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The electron-phonon interaction in polar crystals leads to a non-linear dependence of the
cyclotron resonance frequency on the magnetic field strength. An evaluation of the non-
linear terms shows that they are small for the magnetic fields used in practice. The
polaron effect also gives a correction to the diamagnetic susceptibility. In this paper

we perform a mass renormalization in a magnetic field without assuming that the coup-

ling constant is small.

THE cyclotron-resonance phenomenon takes place
in a uniform magnetic field, provided the frequency
of the additional, variable field is equal to twice

the Larmor frequency 2wy =eH/m*. From experi-
ments on cyclotron resonance one can find the mag-
nitude of the effective mass m*, or, in the general
case, of the mass tensor. In the present paper the
influence of the electron-phonon interaction on the
cyclotron resonance frequency is considered. If
the periodic field of the lattice is taken into ac-
count, as is usually done, by the introduction of an
effective mass, the interaction with the lattice leads
to a change (renormalization) of that mass. If
there is an external magnetic field, this renormal-
ized mass will in that case depend on the field
strength H. The frequency w; will thus be a non-
linear function of H. The problem consists in eval-
uating the nonlinear terms. These terms will also
influence the magnetic properties of the electrons.

In the following we shall consider the case of
polar crystals, and for the sake of simplicity we
shall assume the effective mass to be isotropic.

The interaction of the electrons with the lattice
cannot be considered as a perturbation in the case
of polar crystals. For large values of the coupling
constant « the adiabatic approximation! is valid,
and for o =1 to 4 the intermediate coupling ap-
proximation. We shall consider the latter case
below.

The method of mass renormalization when a
magnetic field is present which is developed in the
present paper is based upon the approximate elim-
ination of the variables of the phonon field from the
energy operator. One can find the action of the
phonon absorption operator ai on the eigenfunc-
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tional © of the energy operator by evaluating the
commutator of ay with the Hamiltonian 3C. This
method was proposed in meson theory by Chew,
Low, and Wick.2 The result of the action of ap on
Q is the multiplication of the functional 2 by some
function which will depend on the electron momen-
tum as a parameter. Thus in the evaluation of the
average value of the energy the phonon field oper-
ators give additional terms depending on the elec-
tron momentum. The terms quadratic in the mo-
mentum will determine the magnitude of the renor-
malized mass.

In the evaluation of ayQ there arises a difficulty
connected with the fact that the action of ax on @
is expressed in terms of the momentum operator of
the phonon field which arises when recoil is taken
into account. This operator is replaced in the ex-
pression for axQ by its average value which is
evaluated below.

This method to take the momentum into account
is in the case of a free polaron equivalent to the
following model. It is assumed that all phonons
which form a cloud around the electron possess
identical “radial functions” which can be found
from a variational principle.® For the case of a
polaron at rest a more exact variational principle"
was proposed.

THE ELIMINATION OF THE PHONON FIELD
VARIABLES FROM THE ENERGY OPERATOR

We consider the electron energy operator in a
magnetic field, taking into account the interaction
between the electron and the field of the longitudi-
nal optical phonons, which is known from the po-
laron theory!s?
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2 .
H = —’—:;l— + ?wa:ak—}- %(Vka,,e‘“—}— Via}e—ikx), (1.1)
ay are the second-quantization operators,

ot (5] s, o= (= 1),

n=—iy—eA, (1.2)

w is the limiting frequency of the longitudinal
optical vibrations, € the static dielectric constant,
and n the refractive index for light.*

We assume that the magnetic field is directed
along the 3-axis. The commutation relations for
the operators wj will have the form

[my, m5] = ieH; (1.3)

the other commutators being equal to zero.
We shall write the eigenfunctional ¥ of the en-
ergy operator (1.1) in the form

¥ () = exp { i (mpxs— 2 (kX) afas)) Qa).  (1.4)
k

Substituting (1.4) into (1.1) we get the following
equation for the functional Q:

{1:2/2m + (0 + k2[2m — (k=)/m) atap + b3 (Vear + Viat )
3 3

4 (1/2m)Y) (kek') atatazaw }o=EQ. (1.5
k.

