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Scattering of charged particles by nuclei with large quadrupole moments is considered in 
the adiabatic approximation. 

THE excitation of nuclei by charged particles has 
been thoroughly investigated both theoretically and 
experimentally1 for the case when the energy of 
the incident particle is considerably lower than 
the Coulomb energy barrier B. For these condi
tions the nuclear forces are not involved and the 
excitation is controlled completely by the electro
magnetic interaction, which usually may be con
sidered as a small perturbation. Here, however, 
only the E2 transitions have a significant prob
ability of occurrence (and E1 transitions occur 
rarely). Because of the fact that excitation cross
sections increase rapidly with an increase of col
lision energy, it is of interest to examine the 
excitation of nuclei by particles with energy close 
to the Coulomb barrier level. The interpretation 
of such experiments is complicated by two cir
cumstances: firstly, the nuclear interaction be
comes significant in this case, and secondly, the 
electromagnetic interaction between the particle 
and the nucleus may be not small. Nuclear in
teractions may be most simply accounted for by 
considering the level group excitation, when the 
internal structure of the nucleus remains un
changed. The nucleus in this case can evidently 
be described sufficiently well by a complex po
tential. On the other hand, the difficulties arising 
from the presence of a strong electromagnetic 
interaction will indeed be related to the group 
excitation, and expecially to the excitation of 
rotational levels. 

In the present paper we have concentrated par
ticularly on this aspect of the problem. We ex
amine the scattering of protons or a particles by 
deformed nuclei for the conditions when the non
central portion of the electrical potential cannot 
be considered as a small perturbation and we 
confine ourselves to constructing a wave function 
for the scattered particle in a region outside the 
range of the nuclear forces. We neglect in this 
case the possibility of excitation of vibrational or 
any other (non-rotational) levels by the target 
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nuclei. Consideration of nuclear interaction will 
be taken up in a later paper. 

1. CONSTRUCTION OF THE WAVE FUNCTION 
OUTSIDE OF THE NUCLEUS 

We set the origin of a fixed coordinate system 
at the center of gravity of the excited nucleus and 
set the z axis in the direction of the incident 
beam of particles. 

We describe the orientation of the nucleus by 
Eulerian angles ( ei) and the position of the in
cident particle by its radius vector r ( r, 8, cp). 
We assume that the shape of the nucleus is axially 
symmetric. If the particle energy E ~ B , then 
the excitation of the low rotational levels may be 
considered from the adiabatic standpoint, that is, 
the particle is assumed scattered by a fixed nu
cleus. Indeed, the cross sections for Coulomb 
excitation obtained by perturbation theory depend 
on the excitation energy L\.E through the param
eter TJ L\.E/2E, where2 

(1) 

The condition for which the adiabatic approxi
mation holds consists in this case of the require
ment that 

"f/I:!.Ej2E4:;. I. (2) 

It can be seen that this condition is not con
nected with the application of perturbation theory 
and may therefore also be used for the general 
case. Let us note that since 27) = kR when 
E = B ( k is the wave number for the particle, 
and R is the nuclear radius), Eq. (2), will in our 
case be simultaneously the criterion for the ap
plicability of the adiabatic approximation to nu
clear scattering.3 

Assuming for purposes of computation that 
R = 1.2 x 10-13 A~ 12 em (where A2 is the atomic 
number for the target nucleus), we find that the 
left member of formula (1) (for E = B) is equal 



844 A. D. PILIYA 

to 0.08 -J A1 A2 /Z1 Z2 ilE (Mev) and therefore 
inequality (1) is fulfilled for ilE :::: 1 Mev. 

The scattering process of interest to us will 
therefore be described by the Schrodinger equa
tion 

{-(t•212m)V'2+Vn(r, O,) 

+ Vc (r, B,)- £} 'Y (r, B,) = 0, (3) 

where V n and V c are respectively the nuclear 
and Coulomb potentials. The wave function >J1 of 
the particle for large values of r has the form 

'f ~pikr+i~ In (kr-kr) + f (6, rp, 6) eikr-i~ In kr. (4) 
r 

The amplitlide bif of the nuclear transition from 
the initial state with total momentum Ii, of its 
projection Mi on the fixed axis z, and of the 
projection Ki on the nuclear symmetry axis in 
the final state If, Mf, Kf = Ki = Ii with the si
multaneous scattering of the particle at solid angle 
dQ is equal to 

(5) 

"here nk ( e i) is the normalized wave function 
for the rotational state (I, M, K). 

