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The nonlinear field described by the equation ( O—A@?)¢ =0 is considered. Starting from
the exact wave-type solution of the field equation, the spectral analysis of the energy of the
nonlinear field is obtained. The mass spectrum derived has the form M((’n) =(2n+1) Mg‘)),

n=0,1,2,....

The exact radially symmetric solution of the field equation is found. A

general method of integrating the nonlinear field of Dirac is given, and it is shown that in
some cases it is possible to go over to a two-component spinor equation of the second

order.

1. THEORY OF THE NONLINEAR FIELD
(O-2¢%) =0

WE considered the nonlinear field (0O —Ag?)¢
=0 in previous papers,l'2 where a wave solution
of the field equation was found and it was shown
that a nonlinear state could appear as a superposi-
tion of linear states with the integral frequencies
(2n+1), n=0,1, 2,.... Recently Heisenberg
has obtained by different means the mass spectrum
of particles, and in particular that of mesons, in

a nonlinear theory.3# This spectrum obeys only
approximately the (2n + 1) rule; but, as Heisen-
berg shows, it has the property that the ratio
M{™/M§? is almost independent of the nonlinear-
ity parameter, as in the case of the (2n+1) rule.
In connection with this, the present paper gives a
more detailed derivation of the (2n+1) rule for
mass spectra by means of the spectral analysis

of the energy of the nonlinear field.

(a) Spectral Decomposition of the Energy of the
Nonlinear Field

The Lagrangian of our nonlinear field has the
form

1 5 1

w=1,2,3,4. x4 (xn, x4 = it), c=h=1, (1.1)
where, for the sake of generality, the term k%goz
is included.

From Eq. (1.1) we find by the usual methods
expressions for the energy and momentum and

also obtain the field equation

1 1 .
H=3 e —ed 1 e+ Taghan, @2

(1.3)
(1.4)

G =— ¢ { aulve) (@),
— Pup + Ro® ¢ + hp® = 0.
In reference 2, the time-averaged energy and

momentum densities of the field were calculated,
starting from an exact wave-type solution

¢ = @ocn (s + C), ky(kn, by = iw),
— R = — B0t = ket

ki? = hpo?/2 (ko® + Mpo?); (1.5)
where ¢, and C are arbitrary constants and k;
is the modulus of an elliptic function.
The final results of the calculations are

H = a(k* + K)o,

o= %‘(koz + %‘)\%2) ’

¢ = kllxu»

G =ak, a=¢wl/2,

_ 2 1 E (k)
=2 —h m(l—Ea)l. e
From this, in particular, it follows when k =0
that
1 1
H =5 ¢’ (k02 +3 7“?02) ) .7)

and, as we see, in the case where k; =0 the quan-
tity

Fo? = Ape?/2. (1.8)

corresponds to the square of the mass in the ordi-
nary case. Now, setting the energy of the field in
(1.7) equal to the meson mass k,;, with k=0,
we get

0 = 2/kes N =R’ (1.9)

We then examine the energy spectrum of the non-
linear field. To do this, we write the solution (1.5)
in the form (C =0)
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(o]
?/00 = 2 a,C086,, opn=2n+1)B(\o= k&n) Xy
=

B(N) = /2K (k1), @n = w/kiK (k1) chpp,
n=(2n+1)po, po = ~K'(k1)/2K (k1),
where k; is the modulus of the elliptic function
and K(k;) is the elliptical integral of the first
kind, K’(k;) =K (k}), K+k{®=1.
From (1.4) and (1.10) we find

(1.10)

Mgy = Z', b €S an, (1.11)
n=0
where )
bn = — (ke? + k™)
= — {ke? — (ke? +202) (B (M) (2n + 1))} an.  (1.12)

Putting (1.10) — (1.12) into (1.2) and (1.3), we get

o] [oe]
H = cPﬁz 2 Hn’ G = CP02 2 Gn y (1.13)
n=0 n=0
where
Hy = 502 0 {1 4 (ho? + k) 40,
G, = —an o™ k) | (1.14)

