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We have investigated a number of properties of weak ferromagnetics at low temperatures 
using Dzyaloshinskil's theory which considers weak ferromagnetism to be the consequence 
of the magnetic symmetry of antiferromagnetic crystals of a well defined magnetic struc­
ture. We consider the case of "transverse" and of "longitudinal" weak ferromagnetism 
(in the first case the spontaneous magnetic moment is perpendicular, and in the second 
case parallel to the antiferromagnetic axis). We have evaluated the spin wave energy, 
the temperature dependence of the magnetization and its field dependence, and the spin 
part of the heat capacity. 

l. To explain the nature of the weak ferromagnet­
ism observed in MnC03 and CoC03, Borovik­
Romanov and Orlova1 suggested a model of ferro­
magnetism in which the directions of the magnet­
izations of the sublattices were not strictly anti­
parallel, but were rotated over a small angle with 
respect to one another. Dzyaloshinskil 2 gave a 
group-theoretical justification of the possibility 
of such a magnetic state. He showed that weak 
ferromagnetism of compounds of the type a-Fe20 3 
and MnC03 is a natural property of these magnetic 
substances in those states where the spins of the 
magnetic ions lie in the ( 111 ) planes and that the 
resulting spontaneous magnetic moment in that 
case is perpendicular to the antiferromagnetic 
axis ("transverse" weak ferromagnetism). 

fu the quoted paper by Borovik-Romanov and 
Orlova another possibility for weak ferromagnet­
ism was also pointed out, which is produced by 
an incomplete compensation of the strictly anti­
parallel directed magnetic moments of the sub­
lattices, due to a difference in their g -factors. 
This can, for instance, occur because the sub­
lattices consist of magnetic ions (atoms ) of 
different elements (in such a way that N1S1 = 
N2S2, but g1 ¢ g2, where N1, S1o g1 and N2, 

S2, g2 are the number of ions, their spins and 
g -factors of the first and the second sublattice, 
respectively). Moreover, even for identical ions 
the g -factors may turn out to be different, if 
they occupy non -equivalent positions in the lattice 
so that the sites of the different sublattices have 
different environments. fu that case, the re­
sulting spontaneous magnetic moment of the 
crystal is parallel to the antiferromagnetic axis 

("longitudinal" weak ferromagnetism ) . 
Using Landau's theory of phase transitions 

and the most general expression for the magnetic 
energy which was allowed by the crystal symmetry, 
Dzyaloshinskil investigated the behavior of weak 
ferromagnetics near the Curie point in its depend­
ence on temperature and magnetic field. It is of 
interest to perform a similar analysis in the low 
temperature region where one can apply the spin 
wave approximation. fu the present paper a first 
attempt in this direction is made. 

2. We shall evaluate the energy of spin waves 
for rhombohedral crystals of the a-Fe20 3 and 
MnC03 type which are "transverse" weak ferro­
magnetics. 

We shall describe the magnetic properties of 
the crystal with the aid of two magnetic moment 
densities M1 ( r) and M2 ( r) of the two magnetic 
sublattices respectively, and we shall assume that 

M~ (r) = M;(r) = M~ =canst [3). 

One can then write the energy density depending 
on the distribution of the magnetic moments in 
space up to terms of the second order in the di­
rection cosines of M1 and M2 in the following 
form, following Dzyaloshinskir 2 (see also refer­
ence 3): 

890 

9't = (A/M~) M1aM2a + (BJ2M~) (Mt + M~z) 

+ (BtfM~) MtzM2z + (D/ M~) (M1xM2u- M2xM1y} 

+ (Ct/M~) V' MtaV M2"- (Mt + M2) H 

+ (CJ2M~) (V' Mta V' Mtc: + V' Max V' M2,.) (1) 

(a = x, y, z; one sums over repeated indexes ) . 
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The first term here is the exchange energy be­
tween the sub lattices, and the second and third 
terms are the usual magnetic anisotropy energy 
of a uniaxial crystal (trigonal axis along the z 
axis ) . The fourth term gives the magnetic energy 
typical for crystals of the symmetry considered 
here which is responsible for the weak ferromag­
netism and which was taken into account for the 
first time by Dzyaloshinskir using a correct anal­
ysis of the symmetry properties of magnetic 
crystals. The fifth and sixth terms take into ac­
count the change in the exchange energy produced 
by inhomogeneities of the magnetization where we 
have for the sake of simplicity only retained the 
isotropic part of this energy, while the last term 
is, finally, the energy of the magnetic substance 
in the external field H. A, B, Bto D, C, and C1 
are quantities of the dimensions of an energy 
which enter as some phenomenological parameters. 