For the total excitation cross section of the 
level with momentum If we have 

a;f = 2/.1+ 1 ~ dQ ~ I b;f j2. 
' M;, MJ 

(6) 

We examine Eq. (3) outside the region of nuclear 
force action. In this region V n = 0 and V c may 
be represented in the form 

00 

V c = Z1Z2e2 I r + ~ Z1Z2e2r-<2n+1>Q<2n>P2n (cos 0'), (7) 
n=l 

where Pn is a Legendre polynomial and 8' is 
the polar angle of the particle in the system of 
coordinates fixed with respect to the nucleus. 

For multipole moments Q(2n) of highly de
formed nuclei, we may take as an estimate 

Q(2n) ,.._, R2n~n, {8) 

where {3 = LlR/R is the deformation parameter. 
If we make use of (8) it is not difficult to conclude 
that for E ~ B the n-th member of summation {7) 
may be considered a perturbation in Eq. {3) if 

"YJ~n < l. 
We shall assume henceforth 

(9) 

{10) 

{11) 

and neglect in all cases quantities of order {3 
compared with unity. Condition (10) denotes that 
we may consider only collisions of nuclei with 
protons and a particles, because for heavy ions 
TJf3 » 1 at E ~ B, while for E « B the adi
abatic approximation is not applicable. 

If condition {10) holds, then the first (quadru
pole) member of summation (7) can no longer be 
considered a perturbation and must therefore be 
exactly accounted for in the solution of Eq. (3). 
On the other hand, the other members of this 
summation, in accordance with (8) and {11), re
main small. With this condition in mind we sub
stitute for potential {7) in Eq. {3) the expression 

v~ = 112Z1Z2e2 [1 I rl + 1 I r2], {12) 

where r 1 and r 2 are the distances from the par
ticle to two points located on the major axis of the 
nucleus, symmetrically on opposite sides of the 
origin of coordinates at a distance d from the 
origin with 

d = VQ<2>. {13) 

Expanding Eq. (12) in Legendre polynomials in 
cos e', it is easy to prove that the first and sec
ond members of such a series coincide with the 
spherically symmetric and quadrupole terms of 
potential V c and therefore V c' differs from the 
exact potential only by a small quantity of the order 
of {3 • 

Introducing the elliptical coordinates 

~ = (r1 + r2) I 2d; p. = (r1- r2) I 2d; cp, {14) 

we can write Eq. {3) for the region outside the 
nucleus in the form 

a f 2 1 a'Y } ( 1 1 ) a•'Y 
+ar)(~- ) Iff+ 1-!-'2 +~2 -1 Brp 2 

+ {k2d2 (~2 - p.2)- 2"Yjkd~} 'Y = 0. (15) 

This equation may be solved by separation of the 
variables and its particular solutions may be 
written· as 

for which Rzn and I zn satisfy the equations 

d2 R 10 [ 21)p Am - c• c2 (!12 - 1) ] 
£iii"+ 1- p•-c•- p•-c• - (p•-c•)• Rzo =0, .(17) 

where c2 = ~d2 , p = ~c, and Azn are the eigen-
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values of Eq. (16). If c- 0, Azn - l (l + 1 ), 
p. - cos (} ', and Eq. (16) is transformed into the 
equation for the associated Legendre polynomials. 

We will consider <I> m (p.) normalized so that 

1 

~ <Dro (p.) <Dm (p.) dp. = ou·, (18) 
-1 

where Yzg, ( (}' cp') is a spherical function. It is 
convenient to represent the "angle" functions 
<I> m in the form 

<Dm (p.) e10'P = ~~ c?, Y no (arc cos p., cp). (20) 
n 

The prime on the summation sign indicates that 
n takes on values of only the same parity as l. 
Tables exist4 for the eigenvalues of A zn and for 
the coefficients c1~ (a more detailed solu-
tion of Eq. (16) is taken up in references 4 and 5). 

The "radial" equations (17) have two linearly
independent solutions, F zn ( p ) and H zn ( p) and 
at p- co 

F w. (p)---; sin (p- hr;2- 'tjln 2p + a10), (21) 

Hw (p)---; exp i {p -lrc;2- 'YJ In 2p +am}. (22) 

The nuclear and Coulomb potentials in Eq. (3) 
have inherently different symmetries (if, for ex
ample, we consider the nucleus to be a uniformly 
charged ellipsoid and the potential is taken as the 
approximation (12), then the surface of the nu
cleus will not be an equipotential). For this reason 
the "momentum" l is not conserved in scattering 
and the particular solutions for Eq. (3) describ-
ing the existence of a particle with a definite 
"momentum" in the incident wave will have the 
following form outside the nucleus 

'I"m = Fm(p)<Dm(p.)eiOrp + ~· b~.Hro<Drnem'P. (23) 
I' 

The amplitudes of the nuclear scattering by1, are 
determined from the condition that (23) must be 
finite and continuous. A solution of Eq. (3) which 
goes asymptotically into (4) can be represented by 
the linear superposition of the functions (23). 

