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The effect of an oriented electron shell on the angular correlation of nuclear radiations is
investigated. The angular distribution due to this effect is obtained.

I F the lifetime of the intermediate nuclear level
is not small as compared to the precession period
of the nuclear moment in the field of the electron
shell, the interaction with the electron shell leads
to a redistribution of the m -sublevels of the nu-
cleus; then a ”"perturbed” correlation of the nuclear
radiations is observed.!

Alder? obtained a formula which takes account
of this effect for the case of an electron shell which
remains in a stationary state during the nuclear
transitions. Later Coester?® investigated the devi-
ations from the Alder formula for the case when
the stationary condition is not satisfied.

Owing to the large magnetic moment the elec-
ton shells orient themselves more easily than the
nucleus. It is therefore meaningful to consider
the effect of the oriented electron shell on the
radiation of the nucleus.

In the present paper we investigate the angular
correlation of two successive radiations of the
nucleus; we study the correlation of the directions
as well as the polarization effects with respect to
the «, B, and vy rays and the conversion elec-
trons?* coming from an oriented electron shell.
The basic formula for the correlation function is
different from that used in the papers of Goertzel
and Alder,? since the correlation will also depend
significantly on the hyperfine structure of the ini-
tial level of the nucleus in the presence of an
orientation “of the k-th order.”

THE CORRELATION FUNCTION

1. We consider the radiation from nuclei whose
electron shells are oriented. In general, the cor-
relation function will then depend not only on the
directions of the radiations and on their polariza-
tions, but also on the rotational symmetry axis
of the total angular momenta of the electron
shells 7.
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The probability for the emission of two rays in
the nuclear cascade decay A — B — C is given
by the expression

W =380 (Bp") E® (BB, (1)
B’
where
1) (B8') — (BIHi|o)(afa’) (@ |Hi|¥)
é 1 (Bp ) Sl (12." a (mea ) 1 + (“’aa'TA)2 ’ (]-a')
ny (B’ | Ha | v) (Y1 Hs | B)
o@p =S, 3 UGS an

Si implies summation over all unchanged proper-
ties of the i-th radiation (i =1, 2); wgqe and
TA (wpp and Tp) give the hyperfine structure
and the lifetime of the nuclear level A (B);

a (meq) is the probability that the projection of
the total angular momentum of the electron shell
before the beginning of the decay is megg.

The denominators in (1a) and (1b) can be ob-
tained from the descriptive discussions of Abra-
gam and Pound.’

2. We choose 7 as the axis of quantization z.
Then the matrix element (3| H, |v) can be writ-
ten in the form

(BIHajv) = (Foms| Hy | Feme Q50,)
= S Q02| LaMims) (Foms | Hy| FamoLoMomy). @)
L,M,m,

Here Fj is the quantum number of the total angu-
lar momentum of the nucleus (jj) and the electron
shell (je); mj is the projection of Fi on the z
axis. 2, and oy denote the direétion and the po-
larization of the radiation; (Q,0y| Ly My|m) is
the wave function of the radiation with a given
angular momentum L,, projection M,, and
parity m,.

We now go over to the coordinate system of the
radiation:

(Qq04 |LyMoms) = 2 Dﬁ:M2 (R;l) (0 0] Lojtams). 3)
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Dﬁ‘M is the irreducible representation of the three

dimensional rotation group of dimension 2L+1;
R;! implies a rotation from the direction of the
radiation to the 7 axis.

We recall that the matrix element

(Fomp|Hy| Fome LyMymy) = X (— 1y 7et™ (9F, 4 1y

e,
i Fo\ .. .., i
X (m ,:,e _ml;) (jm jeme| Hy | jo mojern, Ly Mams) (— 1y fetme
o F
% (2Fc+ l)l/z (12 ]e' c ), (4)
T \mg me —m,
(where( e :) is the 3j symbol of Wigner®), and

assume that the electron shell is stationary during
the nuclear transitions. In accordance with the
Eckart theorem,’ this leads to

(imjeme| Hy| jams je me Ly My my)

= (= Deibm @i 1y (ge B TN (Gl Lal -

mm, (5)
Then expression (2) can be written as
(B IHy | %)
= X (= )T () Ly | ) (2] + 1) (2Fp + 1)
LyMymipp,
, |’che ]‘2‘FCL2 Fb
X (2F . + 1) {! L, Fb} (mc M, '_mb>
X (053] Ly s ) DEi, (R, ©)

where the curly brackets stand for the 6j symbol
of Wigner.® Formula (6) also determines

B | Hy|Y)= (Fpmy| Hy | F,me Q).

