H -+ Ik ©®)
EY) = {u* [H; ++ Hp (Hp + H)] + I*k*)", (4)

where k is the spin wave vector, u = geh/2me,
2 =2A(C-Cy)u¥/M3, and Hy= V2A (B-B;) /M,
is a third characteristic field the magnitude of
which (of the order of 10*—10° Oe) is the geo-
metric mean of the exchange forces field and the
magnetic anisotropy field.

3. Using Eqgs. (3) and (4) for the energy of the
spin waves one can easily evaluate the tempera-
ture dependence of the magnetization. A standard
calculation® gives

M(T, H)=M(T)+x(T)H, (5)

for the temperature range pH; < kT < k®g (®g:
Curie temperature, k: Boltzmann’s constant),
where the spontaneous magnetization is*

M;(T) = 2MoHy/HE) (1 — aT?),

o = p2H %224 M, I3, (6)
and the susceptibility
% (T) = 2Mo/HEg) (1 — aT?). M

Borovik-Romanov and Orlova! obtained for
MnCO;3 and CoCOjz a two-term equation similar
to (5) for the temperature and field dependence of
the magnetization. As far as the specific form of
the dependence of Mg and x on the temperature
is concerned one can for the moment only note the
agreement of the theory with experiments as far
as an increase of both quantities with a decrease
of temperature is concerned and a tendency to
saturation. For a more detailed verification of
the theory it is necessary to extend the measure-
ments to the region of very low temperatures
(provided, of course, that there is in these sub-
stances no low-temperature transformation from
the state of weak ferromagnetism to a truly anti-
ferromagnetic state, such as, for instance, occurs
in the case of hematite).

4. We shll begin the consideration of the “lon-
gitudinal” weak ferromagnetism with a discussion
of the general case of a ferromagnetic with two
magnetic sublattices, the magnetizations of which
are antiparallel to one another in the ground state
while Mg; # My,. The Hamiltonian of such a sys-
tem is of the form [compare with Eq. (1)]

H = (Are] Moy Mos) Myo Myo -+ (Crof My Mo2) V7 M1a NV Moa
+ (Cua/2M3) V My 7 My,

+ (Co2/2Mp) V Maa 7 Moa — (M + M)H.  (8)

*If H, is so large that yH, > »T > pH, pyHp, one must
replace the coefficient o by a/2 in Eq. (6).
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if the anisotropy forces are not taken into ac-
count. The resulting magnetization in the ground
state is equal to Mo] —M02 (if A12 >0 and Mo] >
My, ) and directed along the field H. The spectrum
of the eigenoscillations is given by the expression

EfP =V +el/A—BtE—e)2, )
where
&1 = (/Ma) (Ase + Crik?) 4+ H,
€ = (P-z/Moz) (A + Caok®) — uoH,

B = (tapra/ Mot Moz)”2 (Ase + C12k?).

One sees easily that the necessary and suffi-
cient condition that the spin wave energy have the
linear dispersion law (Ex ~ k if H=0) charac-
teristic for antiferromagnetics is the equation

Moyfipg = Mog/is,.

This equation allows a spontaneous magnetization
to be present:

(10)

Ms(o) = M01 “‘"Moz = 8/VIo,
where
0 = Ap/p, Ap = (b —®a)/2, = (b1 + (1)/2

and M, = (Mg + My)/2.

We are here thus dealing with spin antiferromag-
netism since, according to (10), N;S; = N,S,, and
with weak “longitudinal” ferromagnetism produced
by a difference in g -factors of the magnetic ions
of the different sublattices. The quantity 6 which
determines the possible value of the spontaneous
magnetization of such hypothetical weak ferromag-
netics can, generally speaking, vary within wide
limits compared to the usual ferromagnetics; if
we use the observed differences in g -factors for
magnetic ions (atoms) of different elements or
of one element, but in different compounds, we
have 6~ 1073 —1071,

If for the sake of simplicity we restrict our-
selves to the case Cy; = Cyy we can write the
energy of the spin waves (9) of a “longitudinal”
weak ferromagnetic, taking (12) into account, in
the form