We introduce the new amplitude Np, defined
by the formula

Np = a.? o®)2. (1.15)
Then we have
Ha = Npo® {1+ (ke? + k™) 40,
= N k® . (1.16)

From this, for the case k=10, ky=0, we find

H, = %anm) , Gp,=0. (1.17)

Further, according to (1.5) and (1.10), we have

=g, K (k) =K (k)= 185,

B(\) = /2-1.85 = 0.84,

T ]/E 1
1.85 chn (2n 4+ 1)/2]

_ 2,396
= Ch=@nF+ D2’

™
Po= 3 a, =

(2V?2 ay)? =7.29,

Then we get on rearranging

(V'3 B(\)/4)2 = 0.355. (1.18)

om =12 B0\ (21 + 1) ky = V'32/3 MY,

1

1 — a
N,= 5 a2 o™ =15 (% V2 a)? <_£>2 o™
—_— 2 K_ an (n)
=7 V <z a_) Mo
Hr =%N o —_(KO/kO)(an/ao) M( , (1.19)

where
MP =@+ 1)MPD, Ko=(@2V2 a)tky=729k,
M = (V3 B(\)/4) ko = 0.3554 ky.  (1.20)

The total energy of the field then has the form

= 0t (Kofko) 3} 7 (anja? MG"  (1.21)
Calculating (1.9), we find
H=k {(Ko/Eo 2 (anfac)? <M‘5‘>/Eo>2}- (1.22)

n=0

Equating (1.22) and (1.7) for ko =0, we get

(Kofko) 2 (@nfao)? (MG fko)? = - B2 () z [(2n + 1) an)?

n=0 n=0Q

2n +1

= %(T/‘;%@X:/ n;(,(Ch comrom) = (1.23)

The reader can easily convince himself of the
validity of (1.23).
The mesonic mass spectrum we have derived
MP ko = (2n + 1)-0.36 (1.24)

is listed below. For comparison, Heisenberg’s
results are also shown

n 0 1 2 3 4 5
From (1.24) 0.36 1.08 1.80 2.52 3,24 3.96
Heisenberg 0.33 03 1.74 — 332 —

(b) The Radially Symmetric Solution of the Wave
Equation

If, for ky=0, we examine the solution of (1.4)
in the form

$=09(), s=Vx2, p=1234, (1.25)
the field equation becomes
ey | 3dy

TS @ + =0, (1.26)

the solution of which is

In (s/so)| » (1.27)

2k,2 -
$= Vmo TR =) (s/so> [vw

where s; is an arbitrary constant and k; is the
modulus of an elliptic function. For k2 1, we

get
v=2y/ <] 1+ ().
2. INTEGRATION OF THE NONLINEAR DIRAC
EQUATION

In the linear theory, one can go over from the
Dirac equation for a free field to the Klein-Gordon
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equation and vice versa. Furthermore, there exists
a connection between the solutions of the Dirac
equation and those of the corresponding Klein-
Gordon equation: if a solution of the Klein-Gordon
equation is known, it is then possible to construct

a solution of the Dirac equation.

It is shown below that in some sense an analo-
gous situation occurs even in the nonlinear theory.
However, as a rule, this dependence has a more
complicated nature.

The nonlinear Dirac equation has the following
general form:

{10 (0/0x + B ($, ) + A($, $)1 b =0, (2.1)
where
Xy (Xny Xg = it), 'Tur = Tu»
Yo = T1Y2Y3Tes  YuYv 4+ T Yu=25,, . 2.2)

The functions A (Y, $) and yuBy (9, ¥) are
scalars constructed from ¥, @, and the Yu ma-
trices in line with invariance requirements. As a
rule, they have the form

FCu@Tud), Tu=1, 15 Tur TuTs (2.3)
The equation adjoint to (2.1) is
¢ {(0/0xu + Bu (@ ) 1w — A$, )} =0, (2.4)
where
$=9"1, AG =147 @ )10 $9/0x, = G§/0x,,
En @: $) = ¥4 BnT (‘l—’v $) Yas
By(§y §) = — 4 BT () 9) Ta- (2.5)
We introduce the operators
P = % (8/0x, + By (, ¢)),
p = (0/0%, + By, $) Yu (2.6)
D=—(mAlAZYp, D= —pmAjAA), (2.7)

where AA isa quantity not dependent on the ma-
trices. For example, for A =)\ (Pp) + Agys (Dysd)
we would have

