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All representations of the full Lorentz group are found. It is shown that these representa
tions reduce to direct products of spinors belonging to three classes. An attempt is made 
to interpret isotopic spin in terms of the generalized parity operator without introducing 
new degrees of freedom. 

It is shown that the connection between spin and statistics may not hold for spinors 
which transform according to commuting representations. 

IN the paper by Gel'fand and Tsetlint the possi- types of fundamental spinors.5 The normal and the 
bility was noted of representing the group of space- anomalous (commuting and anticommuting )t rep-
time reflections by matrices which commute in the resentations of the full Lorentz group are effec-
case of spinor representations and which anti-com- tively specified by means of the contracted direct 
mute ih the case of representations corresponding product of the following three spinor representa-
to particles of integral spin. tions: 

The author has shown2 that the Dirac equation 
is invariant with respect to the commuting spinor 
representation of the Lorentz group only in the 
extended eight-dimensional form. In this connec
tion it was noted that the doubling of dimensionality 
obtained in this way may be interpreted as the in
traduction of isotopic spin. This gives rise to the 
possibility of obtaining the isotopic doublet without 
introducing new degrees of freedom only by means 
of generalizing the representation of the full Lo
rentz group, while the majority of the attempts to 
interpret isotopic spin undertaken recently were 
based on the generalization of the Lorentz group 
itself ( cf. for example, reference 3 ). 

Thus, it appears to be possible to classify ele
mentary particles according to the representations 
of the group of space-time reflections. In this 
case the parity operator will play the role of iso
topic spin. In connection with this the problem 
arises of finding all the irreducible representa
tions of the full Lorentz group. In this way we 
shall obtain all the invariants and pseudoinvari
ants expressed in terms of polylinear combina
tions of three kinds of spinors. In other words, 
the solution of this problem will make it possible 
to carry out the classification of interactions of 
elementary particles (conserving or noncon
serving parity) in terms of the representations 
of the full Lorentz group. This problem is of 
particular interest in connection with the fusion 
theory, according to which all the particles re
duce to one or several spinor particles, 4 and also 
in connection with attempts of creating a single 
nonlinear field theory taking into account various 
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The representation (1) is normal, while the repre
sentations (2) and (3) are anomalous. The opera
tors T0t, Tt0, T11 , which satisfy the relations 
TtoT11 =Tot; T10T01 = T11 , operate on the bispin
ors ( x1x2x1x2 ), with T01 , T 10 , T 11 corresponding 
to reflections of space, time and space-time re
spectively. The representations are determined 
up to a factor of modulus 1. As was shown in ref-
erence 2, the spinors transforming according to 
formulas (3) may be interpreted in terms of the 
five-dimensional rotation group. 

We note that the spinors (1) may be regarded as 
spinors of the first kind with respect to spatial re
flections, and of the second kind with respect to 
time reflections. 6• 7 The representations of the 
full Lorentz group are given6 by multiplying the 
spin or representations (!, 0 ) and ( 0, ! ) . 

By expanding the generating polynomials Dfk 
and Djk: 
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we obtain the quantities Y~P and Z~ which 
transform according to the representatlons Djk 
and Pjk: 

Z jk i+m j-m -k+p -k-p ( ' ' 
mp = x1 x2 x1 x2 x1x2 - x2x1), 

Zkf k+P k-p-i+m-i-m(--' - -' pm = X1 x2 x 1 x2 x 1x2- x 2x 1). 

Let us examine the case Djk and Dkj. For 
spinors which transform according to formulas 
(1), (2), and (3), we have 

T - ( o (-I)2k) . 
10 - (-I)2/ 0 ' 

Tn = (
(- I)2i 0 ) 

o (- I?k ' 

(4) 

(5) 

T = ( o (- i)2ii2k ) . - (o i2<i+kl) . 
OJ (- i)2k i2i 0 , T1o- i2(i+kl 0 , 

Tn = (<- Ili 0 \) (6) 
0 (- I)2k, 

respectively. The representations (5) and (6) are 
anomalous in the case when one of the jk is inte
gral, while the other one is half-integral; in all 
other cases these representations are normal. 
The representation (4) is always normal. ' 

Let us examine the improper representation 
Djk and Dk:j. It may be easily shown that Z~p 
transforms according to formulas (4), (5), and (6), 
if xX and x'x' transform according to (1), (2), 
and (3). In the case when xX transforms accord
ing to (1), while x'x' transforms according to (2), 
the representation Djk• Dk:j is specified by the 
anticommuting operators 

( 0 -I) 
T1o = I 0 ; 

T - (o I). 
o1- I 0' Tn =(I 0 ) . (7) 

0 -I 

We see that in this case the representation of 
the full Lorentz group specified by the direct prod
uct of spinors of different type decomposes into 
two representations of the proper group related 
by reflection even in the case when j = k. When 
:xX and x'X' transform according to (1) and (3) 
or (2) and (3), respectively, the following repre
sentations hold 

T _(o -i)· 
01- i 0 ' 

T _ (o i). 
10- i 0 ' 

T - (, o i2k). 
01- (-i)2k 0 ' 

T - ( (- I)2k o ) 
l1 - 0 (- I)2i . (9) 

In the last case the operators commute when kj 
are integral or half-integral, and anticommute if 
2j and 2k have opposite parity. 

