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A nonlocal theory is considered which corresponds to a modification of the Lienard-Wiechert
potential (2). It is shown that if, in this version of the theory, the potential is assumed to
satisfy the usual type of equation (3), the consistent relativistic treatment (many-time for-
malism) leads to self-contradictions already within the framework of the classical theory.

AT various times a number of authors!™® inves-

tigated one of the versions of nonlocal electromag-
netic field theory from different points of view.
This version is based on a modification of the form
of the Lienard-Wiechert potentials. Instead of the
usual way of writing,

AU_ = —e(uu (f’)/Rvuv(r,)) R%=0

(where u, is the four-velocity of the charge,
Ry =rp-r) is the difference of the coordinates
of the point of observation and the charge), one
starts from the following expression:

A= — e ()| Rity (7)) g o 2

Here a is a new constant with the dimension of
a length. It is further assumed that the potential
satisfies the usual equation

(1)

) 4 .

O Au. = 'CE Jus (3)
which essentially defines the current. In the static
case u, = (p, 0, 0, i), and (3) leads to the charge
density

p(r—r') =(e/47) 3a*/(R* 4 @), (4)

i.e., the point charge is spread out. Analogously,
the current is spread out in a more complicated
way. In this theory the field at the location of the
charge is finite, and so is the self energy.

The aim of the present paper is to show that
this approach is unsatisfactory, and that self-con-
tradictions arise from the adoption of the usual
type of equation for the potential leading to a
spreading out of the charge: the classical system
of equations for charged particles is internally
inconsistent. For the proof we make use of the
many-time formulation of the classical electro-
dynamics of a system of charged particles.! We
assume that each particle, and the field, has its
own time, different from that of the others. The

interaction for such a system may be written in
the form

N

tn
S= 3 {&[——mncz‘-k ty(Fn, tn)

n=1 0

X §on(t —1a) Au(r, ta)dr)V 1 —B2dt, }

I
a0 0
The Hamiltonian of the particles is

H,; =Spn(r——-rn)<p(r, tn) dr +

+c [mzcz + (pn — % S pn(r—r1a) A(r, in) dr)z] " (6)
the Hamiltonian of the field is

H=} g( 23] (;2-“ Z%“)Jr (4m)? °L12) d'x, (7
=1

where
I0,= (1 /4=c®)0A, /Ot.

We note that, in the many-time formalism, the
electromagnetic field is described by the free
Hamiltonian and the corresponding free field equa-
tion OAy, =0. A current at the right hand side of
the field equation appears only if the transition to
a single time is made.

For the following it is convenient to go over to
different canonical field variables. Let

vy [ P
A,(r, t) =V & cos (ker — ket) -+ ¢Qy sin (kor — kct) |,
- k
Il (r, 1) = (V") [% Pjsin (ker — ket)
k

— Qchos(k-r—kct)]. (8

Pﬁ and Qfé are the new canonical variables:
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[sz QZ’] = 4ﬂ6uv8kk': [P‘l'h PZ'] = O’ [QZ: QZ’] =0. (9)

Expressions (8) explicitly give the time dependence
of Pfé and Q.

The field Hamiltonian in the new canonical vari-
ables has the form

H= o SR + 8 Qi) (10)

The terms in the Hamiltonian for the particles
which depend on the field are conveniently rewritten
in the following way:

(ontr—r) Ar, tr)ar
={enr—ra) [y (% cos (ker — ket,)
4 ¢Qysin (k-kr - kctn))] dr
— (o (R) [V 352 cos (ke R + ory — )
;

+ cQ}sin (k-R < ker, — kct,J)]dR.

Since - pp (R) depends only on R?, this expression
becomes

728 ; [(S pa (R)cosk R dR) (— cos (k- 1, — kct,)

+ cQx sin (ker, — kct,,))]

=V " e, N} (k)
k

PV
X (7’* c0s (keTn — kety) + cQi sin (ke Ts — keta)),  (11)

where

F() = <~ pn (R) cos k- R aR.

The Hamilton-Jacobi equations for our system
of charged particles are written in the following
form:

OS(tl . e tN)/atn = - Hn (rm tny 03/01',,, Q/‘;’ aS/ank)i

(n=1...N). (13)

The condition of consistency for such a system of
equations is (see, e.g., reference 5)

(0% 0ty Ot, — 02 [ Ot 0tn) S (ty . -
According to (13) this leads to

i) =0. (1)

OH (s -1 Qo 0Qv) [ ot

— OHy (g, tu, a%%,Qk, [ ota=0

)

or
oH, a8 4 0H, 928
3(6570r,) 0r, ' 3(S/0Qy) ot 0Q]

0H . 328 oH,, 92S

J— — = 0.
0(0S/0dr,.) at,or,, 3(9S/0QY) at, Q%

We note that 8S/6r, and 8S/8Q}, correspond to
the canonical momenta of the particles and the field
and that the order of differentiation with respect to
the time and to the coordinates (of the particles
and the field) can be interchanged if the condition
of consistency is satisfied. The last expression
can then be rewritten in form

OH, 0H,  0H, oH,

i - 0H,, ail_ 0H,, OH,
op, Or, oP; 4Q} op, Or,

oPE aQ:

Since always BHn/apn' = 9Hp/3rpy’ =0 (n =n'),
we finally get instead of (14)

[Hn, Huy]=0. (15)

Here [Hp, Hyp’] is the classical Poisson bracket.
It is clear from the foregoing that in our case the
Poisson bracket is calculated from the canonical
field variables only.