In Eq. (1.5) w3 is a number, and not an operator,

since the quantity

g = — iys + sta;‘ak
k

is an integral of motion.

To eliminate the phonon field variables from the
energy operator we shall evaluate the commutator
of the energy operator with the operator ay:

[%,ar] = —V, — (B + c* — 2kexw) [ 2m — (ko q) ax /m,

q= Zka;ak, c® = 2mw. (1.6)
k
Letting the operators in the left hand and the
right hand side of (1.6) act on the functional  we
get
ayQ = —2mV; (2m (¥ —E)

4+ k2 | % — 2ke m - 2ke q)1Q. 1.7)

Since Vi; is a function it is immaterial in what or-
der Vﬁ is written down, and this is taken into ac-
count in (1.7).

For the following it is convenient to use the fol-
lov;ring integral transform for the inverse operator
L™

L= ig e—isLds. (1.8)
0

*We use a system of units for which i=1, c=1.
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The transform (1.8) is analogous to V. A. Fock’s

- eigen time method in relativistic quantum mechan-

ics. The integral on the right hand side of (1.8)
must be considered to be the limiting value of the
expression
lim ig e—isL—3sgg,
80
[}
We shall rewrite (1.7) in the form

aQ = —2miV; S ds exp{— is (k2 c?)

— is[2m(F —E) —2ke = +2k-q]) Q (1.72)

taking (1.8) into account. The next transformations
raises the problem of “disentangling” the operator
exp {-is2m (3¢ — E)} from the exponent in (1.7a)
in the form of a factor.

To ascertain the character of the next approxi-
mation we shall consider to begin with that case
where there is no magnetic field and where one can
thus manipulate the operators mj as numbers. The
intermediate coupling method used by Lee, Low,
and Pines® is equivalent to the following simplifica-
tion of Eq. (1.7a). If we neglect the commutator
[q, €], the action of the absorption operator aj
on the state functional is expressed by the equation

ap Q = ~—2miV;S ds

0

xexp{—is(k® + ¢ — 2k.m + 2k+q)} Q. (1.9)

Replacing the operator q in (1.9) by its average
value, evaluated with the functionals €, and tak-
ing into account that because of symmetry the aver-
age value of the phonon field momentum will be di-
rected solely along the only vector which occurs
in the problem, 7= (<q> =7nrm), we obtain from
(1.9) an approximate expression for ai2, where
the parameter 7 is evaluated from the above-
mentioned relation <q> =nw. If a variational
method is used for the functional of the phonon
field, this approximation corresponds, according
to reference 3, to the assumption that all phonons
are in the same state.

The renormalization of the mass when there is
a magnetic field proceeds in the same approxima-
tion: we assume that after disentangling the expo-
nent in (1.9) we can assume [q, 3] = 0 and after
that replace q by its average value.

We shall now return to Eq. (1.7a). We first of
all single out the operator exp {2isk-r}, taking
into account that the operators m; and m, do not
commute with one another. We shall use the equa-
tions (see Appendix A).



394
exp{—is(k* 4 =* — 2k*® — 2q* =)}
= exp {— is [ + & (k2 + k2)T) exp (2is (k, [T — Q + q))

Xexp {— is(r® — 2®eq)}, (1,10)
where
£ (x) = (2x) sin 2%, (1.11)
II, (x) = x"Ysinx) (x; cos x — mp sin x),  (1.12)
IT; (x) = x7(sin x) (zp cos ¥ + = sin x), Il = m,
[II;, IT;]= ieH (x7'sin x)2. (1.13)

The quantities Qj are expressed in terms of
the qj in the same way as the II; are expressed
in terms of the = in (1.12) and (1.13). In Eq.
(1.10) and in the following equations II; and II,
are functions of the argument x = eHs which we
shall drop for the sake of simplicity.