The minimization of expression (1) shows that 
if A> 0, B -B1 > 0, and D > 0 and with the 
field H in the basic XY plane the ground state 
of the system corresponds to those uniform dis­
tributions M01 and M02 of the magnetic moments 
for which they are situated in the same plane, al­
most antiparallel to one another, each deviating 
from the antiferromagnetic axis by a small angle 0 
such that 

sin 6 = (D + M0H)/2A (2) 

(sin (} is determined by the ratio of the magnetic 
energy to the exchange energy and 0 is thus, in­
deed, a very small angle). In view of the fact that 
the initial Hamiltonian (1) does not take the mag­
netic anisotropy in the basic plane into account, 
the position of the antiferromagnetic axis is fixed 
by the external field H which is perpendicular to 
that axis and parallel to the resulting magnetic 
moment. The magnitude of the latter is, accord­
ing to (2) at T = oo K equal to 

M (0, H)= 2M0 (Ho +H)/HE, (2') 

where HE= 2A/M0 is the effective field of the 
exchange forces (of the order of 106 -107 Oe), 
and Hn = D/M0 some internal magnetic effective 
field (of the order of 103 -104 Oe) caused by the 
presence of the spontaneous magnetic moment at 
H = 0 which may be called the Dzyaloshinski't 
field. The spontaneous magnetization Ms ( 0 ) = 
2M0H0/HE is 0.01-1% of the nominal one 
( 2M0 ). 

Considering, further, weak oscillations b.Mj = 
Mj- Moj (j = 1, 2) of the magnetic densities 
around their values corresponding to the ground 
state, one can by the usual means3•4 obtain the 
energy of two kinds of spin waves 

£~1> = {p.2 (H0 +H) H + /2k2}'1•; (3) 

E~> = {p.2 [H~ + H 0 (H0 +H)]+ J2k2}'1•, (4) 

where k is the spin wave vector, p, = geti/2mc, 
I2 = 2A (C -Cdp,2/M~, and H0 = .J 2A (B -B!) /M0 
is a third characteristic field the magnitude of 
which (of the order of 104 -105 Oe) is the geo­
metric mean of the exchange forces field and the 
magnetic anisotropy field. 

3. Using Eqs. (3) and (4) for the energy of the 
spin waves one can easily evaluate the tempera­
ture dependence of the magnetization. A standard 
calculation3 gives 

M (T, H)= Ms(T) + x.(T)H. (5) 

for the temperature range p,H0 « KT « K®c (®c: 
Curie temperature, K: Boltzmann's constant), 
where the spontaneous magnetization is* 

Ms (T) = (2MoH0 /HE) (1 -1XT2), 

IX= p.2HEx2/24M0f3, 

and the susceptibility 

x_(T) = (2M0/HE)(l-<XP). 

(6) 

(7) 

Borovik-Romanov and Orlova1 obtained for 
MnC03 and CoC03 a two-term equation similar 
to (5) for the temperature and field dependence of 
the magnetization. As far as the specific form of 
the dependence of Ms and x on the temperature 
is concerned one can for the moment only note the 
agreement of the theory with experiments as far 
as an increase of both quantities with a decrease 
of temperature is concerned and a tendency to 
saturation. For a more detailed verification of 
the theory it is necessary to extend the measure­
ments to the region of very low temperatures 
(provided, of course, that there is in these sub­
stances no low-temperature transformation from 
the state of weak ferromagnetism to a truly anti­
ferromagnetic state, such as, for instance, occurs 
in the case of hematite). 

4. We shU begin the consideration of the "lon­
gitudinal" weak ferromagnetism with a discussion 
of the general case of a ferromagnetic with two 
magnetic sublattices, the magnetizations of which 
are antiparallel to one another in the ground state 
while M01 "'M02 . The Hamiltonian of such a sys­
tem is of the form [compare with Eq. (1)] 

JC = (A12/Mo1Mo2) M1~M2~ + (C12/Mo1Mo2) V M1a V M2~ 

+ (Cu/2M~l) V M1~ V M1~ 

*If H0 is so large that ¢!0 » >GT » ¢!. ¢Io• one must 
replace the coefficient ex by cx/2 in Eq. (6). 
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if the anisotropy forces are not taken into ac­
count. The resulting magnetization in the ground 
state is equal to M01 - M02 (if A12 > 0 and M01 > 
M02 ) and directed along the field H. The spectrum 
of the eigenoscillations is given by the expression 

Ek1'2) = V(e:l + e:2)2/4- ~2 + (e:l- 82)/2, (9) 

where 
81 = (f.Lt/Mol) (A12 + Cuk2) + f.L1H, 

E2 = (fJ-2/ Mo2) (Al2 + c22k2)- f.L2H' 

~ = (f.L1f.L2/ M01Mo2)'1• (A12 + C12k2). 