'I" = ~am (Bi) ':Ym. (24) 
m 

The coefficients azn ( ei) can be easily found if 
we make note of the fact that for r ...... co, p. - cos (}' 
and therefore at great distances from the nucleus 
the entire dependence of function -q, zn on angles 
ei which characterize the nuclear orientation is 
contained in the spherical functions Y n!J ( (}', cp'). 

[Here it is convenient to use form (20) for the 
functions <I>zn (p.) .] 

If we examine in functions (24) and (5) the con
vergent wave and equate the coefficients of simi
lar spherical functions we obtain 

n 

In deriving formula (25} we use the fact that the 
coefficients c 1~ form a unitary matrix. 

Substituting (25) and -(23) into (24) we obtain for 
the scattering amplitude, 

X exp {i(am + az•o)}c?-Pc?nY;0 (9;) Y no (B'ql'). (26) 

Integration in (6) and (7) and summation over 
Mi and Mf in (7) are now readily carried out, 
and we obtain finally 

. - 2 k-2 'l (C,If Ii )2 {f(L) + f(L) + 2f(L)} a,f- 'lj 7t L.J Loli Ii c n nc , (27) 
L 

where C : .'.. are the Clebsch-Gordan coefficients 
and 

f<L> _ '0 j '' cncn 2ia1ocLo 12 c - L.J LJ lk lne kOn-0 , 
k, n I, Q 

f(L)- ""I "" co co bo ei(azo+"l'o>cLo 12 n - LJ L.i l'k In /l' kOn-Q , 
k, n /l'Q 

f<L> _ '' Re {(""en cne2ia10CLo ) nc - LJ LJ lk In kQn-Q 
k,n m 

X(""' c0 c0 bn•e-i(am+ai'O>CLo )'} LJ l'k In II' k!!n-Q 
ll'Q 

are dimensionless functions. 

(28) 

(29) 

(30) 

The first of these describes the purely Coulomb 
excitation of the nucleus, the second the excitation 
as a result of nuclear interaction, and the third the 
interference between these two processes. We will 
not compute here the nuclear amplitudes byl', 
however, it is immediately clear that, owing to the 
quasi-classical character of the problem, these 
amplitudes for E ~ B decay rapidly (exponentially) 
with increasing l and l'. and therefore the sum
mations in (29) and (30) contain only a few terms. 
In (28} the convergence of the summation over l, 
with k and n fixed, depends inherently on the 
magnitude of the parameter c = k v'"Qm and im
proves rapidly with increasing k and n. There
fore the members of the summation over n decay 
as 1/n3 for n > TJ • For this reason for large 
values of TJ formula (28) is not convenient for the 
practical computation of f~L} and we shall obtain 
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below another expression for this function. In 
order to determine the phases am of the "radial" 
wave functions we may utilize the quasi-classical 
approximation, which when applied to Eq. (17} 
yields 

't 1 ) 1t + "l I 2 \. 21 aw=\, +T T T n['Y) +1 m-e -'11 

[ "l' ]-'/, - V Am - c2 arc sin 1 + \ " 
L lfl-C 

f[(1-~- Am-c•- c•(0'-1)\'/• 
+ ~ p"-c2 p'-c" (p 2 -c2)") 

(, 21) Am- c") •;,J 
- 1-----.- dp. 

p p 
(31} 

Expression (31} reduces to an elliptic integral. 
However, since we already consider terms of the 
order of {3 e;; c2 I p 5 as small quantities, then, to 
compute the phases azn to the same degree of 
accuracy, we can expand the integrand in (31} in 
powers of c2 I p2 and use only the first two mem
hers of this series. For this case we obtain 

[ "l' ]-'/, - "VAw.-c2 arcsin 1 +-A " m-e 

c•"l ( "l "l ) c2 (Am+!12 -1) - - 1----c= arc cos - ----'--=----
Am V Am V "l" +Am 4A~0 