Neglecting the commutator of q with 3¢ we
obtain from (1.7a) the following expression for
akﬂ:

aQ =—2miV, \ ds

0
X exp{—is(c® + k2 + (2 + K2) — 2k (—Q)))Q. (1.14)

As was pointed out above, the quantity Q will in
the following be replaced by its average value
where the average value is understood to be the
average over the phonon field variables. If we
write the functional € in the form @ = &{a} ¢ (x),
after this averaging the quantity <qj> = <&, qj®>
is still an operator, acting upon the function .

There is in this way a connection between the
average values of the phonon field operator and the
operators m; arising from taking the properties
of the state functional € into account. By them-
selves, of course, the operators ap and 7 are
dynamically independent.

We shall now turn to the evaluation of the aver-
age value of the phonon field momentum operator.

EVALUATION OF THE CONSTANTS DETERMIN-
ING THE MASS RENORMALIZATION

We shall assume that <qj> and mj are also
in the case of a free polaron proportional to one
another:

{qG2) = "ma,  {q3) = "gT3.

{Gr) = 771, (2.1)

The validity of this assumption is confirmed by the
following consideration: if we substitute (2.1) into
(1.14) and evaluate the average value of q; with

the aiQ defined in that way, it turns out that, in-
deed, the average value of q; is proportional to mj.

A. V. TULUB

From (1.7a) we have

(R, gy =— 4/7122‘ ki|Ve|®
k

X (Q, exp{—is[c® + k*—2kem

o
§sds

+ 2k-q + 2m (% — E)]} Q). (2.2)

The operator exp{—2is (¥ — E)} in (2.2) can
with equal convenience be taken out as a factor to
the right as to the left of the other operators. Tak-
ing half of the sum of these two expressions and
using (1.2) and the relation

k2 =i\ ei*¥dx

)

we get the following expression

(2.3)

<Q, qu> =

_jhma oy i3 ¢
i cSk,dk § d

X S sds (Q, exp{— isc* — i (x -+ s) k2 — i (z - &) (k3 + k2))
(4]

X - [exp {2iskTT (eHs)}+ exp (2is ATl (— eHs)1Q>, (2.4)

where
M= = for i =1,2; M= (1—mn,) I,

It is clear from (2.4) that <qj> is an even func-
tion of H. In evaluating the integral over d%
(see Appendix B) we used the formula

eAeB — eA+BglABI2 : (2.5)

where [A, B] is a number

In the integration over drds we expanded the
integrand in powers of H, after which the integrals
were evaluated using

iy

where n and m are integers, 2k =2n-m + 3.

In the asymptotic expansion so obtained we re-
tain the quadratic terms in (wj/w )2. As a result
we get the following equation to determine 7

s VaEe—n
(ts)™2 2R+ (o 1)

ds st e—in(2k+1)la;

(2.6)

1=(—ng{1— (2 [z —ga—n]} @D

Assuming moreover that

a . a
n = n(o) + 7‘(1)' 'fl(O) = F/(] -+ F) ,
we find

e = (14 ) () [ - S0+ 87 e

The function 73 turns out to be equal to
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75 =70 {1 —3(1+ g)“(‘gf [%—%—2—(1 +27)) @9

The action of ay upon £ is thus in the approxi-
mation under consideration completed determined.

- The problem now consists in evaluating the av-
erage values of the phonon field operators in the
Hamiltonian (1.5).

We shall consider the expression. <) aj(k*maj>.
k

From (1.7) and (1.8) we have

<2,a;{ (k=) ap>
P

= —4m2 DV, 2 g dsg ds’ =L (k- =) e=¥5" 5. (2.10)
k 0 0

Expression (2.10) can conveniently be evaluated as
follows. We shift the operator (k-w) first to the
right of exp (—is’L) and then to the left of
exp (—isL) and take half the sum of the expres-
sions thus obtained which will be an even function
of H as can easily be ascertained.