Using the properties of the matrix D‘I:M (refer-

ence 7) and introducing the notation (y specifies
the type of radiation)

Coms (L Lyma ) =S, 3} (— 1)tete (29, + 1)

okt
X (Lz L:z
B2 "}"’2 -
we now apply the formulas for the contraction of

the 3j and 6j symbols of Wigner. In the end we
obtain for the density matrix

ER @B = 2 (— )M ) L) )
LyL,m,

V2P2Tg

2

v P
-rZ) (Oay | Lgprg m3)* (0o, | Ly pro my), (M

il Lol iy)* (2] . (2Fy + 1) 2F, + 1)
X (Il Lall j2)" (2] + 1) (2ve + 1) :pr F,bTB)zl
b

[3

(8)

ijv2ijV2F’FVz B Vot
X {Lz L, fz} {F; F, je}( ;2 )Cm.(Lz Lymg y)DT.zog(R2 Y.

m, —m, e
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3. The density matrix for the first transition is
given by expression (la).
Repeating the calculations of Sec. 2, we find

(@[ Hy[B)= ) (— Lerirbmotmat () ,)j)

LiM;m,
e Fa) <L1 i i:)
m, —mg My m —m

ramym
1 1 il
x (2Fa + 1y @F, + 1 (%
F —"
_ ’”Z) (Osy | Ly pr my) Dy, (RTY),

i e
(. m, (9)
where R;! implies the rotation from the direction
of the first radiation to the 7 axis, and

gUE) = X (= DY GILID Gl L] )
LiL,m,
wF F,

(2F, +1) (2F, 4+ 1)

1+ (e FTg)?
Fafq

X (2v, + 1)'A(2F, + 1)4(2F, + 1)

, M , ] . . F’ . . F
x Z(_ l)mx+m1+ rhmytmg am; (’1. ]e” a (ll” ]e” a
mym, -——my) \m, m, —m,

X(n ie F;)(h ie F, (i je Fy N\ [i I. F
m'1 m;-m; m m, —mg/ \m’ m'e—m; m m, —m,

(L{ ik (i ok \ (L L w
X . , ,
My m —my My m —my )\ pm, —M;, —p

X Cygy (Ly Ly m%) Dty (RTY). (10)

The internal sum in (10) goes over the magnetic
numbers m, my, mg, m’, mj, mg, mf{, mg,
M;, M{, py, Ty, mgy, and mj. The summation
over the first six of these numbers is easily per-
formed.

In order to apply Racah’s formula for the con-
traction of the 3j symbols of Wigner in the sum

(B ) (2w )G 5 )
M‘M; my My —Ma) \m, My —m, M, —M; —&1
which can also be written as

M Fb Ll Fﬂ ) F;z Lll F'a
2 0 g, )\
M‘Ml’"b'"bp
L, Liw )a 5. wd
x 1 , - " ¢ mO_p 0y 11
<M1 —M o MmpMy MMy (11)

we replace the Kronecker symbols by the expres-
sions

F, v ! F;, vi !
S 0 mogo =8, (2 4 . ;
o0 = 2) xx<1+1>( _x>(m,,—pl—x)

1xA my @

F, | &k F, | k
) by = N b b
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4. We further introduce the 9j symbol of Wig-
ner,$
Fy L F,
[F; L F;]
v V1 k

=},]( l)zl{vz F, :,,}{F Ll IZ}{F F, Ll}

I'w VL I Fk (13)

and obtain for the correlation function, using the
unitarity of the representation D,,.p,

W =2 (—1
X Cyr, (Ly L; 7, X) Copry (Lo L'2 oY) (2] + 1) (2vy + 1)7(2v, + 1)4

(2F, + 1) (2F, + 1) (2F, + 1) (2F, + 1) {]. ; vz}
1+ (OJFa F; TA)2J[1 + (waF,bTB)zl Ly L; i
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F, L E,

X[F L, F ]<|(]e je) k0>< b ) oes (R1) D%z, (R2). (14)
ve w1k

where the summation goes over the corresponding

quantum numbers; vy + vy + k is an even number.