From (6) and (11) we have

(Hay Hol = 72 SUEB fcos (ker, — kota)

k
xsin (kery — kctp)— sin (ke r, — ket ) cos (ke rp — ket )]

3, n 3, e e c
x( 2 Bua) (1 b )} = (1 — Bub)
=1 ¥=1
;{leik) sin[ke (rn —rn’) — ke (tn — tn )]'
1
= [y fnen'C (1 —BnBr)
Sf B Sin [ks (rn — ) — ke (tn — tw)] &k
Finally,

[Hn) Hn ] = (27‘)3 (l p’lp"')

XS@ sin[ke (rn — r,.,') — ke (tn — tn’)]dsk' (16)

In the case of a point charge, f(k) =1, and the
expression
— (21:)—3Ssin [k (Fn — To) — kC (bn — L)] o2

- . d3k
= (2x)73 S cosk e(rn —rn)sinkc(tn — tw) 7~ = D (Xn — %)

agrees with the well-known commutator function.
For point particles the conditions of consistency
are therefore satisfied everywhere outside the
light cone and hence, what is especially important,
in the space-like region.
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In our case f(k) is equal to unity, and

JOEES

(=]
cosk-RdR 302 g sin kR

(RE+a®)”s J k(R? + %)

COSER 4R = kaK, (ka).

S g T
) (R2+a2)‘/z

17

Here K; is the Hankel function with imaginary ar-
gument. Since f(k) depends only on the absolute
value of k, the integral expression in (16) becomes

(o8]

— Ir—fﬁ S f2 (k) Sin k| rn — | sin ke (tn — t) dk
2nq? Ooo
o g k2 K2 (ka) {os [k (|Tn — T | 4 ¢ (tn — )]

0

—cos[k(Jrp—rn|—c(ty—tn))]} dk
and therefore

e, e, ¢ 2
[(Hny Hyl = (1 —=BnPr) @

T 4n?[r,—r,

X S k2 K3 (ka) {cos [k (|Tn — rn |
0

+c(th—tw))] —cos[k(|th— T | —C(ta—t)]}dk. (18)

The integration cannot be performed analytically.

The integral can, however, be evaluated approxi-
mately near the light cone. For this purpose we
make use of the integral representation

<«

kK (ka) = ag

0

cos kR
(R? + aZ)"/z

and change the order of integration in the integral
(18). Using the notation

|rn_rn’l+c(tn~tn'):A1y Irn_rn’l_c(tn_tn'):Az;

we have
g k2K (ka) [cos kA, — cos kAy] dk

0

_an{__dr__ R
4 § iy g ((Bak RP 4 )

+ [(Ar — R 4 a®]= — [(Ay + R)? 4 a?]—

— (8 — R + @) (19)
We note that A;/a may be quite large for
Ay/a < 1 and vice versa, for |r,-ry| and
¢ (ty —ty) may be taken as large as one pleases.
Let us assume that Ay/a < 1, and let us neglect
the terms with A; in view of what has just been
said. Making a series expansion, we then obtain
from (19)

— (37%/32a%) (1 — 15A2/32a?).

With Ay/a < 1, Ay/a > 1 we then have
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3e,e, c i 1542

[, H”']z_128a|rn—— rn,|(1 —B"p”)( _W)
€,y C ‘ 15A2

= — 0,023 W (l - pnpn’) (1 -_— W) ’

i.e., this expression is different from zero on the
cone and near the cone in the space-like region.

An analogous calculation can be carried out for
the case A;y/a < 1, Ay/a > 1. Furthermore, we
calculated the integral numerically for the value
Ay /a =10, i.e., in a region which is comparatively
far from the cone (A;/a was assumed to be suffi-
ciently large, so that the terms with A; could be
omitted). The result is

enen, 4
[Hn, Hn'] = — O'OOOGW (l — pnﬁn’)‘

Hence [Hp, Hp] is different from zero on the
light cone and everywhere in the space-like region,
and, although it decreases fast with the distance
from the cone, it nowhere reduces to zero, except
at infinity (Aq/a = o, A,/a = ©).*

In other words, the conditions of consistency of
the system (13) are not fulfilled in this version of
the theory.

In the process of quantization the classical
Poisson bracket goes over into the commutator
of the corresponding quantities:

[Hp, Hn']cl"?";? [I:]m Hn']qu= Lh[ﬁnﬂn’_[:[n’ l:ln]

In the case of point particlesthis leads to (with
Bn — Q@pn, Bp’/— @pr, where ap, ans are the
Dirac matrices)

[1?,,, ﬁn,]cl = — ihc® enen (Enttn — 1) D (X0 — Xp7).

the well-known expression for the Bloch condition.®
The failure of [H,, Hyr],) to reduce to zero in the
space-like region in this nonlocal version of the
theory must lead to similar difficulties in the quan-
tum region.
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*This may also be seen qualitatively from expression (18),
for-as A,/a and A,/a increase, the cosine begins to oscil-
late rapidly, thus making the value of the integral smaller.