Using the formula

(k+m) e—is(m*=2p-m) — p—is(n’—2p-%) (ko' (2eHs) — eH's [kxp];),
™ (x) = m;cos x + mysin x,

T, (¥) = mycos X — m sin x, T (x) = w5, (2.11)

we get after some transformations the following
expression for the terms quadratic in the momenta
m and 3

1

. 4ma P ¢ . . s
— i c3n'la g—3im/4 S d"g de\ ds.se=is¢ ——
(2m)® p § (v + 8)/2 (x4 Es)?

(<]

0

N

(1 —m)t) =

sin® eH's

SZ
.
X (1 i (eHS‘)z

(T + &)

X 5 (=, (— vsH) T, (esH)
+ 1T, (— esH) =y (vsH) + (1 — 2)}. (2.12)

Integration over dv gives

1
(e =0 _7,)(5";[32’5 )2 (2 m2). (2.13)
[
The remaining integration is carried out by means
of (2.6).
After evaluating the average values of the field
operators we obtained the following values for the
renormalized mass:

my, = my,=my = m0{1+(%)z[%a(l + %)—1
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My, = my = in, {1 + (\%)2 [—Z— (l + %)hl
—me (1)) (2.15)

my = m(l -}—%).

For H =0 we get the renormalized mass value
obtained in reference 3.

The ratio of the unrenormalized cyclotron reso-
nance frequency to the renormalized one.is, accord-
ing to (2.14),

(@ofw) = [1 + d () (0o/ ®)?].

In the intermediate coupling region the function
d) (a) is, apart from a factor of the order of
unity, equal to

(2.16)

d(1)=0.12; d(2) = 0.46; d (3) = 0.74; d (4) = 0.90.

Since the energies of the longitudinal optical pho-

nons are about 0.01 ev the correction term in (2.16)
is for all practically used fields vanishingly small,
i.e., cyclotron resonance experiments give m |H=o-

CORRECTION TO THE DIAMAGNETIC SUSCEPTI-
BILITY

As the result of the elimination of the phonon
field variables, the energy operator takes the fol-
lowing form

F = (=} +=3)[2m) +=%/2my.

We consider the problem of evaluating the density
matrix p(x, x’, B) for an ideal gas, when the
Hamiltonian of the system is given by Eq. (3.1).
We write the matrix p(x, x’, 8) in the form

p(x, ', B) = <xjexp(—BI)Ix"),

where x stands for the three coordinates xy, Xy,
x3. If we introduce the variable s, equalto s =
—iB, instead of B, we can formally consider ex-
pression (3.2) as the transformation function
<x(s)|x’(0)>. The latter can be found from the
following equations:®+®

i 2¢xe(9) % (O = (x ()| ] % )3

(3.1)

(3.2)

(3.3)
(—i6/0x —eA (x)) <x (5) | x(0)) = <x(s) = (s)| ¥" (0));
(i0/0x" —eA (') <x (s) | x" (0)> = (x(s)| = (0)| " (0) (3.4)
and the boundary condition

lim (x (s)}x” (0)) = & (x — x). (3.9)

To evaluate the transformation function it is neces-
sary to solve the Heisenberg equations of motion
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for the operators 7 and x. These equations have
in the case considered the following form

dx/ds = Px; dr/ds = 20,Qm; (3.6)
ml 0 0 01 0
p=[0 mz 0 ) o=[—10 0] (1
0 0 m3? 0 0 O

It .