A=M@Y—t1s@r:9), AA=0a(d)—
Then Egs. (2.1) and (2.4) can be written in the form

D—myp=0, §(D+m=0. (2.8)
We introduce the new functions
b=~ (D+me, T=¢(—D+m—. (2.9
Then, substituting (2.9) into (2.8), we find
(DD —m?) =0, 3(DD—m2)=0. (2.10)

As we see, (2.8) and (2.10) have exactly the

(ha s (P15 )2
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same form with respect to the operator D as in
the linear case.

For the transition from the Dirac equation to
the Klein-Gordon equation to be complete, the func-
tions Jx and zpA entering into the nonlinear oper-
ators D and D must be expressed in terms of
@ and ¢. Since it is difficult to carry through
the indicated procedure in the general case, we
examine a few individual cases

L Bu($:9) =0, A, $)=1(¢). (2.11)
We then get
b= % D=L (212
(b TH %, o ey (212
and, correspondingly,
o 1 5= an .13
b= iy P gy @19
From this we find
@GP =9 +—r w m (Puu$ — ¥YuPu)
- 1
— V) ———3 2.14
(PuYu cp)(x(w)) (2.14)
that is
—NeP) Y2 —M(Puu®—PTuP) Y + M eututv ) =0,
Y=\($4¢), (2.15)
whose solution gives
Y =f(p0¢), (2.16)

where 60 is some operator. The corresponding
Klein-Gordon equation is

{% - Y2[1 — “(az }}z>7u'\'v - ]}qo =0. (2.17)

In particular, if we look at only wave-type solu-
tions, as we did in Sec. 1, we arrive at the results
of references 2 and 6. There, for this special
case, the reverse problem is also solved and it is
shown that the equation (-A@2%)¢@ =0 can be
“linearized” to yield the equations

e+ [at+y 7 @] e =0, (2.18)

where
$=A() (), $=0()4(s), M =1,

X (s) being a constant spinor; s, the spin coordi-
nate; and cq, an arbitrary constant.

If c; is given in terms of ¢,, the amplitude
of (1.5), by cy =—k*p}/2 where «? =g}, we get
for the solution of (2.18) ¥ = x(s) ¢ (o), where
@ (o) is given by (1.5) and x(s) is a solution of
the equation (vyuky —ik)x (s) = 0. Consequently,
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the nonlinear field ¥ can be represented as a
particular combination of the linear states (1.10)
with the integral frequencies (2n+1).

It is easy to see that in the given case both (2.1)
and (2.17) are invariant with respect to the trans-
formations

(2.19)
(2.20)

5% P — P,
4"*"{5‘]” ‘5“’—47'(5»

respectively. According to (2.13), the transforma-
tion (2.19) induces (2.20) and inversely. Taking
this circumstance into account we can, following
Feynman, choose the solutions ¥ = y1, ¢ = ¢y,
satisfying the conditions

(=1 e =0, Yo (14159 =y, ¢, (1 +75) =0
Yaor (1 —15) = 9 (2.21)
(I —=7)9; =0, Yo(l +15)¢; =19y,
b1 +7) =0, Yodr(l—xs)=¢r. (2.22)
Then from (2.13) we have ¢1= 91, @1=3]. How-

ever, since (1-vy;5)(1+7v;) =0, we find

(99) = @) = (#9) = (¢, = (1 (I —v5)Ya (1 + v5) $)=0.