EY® — (u2 BHgH + 8H?) -+ I*k*)'s - pH. (11)

We note that the states considered by us, in which
the antiferromagnetic axis is parallel to H, are
stable only in the range H < 6Hg for the field. This
range of stability is changed if we take the magnetic
anisotropy energy into account in (8).*

*We shall not write down here the unwieldy equations for
the spin wave energy taking magnetic anisotropy into account,
since the latter does not change the conclusions which in-
terest us in the following.
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The evaluation of the temperature dependence
of the magnetization (for T >» uV 6HgH ) gives
again an expression of the form (5) where now,
however,

(12)
13)

Mg (T) = 3My [1 — p*He («T)*/12M,1%];
x (T) = p2 («T)%/31.

It is characteristic that that part of the magneti-
zation which depends on the temperature AM (T, H)
= —u?(kT)? (6HE —4H)/121® must change its sign
at H = 6Hg/4.

5. On the basis of the calculations reported
one can reach the following conclusions:

a) Both for “transverse” and for “longitudinal”
weak ferromagnetics the spontaneous magnetic
moment changes with temperature not according
toa TY2 law, characteristic for ordinary ferro-
magnetics* but to a T? law.

b) The magnetic susceptibility x (T) in a field
H directed along the spontaneous magnetic moment
is for “transverse” weak ferromagnetics the same
as the usual perpendicular susceptibility of an
antiferromagnetic and for “longitudinal” weak fer-
romagnetics as the usual parallel susceptibility of
an antiferromagnetic [compare Egs. (7) and (13)
for x (T) with the corresponding formulae for
x; and x; in the author’s reference 6]. This
fact can be one of the indications by which one can
easily distinguish “transverse” weak ferromag-
netism from “longitudinal.”

c) Since for all weak ferromagnetics the spin
wave energy obeys a linear dispersion law, namely,
Ekx =1k (for kT > AE(; where AE, is the energy
gap for the excitation of spin waves), their spin
heat capacity Cg is proportional to T3, asin
antiferromagnetics. The corresponding expres-
sions for Cg were, for instance, given in the
papers by Kaganov and Tsukernik? and by the
present author.$

To check the results of the present paper, it
is necessary to have additional experimental data
on the magnetization, heat capacity and magnetic
resonance in known weak ferromagnetics, prefer-
ably on single crystal samples and at tempera-
tures, low compared to the Curie temperature.

In conclusion I express my deep gratitude to
S. V. Vonsovskil for valuable advice and helpful
discussions. -

1A. S. Borovik-Romanov and M. P. Orlova,

*Vonsovskii and Seidov® obtained a T? law for ferromag-
netic ferrites, thenks to the fact that the problem of two mag-
netic sublattices with N,S, = N,S, and g, =g, was in fact
replaced by them by the problem with NS, = N,S, and g, = g,,
which is not equivalent to it.



ON THE THEORY OF WEAK FERROMAGNETISM 893

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 579 (1956),
Soviet Phys. JETP 4, 531 (1957).

21. E. Dzyaloshinskif, J. Exptl. Theoret. Phys.
(U.S.S.R.) 32, 1547 (1957), Soviet Phys. JETP 5,
1259 (1957); J. Exptl. Theoret. Phys. (U.S.S.R.)

33, 1454 (1957), Soviet Phys. JETP 6, 1120 (1958).

3E. A. Turov and Yu. P. Irkhin, Izv. Akad.
Nauk SSSR, Ser. Fiz. 22, 1168 (1958).

4 M. I. Kaganov and V. M. Tsukernik, J. Exptl.
Theoret. Phys. (U.S.S.R.) 34, 106 (1958), Soviet
Phys. JETP 7, 73 (1958).

5S. V. Vonsovskif and Yu. M. Seidov, Izv. Akad.
Nauk SSSR, Ser. Fiz. 18, 319 (1954) (Columbia
Tech. Transl. p. 14).

8E. A. Turov, J. Exptl. Theoret. Phys. (U.S.S.R.)
34, 1009 (1958), Soviet Phys. JETP 7, 696 (1958).

Translated by D. ter Haar
235