One sees easily that the necessary and suffi­
cient condition that the spin wave energy have the 
linear dispersion law ( Ek,.... k if H = 0) charac­
teristic for antiferromagnetics is the equation 

(10) 

This equation allows a spontaneous magnetization 
to be present: 

where 
o = ~f-L/f-L, ~p. = (f.Ll -IJ.2)/2, fL = (f.Ll + IJ.2)/2 

and M0 = (M01 + Mo2);2. 

We are here thus dealing with spin antiferromag­
netism since, according to (10), N1S1 = N2S2, and 
with weak "longitudinal" ferromagnetism produced 
by a difference in g -factors of the magnetic ions 
of the different sublattices. The quantity o which 
determines the possible value of the spontaneous 
magnetization of such hypothetical weak ferromag­
netics can, generally speaking, vary within wide 
limits compared to the usual ferromagnetics; if 
we use the observed differences in g -factors for 
magnetic ions (atoms ) of different elements or 
of one element, but in different compounds, we 
have o "' 10-3 -10-1. 

If for the sake of simplicity we restrict our­
selves to the case C11 = C22 we can write the 
energy of the spin waves (9) of a "longitudinal" 
weak ferromagnetic, taking (12) into account, in 
the form 

Ek1,2) = {f-L2(oHEH + o2H2) +J2k2}'f•+[-LH. (11) 

We note that the states considered by us, in which 
the antiferromagnetic axis is parallel to H, are 
stable only in the range H ~ oHE for the field. This 
range of stability is changed if we take the magnetic 
anisotropy energy into account in (8). * 

*We shall not write down here the unwieldy equations for 
the spin wave energy taking magnetic anisotropy into account, 
since the latter does not change the conclusions which in­
terest us in the following. 

The evaluation of the temperature dependence 
of the magnetization (for KT » 11.../ oH EH ) gives 
again an expression of the form (5) where now, 
however, 

M 8 (T) = oM0 [1- [-L2HE (xT)2/12M0f3]; (12) 

x(T)=fL2 (xT)2/3f3. (13) 

It is characteristic that that part of the magneti­
zation which depends on the temperature AM ( T, H) 
= -112 ( KT )2 ( oH E- 4H )/1213 must change its sign 
at H = oHE/4. 

5. On the basis of the calculations reported 
one can reach the following conclusions: 

a) Both for "transverse" and for "longitudinal" 
weak ferromagnetics the spontaneous magnetic 
moment changes with temperature not according 
to a T312 law, characteristic for ordinary ferro­
magnetics* but to a T2 law. 

b) The magnetic susceptibility x ( T) in a field 
H directed along the spontaneous magnetic moment 
is for "transverse" weak ferromagnetics the same 
as the usual perpendicular susceptibility of an 
antiferromagnetic and for "longitudinal" weak fer­
romagnetics as the usual parallel susceptibility of 
an antiferromagnetic [compare Eqs. (7) and (13) 
for x ( T) with the corresponding formulae for 
Xl and x11 in the author's reference 6]. This 
fact can be one of the indications by which one can 
easily distinguish "transverse" weak ferromag­
netism from "longitudinal." 

c) Since for all weak ferromagnetics the spin 
wave energy obeys a linear dispersion law, namely, 
Ek = Ik (for KT »~Eo where ~Eo is the energy 
gap for the excitation of spin waves ) , their spin 
heat capacity Cs is proportional to T3, as in 
antiferromagnetics. The corresponding expres­
sions for Cs were, for instance, given in the 
papers by Kaganov and Tsukernik4 and by the 
present author. 6 

To check the results of the present paper, it 
is necessary to have additional experimental data 
on the magnetization, heat capacity and magnetic 
resonance in known weak ferro magnetics, prefer­
ably on single crystal samples and at tempera­
tures, low compared to the Curie temperature. 

In conclusion I express my deep gratitude to 
S. V. Vonsovskii for valuable advice and helpful 
discussions. 

1 A. S. Borovik-Romanov and M. P. Orlova, 

*Vonsovskii and Seidov5 obtained a T2 law for ferromag­
netic ferrites, thenks to the fact that the problem of two mag­
netic sublattices with N,S, -=¥= N2S2 and g, =g. was in fact 
replaced by them by the problem with N,S, = N2S2 and g1 '=1= g., 
which is not equivalent to it. 
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