<| (jeje) k0> is the statistical tensor of Fano,

which is proportional to

(jeje) B0y = 21 (= 1) /e~ @k + ) (fe T Bya(my)

my e e

2k\ . Ciggr+1) 177, .
=(k)]f[—(m_—-:;—(2-£_:)k—)!-] e (Je)-
The matrix elements in (14) are chosen to be
real, which is always possible? in view of the in-
variance under time reversal. This leads to the
following normalization for the correlation func-
tion (14):*

®)2{ Wa 0, d0ydpdye = 2 GILL G1LaLif. 16)

l. .

(15)

The radiation parameters C,;(LL’mx) are
given by Biedenharn and Rose.! Alder, Stech, and
Winther® calculated these parameters for B decay
including the possibility of parity non-conservation.

For (wf,F,7A)® < 1, we sum over F, and

F4 in (14) and obtain
W = 2 (— 1R et e it G ) Gl L))
(i | La | 7o) (i La ] js) Core, (Ls Ly m) Copey (La Lo ) (27 + 1)

X (2v + 1) (29, 4 1) (2k 4 1)%{“ i', ;1} {IL 2 i ]}
1 2

*The rotation is defined by the Eulerian angles, ¢, 0, and
x; the element of solid angle in the direction of the radiation
is dQ} = sin @ d9dy; y defines its transverse polarization.
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If (waF]'OTB) « 1, expression (17) does not

depend on the orientation of the electron shell, as
was to be expected. It coincides in this case with
the correlation function for the radiations from

YR | Ly 1) o) L) G Lal ) (] g jo) 1SOlated nuclei:

W = 2 (— 1 G GILU) G Lalje) G Lol o)

X(2J+l){L1 ’ ’}{’L "L; 1} Cur, (L1 Ly %) Coe,

X (L, Lz T3 Y) Dv—rm (Rz_l Ry).

If the total angular momenta of the electron
shells are randomly distributed [i.e., a(mg) =
const], (14) goes over into an expression which
differs from (18) by the reducing factor

(18)

3] (2F, +1) 2F, + 1) Z {,- iy }2
v L@+ + (o» TB) P\F, F, j,
under the summation s1gn.*

5. It has been known that any interaction of the
nucleus with the external field leads to a decrease
in the anisotropy; in the limiting case (wT)? > 1
only the “hard core” remains.’® The explanation
for this has been that the external field leads to a
redistribution of the m -sublevels in the interme-
diate state such that their population becomes
more uniform.

It is seen from the example of the well-studied
y-y cascade % (1,2) % (2) Y% in Cd!!! that
the orientation of the shell leads to a weakening
of this effect.

To obtain maximal anisotropy, we place the
axis of orientation in (17) in the direction of the
first quantum. Substituting the value jg = 3/2 for
the total angular momentum of the electron shell,
we obtain for the anisotropy:

A unperturbed = — 0.247; Aynoriented = — 0,103;

A fully oriented = —0.149.

It turns out that in some cases the interaction
between the nucleus and the oriented shell can
lead to an increase of the anisotropy as compared
to the case of an isolated nucleus. For example,
using the same assumptions for the y-y cascade
Y% (1) % (2) %, we obtain

*This is Alder’s result.?
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A unperturbed = — 0.1034; A unoriented

This can be explained in the following fashion. In
the intermediate state the system nucleus + shell
tends toward equilibrium. If the sublevels of the
electron shell mg are not uniformly populated,
the non-uniformity of the population of the m -
sublevels of the nucleus can be increased through
the interaction.

ANGULAR DISTRIBUTION

Integrating (14) over df2,dy,, we obtain the
angular distribution of the nuclear radiation:

W = S )T G ) G L)

2F, 4+ 1) 2F, +1 . ,
X Cuny (Ly Ly my ) et D@t Dr, 10 fr, 7
o, Lo
aFa b n Ve I I

F, F. & .
X {ha jla je} <|(je je) kO Dgn (Ry)-
Expression (19) is normalized according to the
condition

(19)

-\ wsinbasdy = 3 i a1y (20)

It is seen from (19) that the distribution becomes
isotropic if either the lifetime of the initial state

is much smaller than the precession period of the
nuclear moment in the field of the electron shell
[(wTA)2 < 1], or the electron shell is not oriented
[fx (Je) = ‘Sko)-

= —0.0417;

Afully orientea = — 0.1557.

If the transition under consideration is preceded
by others, one must take into account the disori-
entation of the electron shell in these transitions.
The corresponding expression for one such tran-
sition is obtained from (14) by integrating over
indXI.

In conclusion the author expresses his gratitude
to K. A. Ter-Martirosyan for interest in this work.
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