X [(3'112 +Am) ,r 1 arc cos V , "l - 3'11 J-- . (32} 
v Am "l -A10 

2. SEMI-CLASSICAL COMPUTATION OF 
FUNCTION f (L} 

c 

The functions f(~} actually depend on two 
dimensionless parameters, 11 and 17{3 • In view 
of the fact that in many practically important 
cases 11 » 1, it would be interesting to obtain 
a limiting value of this function for 11 -- co and 
for a set value of 17{3 • It is difficult to make this 
transition to the limit in formula (28} because of 
the complicated character of the relation for the 
coefficients cl~ and the characteristic values 
Am of Eq. (16} as a function of the parameters 
of this equation. However, from the usual theory 
of Coulomb excitation2 it is known that the limit 
for quantum-mechanical expressions for excita
tion cross sections at 11 -- co coincides with the 
expressions obtained on the assumption of inci
dent particles moving in classical trajectories. 
There is reason to beiieve that this coincidence 
is not connected with the use of perturbation 
theory and that, therefore, we can obtain by 
analogous means the limiting values of function 
f~p, (28}, as well. 

Let us, as before, consider conditions (2}, 

(10}, and (11} satisfied, and let us look into the 
collision of a charged particle moving in a 
classical trajectory with an even-even nucleus 
which is in the ground state ( Ii = 0}. The inter
action of a particle with the nucleus is described 
by the potential (7}. In view of condition (10} we 
can neglect the effect of the non-central portion 
of the Coulomb potential on the shape of the par
ticle trajectory (this signifies neglecting correc
tions of the order of {3}, while in view of (11} we 
can neglect all the terms of summation (8} with 
n ::=: 2. The adiabatic approximation used above is 
equivalent, when using this type of approach, to 
neglecting the kinetic energy of rotation of the nu
clear target (because the adiabatic approximation 
signifies formally that the moment of inertia of the 
nucleus is considered infinite}. 

The motion of the nucleus is described there
fore by the Schrodinger equation 

it,iJ'Y(O;)jiJt = Z1Z2e2r-3 (t) Q<2>P2 [cos6'(t)] 'F(B;) (33} 

with initial conditions l¥ = 1lfu for t = - co. 

Here r ( t} and e ' ( t} are specified time functions, 
determined by the classical laws of motion of a 
particle in a trajectory. These functions depend 
on the particle scattering angle as a parameter 
(or on the eccentricity of its hyperbolic orbit}. The 
probability of exciting a level with momentum L 
by a particle scattered through an angle e is equal 
to 

(34} 

where 

00 

X • {- . Z1Z2e2Q( 2) \ Pz[cos 6' (t)] dt }. d" 
exp 1 1i ~ r3 {t) ••-

--oo 

(35} 

In order to compute a LMf it is convenient to 
use a system of coordinates with an xy plane that 
coincides with the plane of particle motion, and an 
axis x directed along the axis of symmetry for 
the hyperbolic orbit of the incident particle. The 
integral in- t in (35} is then expressed through the 
orbital integrals I20 and 122 known from the theory 
of Coulomb excitation (their explicit form is given 
in reference 1}. To obtain the total excitation 
cross section corresponding to the level with mo
mentum L we must multiply (34} by the cross 
section for Rutherford scattering and integrate it 
over e. 

Writing down this cross-section in the form 

aL = 7:Y1 2k- 2 f~L) (x), X= 'tjQ(2)/2 (Z1Z2e2j2£)2 , (36} 
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f~L) (x) = + 1 ~I~ Y Lm (0, cp) 

{ • 2 . 2 e[ 3 (i z arc cos Z ) _ •'OS 2m] } XeXp IXZ Sin -1--2 - V ~ T -z 1-z2 

X sin f!d6dcp 1

2 ~! , (37) 

where z = sin ( e /2). Formula (36) refers to the 
excitation of the even-even nucleus ( Ii = 0); in 
the general case the cross section for the transi
tion Ii - If, as can be easily shown, will be 

. = ""1)2 ~(C1 t 1 t )2f(Ll ( ) cr,l k• L.J Lolili c x. (38) 
L 

In accordance with what has been said above we 
can assume that Eq. (38) is the first term of the 
series expansion of the exact expression (28) in 
powers of 1/7] [moreover, it differs from (28) by 
a quantity of the order of {3 because it is derived 
with the use of a potential different from (12)] ; it 
can be used in (27). The figure shows a plot of the 
functions f <Jl> and f ~). For x .S 1 these func
tions can be conveniently represented as series in 
powers of x; for the functions f~) and f <t> this 
series has the form 

f~2 > (x) = 0.2279x2 - 0.015x4 - 0.0056x6 + ... 
f~'l (x) = 0.00453x4 - 0.000407x6 + ... 

It is worth noting that functions f ~L) are the 
even functions, owing to the use of the adiabatic 
approximation. 
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In conclusion the author expresses his gratitude 
to K. A. Ter-Martirosyan for proposing the subject 
of the present paper and for helpful discussions. 
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