Thus a two-component nonlinear equation is not
possible in this case.*
2. Now let us consider the case

A (c]j, ¢) = m = const,

5

B.($, ¢) =B (b1ud), B = const. (2.23)
Then we have
D= =1, (5 +B01.9) 7
D=—m(m—B0n )1, @20
and, correspondingly
¢ = <?——m(~a% +B@1,9)e
F=%+ ol =301, (2.26)

From this we find the equation for (-zZ)_'y”zp)

—;yv + avap -+ bu.vpyu.yp = gy, (2'26)

*It should be noticed that the indicated special solutions
¢r and iy are obtained in a natural manner from (2.13). Indeed,
if we write the solution of (2.13) in the form ¢= Cl/l, we find
that ¢ = (c + c)v,b, where cy, = ypc thatis,c+c=1,c=%
(1 + lyg), € =% (1=1lyy), where ! is number. Now, if we require
that cc =c, we get [ = 1.
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where B
Yy =B(¢r,%),
2 — - _
v = 7 (#3,,9) + 73 (P, Vo TuTP — PTN, P
Buve = — L3 (@1, 1, 1,)
- 1 —_ —
g, = (#1,9) T 7 (97,79 — P17,%,)
1 —_
— o7 (PLTL YT Pe) (2.27)

and the Klein-Gordon equation takes the form
7] a .
{(E +Bu)(E +B,) — u How — mz}cp =0, (2.28)

where

Ouy =1p ('Yqu_Yv'Tu)v Hyuy = 0B, [ 0x, — 9B, [ 9x,, (2.29)

By = B(Pyu¥) = Yy, the solution of (2.26). It is
easy to verify that although the operator of (2.28)
does commute with vy, nevertheless 7yg;¢ is not
a solution of (2.28). Equation (2.26) is not invari-
ant under the transformations (2.19), which implies
the noninvariance of (2.28) under these transfor-
mations.

The transformation (2.19) leads to that of (2.20)
[in virtue of (2.13)], only provided that m — —m,
just as the invariance of (2.1) relative to (2.20) re-
quires the change m — —m. Therefore, if ¢ and
¢ are solutions of (2.1) and (2.28) for +m, Y5
and vys¢ are solutions for —m. We therefore can-
not get the relations (2.21) and (2.22), and it is im-
possible to go over to the two-component spinor
equation.*

The problem is greatly simplified when m = 0.
Then instead of (2.3) and (2.25) one must take

p=Do=—x, (5% +E@TD) e
F=—eD=g(r - @)1, (230
and we find
Yo/B= @009 Y,Y, — @,1,0.7.5 — P75
XY, — (2, 7,0,7.%,); (2.31)
where
Y, =89 (2.32)

The quadratic equation coincides with (2.28) and

*If we introduce the new functions ¢ =% (1+y;) ¢ and
¢ = @ %(1-ys), Eq. (2.28) for ¢ remains unchanged, and in
(2.26) the term ~ 1/m drops out. This last circumstance makes
(2.28) invariant under the transformation ¢' » y,¢/, ¢ »—3 s
However, from the point of view of ¢ this last transformation
is the identity transformation.



598

(2.29) for m =0, butnow Y, =B (¥yp¥) is a solu-
tion of (2.31). It is easily seen from (2.30) that the
transformation (2.19) leads to (2.20) and that (2.28)
is invariant under these transformations. In addi-
tion, (2.1) is invariant under (2.20); consequently,
the solutions @ =y and ¢ = @1 can be chosen
with the aid of (2.21) and (2.22).

Following Feynman, we use the relations

=g +me=("0),

4=(2), @=7@—0)

where a and b are two-component spinors. We
then get to the two-component nonlinear spinor
equations (now Pyu¥ = Pryuyy = 0) of the first
and second orders, respectively.*

We can consider analogously the cases

A= )‘1@’4’) + oY @‘qu’)v w=0

*Note (added November 5, 1958). After the present work
had gone to press we learned about an article by Ascoli, in
which the author considers a first-order two-component non-
linear spinor equation, but under more stringent conditions.
The two-component equation contains all the solutions of the
fundamental equation; at the same time, as in our case, it
contains only a part of the solutions we picked out of the
fundamental four-component equation.

(2.33)

(2.34)
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or

A=m, B,=p v, + B @r,16). (2.35)
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