The solution of equations (3.6) can be written in the
form

7 (8) = 2937 (0);

x(s) = x(0) + (20,Q)7* (e22%* — 1) Px (0).  (3.8)

Using expression (3.8) we can express the energy
operator as a function of the operators x(s) and
x(0). Shifting x(s) to the left and x(0) to the
right, we get after some transformations (see ref-
erence 5) the following equation

P T x©1x ) = (ot (6 — %) PP (v— x)
— i0oSpQ (1 — e=20) 1} (x (5) [* (0)).  (3.9)

Taking the properties of the matrix Q into ac-
count we find

2 SpQ(1 —e~29Qs)™t = Sp Q coth w,Qs

= 2 cot ws + 1/wgs. (3.10)
Integration of Eq. (3.9) gives the following value
for the partition function Z

_ , % ’, v _Bho
Z = Spp(x, X, g) =5 (2T€kT)/ mlmﬁ !in_’_lﬁi(?)—o N (3.11)
where V is the volume of the system.
Using (2.14) and (2.15), the diamagnetic suscep-
tibility turns out to be equal to

X = — Np2/3kT

+ NET (2dy +dy) W2 (h%0* = 1 +x2s  (3.12)

where p = éi/2me.
The relative order of magnitude is given by

i Xo/21 | ~ (T /hw)2.

The polaron effect leads thus to a change in the
diamagnetic susceptibility. The correction term
is appreciable at temperatures of the order of
kT ~ hw.

In conclusion I wish to express my gratitude to
Academician V. A. Fock for discussing the present
paper. '
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APPENDIX A

Introducing the operators

¢ = (2eH)" (=y + imy), ¢* = (2eH)~" (=, — imy) (A.1)
and using the notation

q' = (2eH)~4(q1 + igs), k' = (2eH) ™ (ky + iks), (A.2)

we can rewrite exp{—is(m®—2k-r—-2q-7)} in
the form
exp { — is (mg® — 2kgmy — 29575 + eH))}
X exp {— 2ieHs (¢*c — q’'c* — q'*c — k'c* — k'*¢)}.

We consider moreover the function
® (c) = exp @ (e) = exp {— 2ieHs (c*'c—gq'c*

— q"c— e (k'ct + k™)) (A.3)
To disentangle the operator exp { 2ieHs (k’c* +
k’*c)} we write down the derivative’

‘%—= @ () {o’ +—21!—[<P', ¢l —’r—ai—!l["’, ¢l¢l + } (A.4)

After evaluating the commutators, one can sum the
series. Integrating the equation thus obtained over
€ from zero to unity we get the result given in the
text.

APPENDIX B
We consider the evaluation of the integral
+o +oo
1= g Fadley \ dieyexp (— ist (e + k)

+ 2is (ky1ly + ko11,)}, (B.1)

where [IIy, II;] = ieHAZ.
Using (2.5) the integral over dk, is equal to
+
exp (2isk,1I;) S dhy exp {— isths® + isky (I, + kieHs\?))

= exp (2isk,II,) e—i
X (=/sk)’z exp {ist™ (I, + kyeHs\2)?},

In integrating over dk; we must use (2.5) again.
After averaging the operators over the phonon
field variables we must pick out the terms quad-
ratic in the momenta. It is advisable first to sym-
metrize the exact values of the integrals. In (B.1),
for instance, one can in the integration over dk,
place the operator exp {2isk;Il;} both to the left
and to the right of the terms with the operator II,.
One can, finally, evaluate first of all the inte-
gral over dk; and then the integral over dk,. The
expressions obtained by that means differ by the
arrangement of the operators II; and II,~with
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respect to one another. As a result the value of
the integral (B.1) turns out to be equal to

I =—i= (&) (s6) (LT + TIL)/2, (B.2)
T = exp (isIT,2/2E) exp (istl1,2[E"?) exp (is 11,%/28) + (1 — 2),
(8")* =& -+ (eHs)\. (B.3)

up to terms of the order (eH)3. To simplify the
expressions obtained we used the formula’

exp (— ap?) exp (bq?) exp (ap?)

=exp{b(q + 2iap)®}, [q, pl=i. (B.4)
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