The representation of the full Lorentz group 
may also be specified by the generating polyno
mials 

(10) 

In this case the basis of the representation is spe
cified by the products of the monomials 

Zjk _ i+m J-m-'k+p-'k-p 
mp - X1 X2 X1 Xz , 

'lik _ -xi+m-:j-m 'k+P 'k-p 
'-mp - 1 X2 X1 Xz , 
z~;n = x:+P x:-Pxf+mxi-m, 

Z~~ = X~+P-x:-p xf+m xi-m, 

Z00 = x1x~ -x2x~. Z00 = x1x;- x2x~, 

where x and x' behave in the same way under 
rotations. If ?C ~d x' trans~orm. according to 
(1) and (2), z~Pz~P and Z~kZ~k transform 
according to the following representations: 

(-I)2/ i2k\ 
0 ) 

(11) 

and 

The representations obtained above are anoma
lous for j and k having half-integral values re
spectively and are normal in all other cases. By 
considering x and x' as transforming according 
to (2), (3) and (1), (3), it may be shown in general 
that in the case when xX transform according to 
the normal representations while x'x' transform 
according to anomalous representations there
sulting representation of BJk• Bkj, is anomalous 
if j or k is half-integral and is normal in all 
other cases. If both spinor representations are 
anomalous then BJk• Bkj is anomalous only when 
one of the numbers j, k is integral and the other 
one is half-integral. 

In conclusion we note that both new variants of 
the representation of the full Lorentz group (the 
commuting spinor and the anticommuting boson 
representations) lead to a doubling of the dimen
sionality of the If! -function. 
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As an example we shall consider two pseudo
scalar irreducible representations 

(12) 

which transform according to the Pauli matrices 

(0-1) (0 1) (1 0) T1o= 1 0 ; Tw= 1 0 ; Tn = 0-1 · (13) 

The representation obtained above may be used to 
describe a scalar particle which may exist in 
states with different parities. In order to do this 
we shall go over to another representation 

( 1 1\. ' - -1 . T = \ 1_!), T;k -- T T,kT, 

0-1\\. - (1 0). (0 1\ 
Tio= (1 OJ' To!- o -1)' Tu= 1 o;· (14) 

In this case we have the doublet 

L = (~~ ~ ~ -~) 
-1 0 0 ' 
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c (l 
0 0 
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-1 0 

0 0 

0 

0 

0 ·~ lH 
which may be interpreted as one of the K -meson 
isotopic doublets [ ~K+] or [ - K0 *K-]. 

With reference to the spinor particles we see 
that in accordance with (2) the Dirac equation 
YiB¢/Bxi + m¢ = 0 is invariant with respect to (3), 
while the equation Yi8¢/8xi + mys¢ = 0 is invari
ant with respect to (2). The normal representation 
gives the eight-dimensional Dirac equation 

r,o'¥;ax,· + m'Y = o, r.- ('r' 0 '\ · ,- o -r;J 

The spinor >¥ may be expressed in terms of x1x2 
and x1x2 in the following manner. lJ1 = II x Z 
where 

u~(n 
It may be easily shown that in the case of spinors 
which transform according to the normal repre-

sentation, time reversal is equivalent to charge 
conjugation. Indeed, if ¢ = C¢*, where CD*C 
= -D 

"J,p; = D= ( 

0 0 a.+ oa a, -Ia,) 
0 0 a,+ ia2 a.- aa . 

a.- aa -a,+ w. 0 0 ' 
\ - a,-ia. a.+ aa 0 0 \ 

Pi-ai--a;ax,. 

On the other hand Y4D-tY4 = -Dt with ¢' = Y4lP· 
Consequently the operation TC in the case of the 
normal spinor representation preserves the Dirac 
equation and, thereby, also the Lagrangian :e = 
lP* ( D¢ + m¢); here lP* and ¢ are not subjected 
to the anticommutation condition as in the case of 
the anomalous spin or representations. 8 

Thus the normal spinors are quantized accord
ing to Bose statistics. 2 The argument presented 
above is applicable to the Dirac equation •interact
ing with the electromagnetic field 

'rt (a; ax,- ieA;) 4 + m4 = 0; 0 A,= it! c, 

since j = ¢+Yi¢ and Ai transform under reflec
tions like 8/Bxi. I wish to thank 0. A. Germoge
nova and A. M. Brodskif for valuable suggestions 
and fruitful discussions. 

1 I. M. Gel'fand and M. L. Tsetlin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 31, 1107 (1956), Soviet 
Phys. JETP 4, 947 (1957). 

2 G. A. Sokolik, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1515 (1957), Soviet Phys. JETP 6, 1170 (1958). 

3 G. A. Sokolik, Dokl. Akad. Nauk SSSR 114, 6 
(1957). 

4M. A. Markov, rl'mepoHbl 11 K-M830Hbl (Hyperons 
and K-mesons ), Joint Institute for Nuclear Re
search, Dubna-Moscow, 1957. 

sw. Heisenberg, Revs. Modern Phys. 29, 269 
{1957). 

6 E. Cartan, Theory of Spinors (Russ. Transl.) 
IlL, Moscow, 1947. 

7 A. M. Brodskif and D. D. Ivanenko, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 9, 1279 (1959), Soviet 
Phys. JETP this issue, p. 907. 

BJ. Schwinger, Phys. Rev. 82, 914 (1951). 

Translated by G. Volkoff 
214 


